JTEMAPTAMEHT OBPA30OBAHMS BEJTOPOJICKOM OBJIACTH
O0acTHOE TOCYAapCTBEHHOE aBTOHOMHOE MPO(eCCHOHATTBHOE 00pa30BaTEIbHOE YUPEIKICHHE
«CTAPOOCKOJbCKHA MEJATOIr MUECKHI KOJLIEIXK»
(OTAIIOY CIIK)

METOJAWYECKHUE PEKOMEHIALIUMN
MO BBINOJIHEHUIO MPAKTUYECKHAX PABOT
MO YYEBHOM JUCLUTIIMHE

EH.02 JUCKPETHASA MATEMATHKA

it cryaenToB cneruanbHoctu 09.02.05 Tlpuknagnas nadopmaTuka
(o oTpacisim)

Crapsiit Ockou



Meroanueckne peKOMEHAAIMN 10 BBIMIOJIHCHUIO MPAKTUYECKUX padoT o
y4eOHOU JUCIUIUINHE «/IUCcKpeTHass MaTeMaTHuKa» pa3padOTaHbl B COOTBETCTBUU C
denepaabHBIM FOCYJaPCTBEHHBIM 00pa3oBaTeibHBIM cTaHaapToM (zanee — ®I'OC)
no cnenuanbHoctu 09.02.05 [Mpuknaanas uaopMaTuka (10 OTPaCsiM) CPEIHETO
npodeccuonansaoro oopaszosanus (nanee CI1O) u npenHazHadeHsbI sl CTYIEHTOB
BTOPOI0 Kypca o4HOM (hopMbl 0OyUECHHUS.

PazpaboTumk:
Anucumosa B.U., npenonasatens matematuku OI'AIIOY CIIK
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HOACHUTEJBHASA 3AIINCKA

IIpakTryeckoe 3aHsTHE - 3T0 hopMa OpraHU3alUK y4eOHOro Impolecca, peanosararoas
BBINOJIHEHHE OOYYaIOUIMMHUCS MO 3aJaHUI0 M TOJ PYKOBOJICTBOM IPENOAaBaTeNs OJHON WU
HECKOJIbKUX IPAKTUYECKUX paboT.

JumakTHdeckass Iellb MPaKTUYeCKHX paboT - ¢GopMHpOBaHHE Yy OOYYaIOLIUXCS
npoeCCHOHATIBHBIX YMEHHMH, a TakKe MPAKTUYECKMX YMEHHH, HEOOXOIUMBIX I HU3Yy4EHUs
HOCEAYIOMMX y4eOHBIX IUCIMIUIMH, a TaKXe MOJIrOTOBKa K MPUMEHEHHMIO ITHX YMEHHUU B
npodeCCHOHATILHOM 1A TEIbHOCTH.

Tak, Ha MNPaKTHYECKUX 3aHATHAX 110 JUCKPETHOW MaTreMaTHKE Yy OOydJaroUIuxcs
(bopmupyeTcsi yMEHHE pelIaTh 3a7au, KOTOpOoe B JaJlbHEHIIeM JT0JKHO ObITh UCII0JIB30BaHO IS
peneHns mpoecCUOHATBHBIX 3a/1a4 MO CHEeIMATbHBIM JUCIUIUTHHAM.

B xonme mpaktuueckux paboT oOydaroluecs OBJIAJAEBAIOT YMEHHSAMM IOJb30BaThCs
UHPOPMALIMOHHBIMA ~ UCTOYHUKAaMH, paboTaTh C  HOPMAaTHBHBIMH  JOKYMEHTAaMH W
UHCTPYKTUBHBIMU MaTepuallaMH, CIIPAaBOYHUKAMHU, BBINOJIHATh YEPTEKH, CXEMbl, TAOJIHULIBI,
pelaTh pa3Horo pojia 3ajauu, AejaaTh BBIYUCICHUS.

3agauu, KOTOPBIE PEIIAIOTCS B X0/1€ MPAKTUUECKUX 3aHATHUH 110 TUCKPETHOW MaTeMaTHKe:

1) pacmmpenue U 3aKperyieHHe TEOPETUICCKUX 3HAHUHU 110 MaTeMaTHKe, MOJYyYCHHBIX B
XO/JI€ JIEKIIMOHHBIX 3aHATHI;

2) popmupoBaHue y 00yqaronuxcs MPaKTUIECKUX YMEHUI U HAaBBIKOB, HEOOXOIUMBIX ISt
YCIIEIIHOTO pellIeHus 3a/1a4 10 MaTeMaTHKe;

3) pa3BuTHE y 00ydJaOIMUXCs MOTPEOHOCTH B CAaMOOOPa30BaHUH M COBEPIIICHCTBOBAHUU
3HAHUI U yMEHHH B Ipolecce U3y4eHnss MaTeMaTHKY;

4) popmMupoBaHUE TBOPUYECKOTO OTHOILEHUS U UCCIIEI0BATENBCKOIO M101X0/1a B MpOIiecce
U3y4eHHs] MaTEMAaTUKH;

5) ¢opmupoBanue MpohecCHOHATFHO-3HAYMMBIX KadyecTB OyIyIIero CHeruainucra |
HaBBIKOB MPUIIOKEHUS TMOIYYEHHBIX 3HaHUH B Mpo(hecCHOHaIbHOU cdepe.



KAPTA TIPAKTUYECKHUX PABOT

Tema Kypca

IIpakTnyeckas padora

Tema 1.1. DnemMeHTs TeOpUN
MHOECTB

[Ipaktuyeckas padora Nel «CriocoObl 3a1aHIsI MHOKECTB.
OTHoeHus: Mexay MHOXKecTBaMU. Oniepaliiy Hajl
MHO>KECTBAMU

Tema 1.2. DemMeHTHI TEOPUHU
0TOOpaKeHHIA U anreOpsbl
MIOJICTAHOBOK

[Ipaktrueckas padota No2 «IlomcranoBku. MeTos
MAaTeMaTUYECKON MHIYKIIUW))

Tema 1.3. AnreGpa noruku

[IpaxTnueckas padora Ne3 «Jlormueckue onepanuu Haj
BbICKa3bIBaHUAMMU. TaOIMIIbl HICTUHHOCTU. 3aKOHBI aJTre0phl
Joruku. Jlornueckue onepauuy Haj NpearuKaTaMm»

Tema 1.4. OcHOBBI TEOPUU
rpa¢oB

[IpakTrueckas padota Ned «Bumasl rpados. I'padbl 4rcIOBBIX
MHOJKECTB, XapaKTEPUCTUKH rpadoBy

Tema 1.5. OcHOBBI anreOpsl
BBIUETOB U UX MPHIIOKEHHE K
MPOCTEUIIINM
KpUITOrpaguuecKum
mudpam

[Ipaktrueckas padota Ne5 «llosHas u mpuBeIeHHAS CUCTEMBI
BbIYETOB. Br1OOp Monyns mist konTpodsi. KonupoBanue
nHpopMaIum»




COAEPKAHUE NIPAKTUYECKUX PABOT

IIpakTuyeckas padora Nel
«Crnoco0bI 3a1aHus1 MHOKeCTB. OTHOLIEHHUS MEKIY MHOKeCTBAMMU.
Onepanyuu HaJX MHOKECTBAMM

He.]'lb: (bOpMHpOBaHI/Ie HaBBIKOB BBLIIIOJIHCHU onepaunﬁ HaJd BCKTOpaMH H
BBIYUCJICHUA MOOYJIA U CKAJIAPHOI'O IIPOU3BCACHUA BCKTOPOB.

TeopeTuyeckue cBeIeHUs

[lonsatue muoxncecmea siBnsercss GyHIAMEHTAIBHBIM HEONPEICIUMBIM MOHITHEM, OJHO
13 OCHOBHBIX, €CJIM HE OCHOBHOE, IOHATUA MareMaTuku. OHO HE UMEET TOYHOTO OIPEACIICHHUS], U
€ro cleAyeT OTHECTHM K aKCHOMAaTH4YeCKUM MOHATHAM. Kak npaBuio, TepMUH MHOKECTBO
OOBSCHSIETCS C MOMOIIBI0 MPUMEPOB, & MOTOM YKAa3bIBAIOTCS MpaBUJa €ro HCIOJIb30BAHUS B
MaTeMaTUYecKux npumeHeHusx. [locnenHee MOXHO clenarth Ha pa3HbIX YPOBHSIX CTPOTOCTH.
JleTanbHOE W CTPOrOe H3JIOKEHHE TEOPUU MHOKECTB TPeOOBano Obl CKPYIyJIE3HOTO aHalu3a
JIOTUKHA MAaTEeMAaTUYECKUX PACCYXIECHUH, a 3TO — ClielraIbHasi CaMOCTOsATENbHAsI TeMa, KOTopas
OTHOCUTCS K 061acmu 0cHO8 mamemamuky. J1Jid HaIIUX 1eNel J0CTaTOYHO BBIOPATh YPOBEHb TaK
Ha3bIBAEMOU UHMYUMUBHOU MeEOPUU MHOICECTE.

WHTYUTUBHO TIOA MHOMCECHE0M TIOHUMAETCS COBOKYITHOCTh ONPEIEICHHBIX, BIIOJIHE
pa3IM4YUMbIX OOBEKTOB, pAaCCMAaTPUBAEMBbIX KaK €IMHOE 1e10e. MOKXHO TOBOPUTh O MHOXKECTBE
rpaHeil MHOTOYrOJIbHMKA, MHOKECTBE TOYEK Ha MPSIMOM, MHOMXECTBE HATypaJbHbIX YHUCEl,
MHOKECTBE PpalMOHAIBHBIX YHMCEJ, MHOXECTBE OIEPAaTOPOB sI3blKa MPOrPaMMHPOBAHUS,
MHOECTBE SI3bIKOB ITPOrpaMMUpOBaHus U T.1. M3 3TUX NpUMEpPOB BUHO, YTO MHOHCECHI B0 — 3TO
COBOKYITHOCTH OMpPE/ENICHHBIX Pa3IMYaeMbIX 00ObEKTOB TaKUX, YTO Ui II0OOOT0 00BEKTa MOKHO
YCTaHOBUTH, MMPUHAICHKUT ITOT OOBEKT JAHHOMY MHOKECTBY WUJIM HET. BroigHe o4eBHIIHO, YTO
MHO’KECTBO, KOTOPOE MOJUMHSIETCS TaKOMY OIPaHHYEHMIO, MOXKET CO/AepkKaThb OOBEKThI MOYTU
mo60it mpuponsl. Hampumep, MHokecTBO >xuteneid ropona Crapelii OcCkoi; MHOXECTBO
ctynenToB CIIK; MHOXecTBO aBTOOYCHBIX MaplIpyTOB HAILEro ropoja; MHOKECTBO CTaHLUMN
MOCKOBCKOT'O METPO; MHOKECTBO MpPaBbIX OOTHHOK; MHOXECTBO CUMBOJIOB KOJOB KOMITBIOTEPA;
MHO’KECTBO WJEHTHU(PHUKATOPOB B mporpamme U T.A. Cienyer moI4epKHYTh, YTO O MHOKECTBE
MOYKHO BECTH p€4b TOJBKO TOTJa, KOTJa SJIEMEHTHl MHOMKECTBA PA3JIMUMMbI MEXIY COOOM.
Hampumep, Henb3si TOBOPUTH O MHOXKECTBE Karellb B CTaKaHE BOJBI, T.K. HEBO3MOXKHO YETKO U
SCHO YKa3aTh Ka)KJIyl0 OTIEJIbHYIO KaIlIIo.

MHosecTBa, BCE 3JEMEHTbl KOTOPOTO SBISIOTCS UYMCIAMM, HA3bIBAIOTCS YHMCIIOBBIMU
MHOKECTBaMU. MHOKeCTBa, 3JIEMEHTAMHU KOTOPOT'O ABJIIOTCS IPYrHe MHOYKECTBA, HA3bIBAKOTCS
KJIACCOM WJIM CEMENCTBOM.

OtnenbHble OOBEKTHI, M3 KOTOPBIX COCTOMT MHOKECTBO, HAa3bIBAIOT 2J1€MEHmaMU
MHoOkecTBa. Hanpumep, 5 — a11eMEeHT MHOXKECTBA HaTypaJbHBIX 4yKcel, G — 2JIeMEHT MHOKECTBa
OYKB JJaTUHCKOTO andaBura.

Takum oOpa3zoM, Korjja Mbl TOBOPUM O MHOXKECTBE, TO 00BEIUHAEM HEKOTOPHIE OOBEKTHI
B OJIHO 1I€JI0€, @ UMEHHO B MHOKECTBO, DJIIEMEHTAMHU KOTOPOT'O OHM SIBJISIFOTCSL.

OcHoBarenb Teopuu MHOkecTB I'eopr KanTop onpenenit popmMyaupoBKY HHTYUTUBHOTO
MOHATUS MHOXKECTBA CIIEAYIOIIMMHU CIOBaMH: «I/Ipou38onvbHas cOBOKYNHOCMb ONpeoeseHHbIX
npeomemos Haulell UHMYUyuy Uiy UHmMemIeKma, Komopuvle MOXCHO OMAUYUMb 00UH OM OPY2020
U Komopvle npeocmasiAiomcsa Kak eouHoe yeioe, HA3bleaemcs MHOMcecmeom. lIpeomemeui,
KOmopbie 6X005Mm 8 COCMA8 MHONMCECMEd, HA3bIBAIOMCSL €20 I1eMEHMAMU.

CyliecTBEHHBIM ITYHKTOM KaHTOPOBCKOIO IIOHSTHSI MHOJKECTBA SBJIAETCA TO, 4YTO
COBOKYITHOCTH MPEAMETOB PacCMAaTPUBAECTCS KaK OJUH MpeAMET («IIpeACTaBlIeTCs KaK eIUHOe
nenoe»). OCHOBHOE BHHMaHHUE TYT MEPEHOCHTCS C OTJENbHBIX NPEIMETOB Ha COBOKYIHOCTHU
IIPEIMETOB, KOTOPbIE B CBOIO OYEPE/Ib, MOKHO pACCMATPUBATh KaK MPEAMETHI.



Yro Kacaercsi «IpeIMETOB HAIlel MHTYWUIIMU WM WHTEIUIEKTa», TO 3Ta (hopMyTupoBKa
JaeT 3HAYUTEIBHYI0O CBOOONYy MpEXKAE BCEr0 TEM, YTO HUKAK HE OTPAaHUYHMBACT MPUPOAY
NPEMETOB, COCTABIISIONUX MHOXXECTBO. MHOXKECTBO MOXKET COCTOSITh, HAIPUMEp, U3 JIIOJICH,
MPOCTBIX YHCEJ, TOUYCK MPOCTPAHCTBA, IUIaHET BceneHHol u 1.1, 3aMeTHM, 4TO KaHTOPOBCKAas
(bopMyITHpOBKa MHOXKECTBA Ja€T BO3MOXKHOCTh PaCCMAaTPUBATh MHOXKECTBA, JIEMEHTBI KOTOPBIX
10 ONPE/ICIICHHON MPUYHHE TOYHO 33/1aTh HEBO3MOXKHO.

CMBICIT BBIPKCHHI: «KOTOPHIE MOYKHO OTIIMYUTH OJMH OT JIPYTOTO» U «OIpEIcIICHHbIC
MIPEIMEThI» 3aKIII0YaETCs B ceayronieM. B mepBoM ciyuae asist TOOBIX ABYX MIPEIMETOB, KOTOPHIE
paccMaTpUBAIOTCS KaK AJIEMEHTHI JaHHOTO MHOXKECTBA, JOJDKHA CYIIECTBOBATh BO3MOXKHOCTB
BBISICHUTH, Pa3IMYHBIC ITH MPEIMEThl WM OJWHAKOBBIE. BO BTOpOM ciydae, eciid 3aJaHO
HEKOTOPOE MHOYKECTBO M KaKOW-HUOYIb TPEAMET, TO MOXHO OIpPEICIUTh, SBISETCS JH STOT
peIMET JIEMEHTOM JaHHOTO MHOKecTBa. OTCIO/Ia CIeIyeT, YTO BCIKOE MHOKECTBO MOJTHOCTHIO
OIpeNeNsIeTcsl CBOMMHU 3JEMEHTaMH. DJTO KaHTOPOBCKOE TpeOoBaHWEe (HOPMYIHpPYeTcs Kak
HHTYUTUBHBIH TNPUHIUN O0BEMHOCTH WJIM AaKCHOMA JKCTEHCHOHAJIBHOCTH, COTJIACHO
KOTOpOMY JiBa MHOXeCTBa (A u B) paBHBI TOTJ]a ¥ TOJIBKO TOT/Ia, KOT/Ia OHU COCTOSIT U3 OJHUX U
TEeX XKe IEeMEHTOB (0003HauatoT A=B).

Takum 00pa3oM, JIBa MHOXKECTBA PaBHBI, €CITH KAXKIBI 3JIECMEHT OJHOTO M3 HHUX SIBJISICTCS
AJIEMEHTOM JIPYroro ¥ Hao0OPOT.

OO0muM 0003HAYEHHEM MHOXKECTBA CIYKUT Tapa (UTYpHBIX CKOOOK {...}, BHYTpHU
KOTOPBIX TEPEUYUCIISIOTCS JJIEMEHTHI MHOXeCTBa. J[is 0003HaueHWsT KOHKPETHBIX MHOMKECTB
UCTIONB3YIOT pa3inyHble ponucHbie OykBbl (M, X, A,...), WK nponucHble ¢ uHaekcamu (M1, Ma,
...). Jns oOo3HA4YeHHsS SJIEMEHTOB MHOXKECTBA B OOIIEM CIIy4ae HCIIOJIB3YIOT Pa3IUIHBIC
CTpOYHBIC OYKBBI, WIH CTPOYHBbIC OYKBBI C MHICKcamu. J[JIs1 yKa3aHHs TOTO, YTO HEKOTOPBIN
QJIEMEHT a SBISETCS DJCMEHTOM MHOXECTBA A, HCIOJNB3YeTCs CHMBOJ TMPUHAIICHKHOCTH
MHOXeECTBY €. 3amuch a€ A 03Hauaer, 4To HIEMEHT a IPUHAIJIEKUT MHOXKECTBY A, a 3aruch a ¢ A
03HAYaeT, YTO AIEMEHT a HE MPUHAJUICKHUT MHOKECTBY A. 3allUChIO a1, @2, ... an €A TOJIB3YIOTCS
B KQ4€CTBE COKPAILEHHUS JIJIS 3alUCH a1€A, a2€A, azeA, ...aneA.

MHosxecTBa OBIBAIOT KOHEUHbIMU U fecKoHeuHbIMU. MHOXECTBO HA3BIBAIOT KOHEYHbIM,
€CJIM YUCJIO €T0 DJIEMEHTOB KOHEUHO, T.€. €CITU CYIIECTBYET HATypaIbHOE YHCIIO N, SBIISIOMIEECS
YHCIIOM DJIEMEHTOB MHO)KE€CTBa. MHOXKECTBO HA3bIBAIOT OECKOHEUHbIM, €CITU OHO COJCPKUT
OECKOHEYHOE YHUCIIO AJIEMEHTOB.

Benuunna, onpenensionias Yucio 3JIEMEHTOB MHOXKECTBA, HA3bIBAETCS KAPAMHAJIbHBIM
YMCJIOM MHOKECTBA WIH CTeleHbI0 MHOKeCTBA, U o0o3HavaeTcs |A| wmu card(A).

Crnioco0bl 3aJaHNSI MHOKECTBA

Cy1recTByeT 1Ba OCHOBHBIX CITOCO0A 3a/IaHUsI MHOKECTBA: TIEPEUUCIICHHAE U OIMCAHUE.

Hanpumep, MHOXXECTBO OTJIMYHUKOB TPYHIBI MOXKHO 3a1aTh, NMEPEYUCIUB CTYICHTOB,
KOTOpbIe yuarcs Ha “otimuHo”’. Hanpumep: {HiBanos, Cunopos, Iletpos,...}.

Jlnst cokpaiuenus 3anucu A={ai, a2, ... an } uHorma mumyt A={a,};, wiu BBOAAT

MHOXeCTBO wHHAekcoB [={1,2,....n} u mumyr A={aj}, iel. Takoil cmocod yn00eH mpu
paccMOTpPEHUH KOHEYHBIX MHOXKECTB, COJIEPIKALTNX HEOOBIIOE YUCIO HIEMEHTOB.
OnucarenpHplif cnoco0 3aaHHUsT MHOXECTBA COCTOMT B TOM, 4YTO YKa3bIBAETCS
XapakTEepHOE CBOWCTBO, KOTOPBIM 00JalalOT BCE 3JIEMEHTHl MHOXecTBa. lloj cBoiicTBOM
npenMera X OyaeM MOHUMAaTh TaKOe IMOBECTBOBATEIbHOE MPEUIOKEHHE, B KOTOPOM HEYTO
YTBEPKAAETCA OTHOCUTEIBHO IIPEIMETA X U KOTOPOE MOXKHO XapaKTEPU30BATh KaK HCTUHHOE WU
JIO’)KHOE T10 OTHOIIEHUIO K X (XapaKTepUCTHUECKUN MTPeInKar).
Hamnpumep, cBoiiCTBaMU SIBJISIFOTCS:
- 5 menur x;
- x2>0.
Beipaxxenus:
- CYUIECTBYET Tako# X, 4To 5x < 0;

! CuMBON € IPOMCXOUT OT TPEYECKON GYKBBI £



- JUIA BCEX X, Y Xy=yX

HE SIBJISIIOTCSI CBOMCTBAMH, IIOTOMY YTO MX HEIb3sl XapaKTePH30BaTh KaK UCTUHHBIC HIIH
JIOXHBIE OTHOCUTEIIBHO X.

Ecimu o6o3naunth P(X) HEkoTOpoe cBOiCTBO, Torma P(a) Oyaer o3Havarh TOXE camoe
CBOWCTBO, HO C 3aMCHOH X Ha a. 3aJJaHMe MHOXKECTBA B TCPMHHAX CBOWCTB JOCTHTaeTCs C
HIOMOIIbI0O HHTYUTHBHOTO MPUHIUINA a0CTPAKIIMN HJIM AKCHOMBI CBEPTKH: BCSKOE CBOMCTBO
P(x) ompenensier HEKOTOPOE MHOXKECTBO A C IOMOIIBIO YCIOBUS: JIEMEHTAMH MHOXXECTBa A
SIBJISIFOTCS T€ M TOJIBKO TE MPEIMETHI @, KOTOPBIC MMEIOT CBOWCTBA P.

B cuny npuHnmma abcTpakimuu BCSKOE CBOMCTBO P(X) ompenenser eInHCTBEHHOE
MHOX€ECTBO, KOTOpoe 0003Ha4aoT {alP(a)} U YUTAIOT TaK: «MHOXECTBO BCEX TE€X MPEAMETOB a,
gto P(a)»

Tak, ectu C — MHOXKECTBO CTYICHTOB I'PYIIIIBI, TO MHOKECTBO O OTIIMYHUKOB 3TOM IPYIIIBI
3aITUIIETCS B BHJIE:

O ={s € C|s — oyM4HUK TpyIbI }

«MHoxecTBO O COCTOUT M3 3JIEMEHTOB S MHOKecTBa C, 00J1aJal0IINX TEM CBOUCTBOM, 4TO
S SIBJSIETCST OTIIHYHUKOM TPYIIIIBDY.
B Tex ciydasix, KOT/ia He BbI3bIBACT COMHCHUI U3 KAKOTO MHOXECTBA GEpPYTCS 3IEMEHTBI
S, YKa3aHWe O MPHHAIICKHOCTH S MHOKecTBY C MOKHO omyctuth. IIpu 3ToMm mMHOXecTBO O
3QIUIIETCS B BUJIE:
O ={S|S — oTMYHHK TpyIIIbI }

[Ipumepsr:
A={X|X — YeTHO€} — MHOKECTBO II€JIbIX YETHBIX YUCEIL;
B={x|x?-1=0} — muOX)ectBO {-1, 1}.
IIycte N muoxkectBo uensix umcen. Torma {neN| O<nN<7} ectb MHOXECTBO
{1,2,3,4,5,6,7}.
BaXHBIM MOHSATHEM TEOPHH MHOXECTB SIBIISIETCS TTOHIATHE HYCMO20 MHOMcecmea. 11ycTb
A — HexoTOpoe MHOXECTBO, a P(X) umeeT BHI X # X, Toraa MHOxecTBO {a|P(a)} = {aja # a},
OUYEBHJIHO, HE UMEET 3J1eMeHTOB. M3 mpuHIMIa 00bEMHOCTH CIIEAYET, YTO MOXKET CYILECTBOBATh
TOJILKO O/THO MHOKECTBO, KOTOPOE HE UMEET DJIEMEHTOB. ITO MHOXKECTBO M Ha3bIBACTCS MYCTHIM
MHOKECTBOM.
Wnaue nycmuim mHocecmeom Ha3BIBAIOT MHOXKECTBO, HE COJEpIKallee HU OJIHOTO
anemeHTa. [lycroe MHOXKECTBO 0003HaYaeTCsl CHMBOJIOM .
Hanpuwmep, {neN|n?+2n+5=0}=0.
[TycToe MHOXECTBO YCIIOBHO OTHOCHUTCSI K KOHEYHBIM MHOYKECTBAM.
MHoXecTBO, cofiepKaliiee TOJIbKO OJJMH JIEMEHT, Ha3bIBAETCSI CHHIVIETOHOM.
3amaHre MHOXKECTBA HA3bIBAIOT HEU30bIMOUHBIM, €CITU KAXKIBIA DIIEMEHT BXOJUT B
JTAHHOE MHO’KECTBO B €JMHCTBEHHOM 3K3EMIUISIPE, U U3ObIMOUHBIM, €CTU XOTS Obl OJTUH JIEMEHT
BXOJIMT B €T0 COCTaB 00Jiee YeM B OJJHOM IK3EMILISIpE (MYJTbTUMHOXKECTBA).
PaBeHcTBO MHOKECTB
Kak y»xe oTMedanocsk, 1Ba MHOXKECTBA Ha3bIBAIOTCS PAaBHBIMH, €CJIA OHHU COCTOST U3 OJTHIX
U TeX e 2JIEMEHTOB, T.€. MPEJCTABISAIOT COO0M OHO U TOXKE MHOXkecTBO. CHMBOJI paBeHCTBA
MHOeCTB 00J1aJJaeT CBOMCTBAMHU:
e A=A — pedieKCUBHOCTb;
e cciu A=B, To B=A — cumMeTpruYHOCTS;
e cciu A=B u B=C, To A=C — TpaH3UTHBHOCTb.
W3 onpenenenust paBeHCTBa MHOXECTB BHITEKAET:
1. HOPS/IOK 3JIEMEHTOB B MHOKECTBE HecyIecTBeH. Harpumep, muoxectsa {1,2,3,4}
u {3,4,1,2} npencraBisioT co60i OJTHO U TOKE MHOKECTBO;



2. B MHOYXECTBE HE JIOJDKHO OBITh HEPA3TMUYUMBIX 3JIEMEHTOB. [109TOMY B MHOXKECTBE
HE JTOJKHO OBITh OJIMHAKOBBIX 3JIeMeHTOB. Hanpumep, 3anucy MHOKecTBa A={6,7,8,6,9} ciegyer
paccMatpuBaTh Kak A={6,7,8,9}%.

Ho, MHOXeCTBO, KOTOPOE COCTOUT U3 JIEMEHTOB HEKOTOPOI'0 MHOKECTBA A TaK, 4TO 3TU
3JIEMEHTHI MOTYT BXOIHUTh B COCTaB 3TOTO MHOXKECTBAa B JIIOOOM KOJHYECTBE HDK3EMILISPOB,
HAa3bIBAIOT MYbMUMHOMCecm8om MHOXKeCTBA A. C TOUKH 3peHUsI TEOPUU MHOKECTB, MHOKECTBO
U MYJbTHUMHOXECTBO — 3TO OJIMH M TOT K€ OOBEKT U OHU MOTYT MEXIy COOOW HE pa3inyaThCsl.
OpHako yacto, 0COOEHHO KOTJa peub HAET O MPEJCTaBICHMM MHOXKeCTBa B mamsatu OBM,
BO3HHMKAET MOTPEOHOCTH OTINYATh MHOXKECTBO OT MYJIbTHMHOXECTBA.

IMogmMHOXKECTBO

MHOX)ecTBO A SBISCTCS HOOMHOMCECHEOM MHOXeCTBa B, eciu m1000H 3JIeMEHT
MHOECTBa A IPUHAIIICKUT U MHOXKECTBY B.

Hampumep, MHOXXECTBO CTYAEHTOB TPYIMIbI SBISETCS IMOJMHOXECTBOM CTYACHTOB
OT/ICJICHUS; MHOXKECTBO YETHBIX IIEJIBIX YHUCENT MOXKET PacCMaTpUBATHCS KakK IMOAMHOKECTBO
MHO>KECTBA HATYPaJbHBIX YHCET.

Jy1st otipeiesieHust OJIMHOKECTBA B TEOPUU MHOMKECTB UCIIOJIB3YIOTCS CHMBOJIBI:

e V - CHMBOJI, Ha3bIBAaGMbIi KBAaHTOPOM BCEOOITHOCTH. 3amuch VX O3HAYaeT:
110001 X7, “kakoB ObI HU ObLT X", “IJ1s1 BceX X, “I7Is1 BCSIKOro X’} ¥ T.I1.

e 3 - CcUMBOJI, Ha3bIBa€Mblii KBAaHTOPOM CYIIECTBOBaHHUA. 3amuch IX O3HAYAET:
“cyllecTByeT TakOu X, 4T0’;

e — (WM =>) CUMBOJ CJIEACTBUS (UMIUIMKAIMH), O3HAYAIOUTUHN “BJIeUeT 3a co00ii”;
“ecnu... T0”;

e <& - CHMBOJI DKBHUBAJICHTHOCTH, O3HAYAIOIIMKA “‘TOrga M TOJLKO Torma”, “To ke
camoe”.

Tornaa onpeneneHne MOJAMHOXKECTBA, KOTOPOE MOXKET OBITH CPOPMYITUPOBAHO B BUAEC: IS
TF000TO X YTBEPKICHHE “‘X MMPUHAUICKHUT A BI€UET 3a COO0W YTBEPkKACHUE “X TPUHAAISKUT B”
3aIUIIETCS TaK:

[13

VXx[xe A= x e B]

Bbonee kpaTkoiil 3anuchio BeIpaxkeHue “A sBiseTcs NogMHOXKecTBoM B” Oyner 3anuce
Ac B  (Yuraercs “B comepxur A”).

Hcnonb3yemslii 31€ch CUMBOJI C 03HA4aeT BKIIOYCHHE.

Ecin mHOXecTBO B comepkuT M Apyrue 3JIEMEHTBI KpOME JJIEMEHTOB U3 A, TO
WCIIOJIB3YIOT CUMBOJI CTPOTOT0 BKIIFOUEHHS C M o0o3Hauaercs 310 A < B. B stom ciywae A
Ha3bIBAaETCsl COOCTBEHHBIM IOIMHOKECTBOM MHOXKeCTBa B

CBs13bp MEX/ly CUMBOJIAMH JIA€TCS BBIPAXKEHUSAMU:

AcB&s AcBuA#=B

CBoiicTBa MOJJMHOXKECTB!
e AcCA —pedaeKkCUBHOCTD; (AZA — uppedieKCUBHOCTB)
e [AcB u BcC] —» AcC — TpaH3UTHBHOCTb. 1.5
Crenyer OTMETUTH BaXKHOE CBOICTBO, YTO JJIS JIFOOOTO MHOKECTBA A MyCTOE MHOXECTBO
O A
Ecmu AcB m BCA, To MmHOXecTBa A 1 B sxBuBanenTHe: A=B, T.e. Bce dl1e-MEHTHI A
SBIISIOTCS 27IeMeHTaMu B, a Bce anemMeHThl B siBIs0TCS 21eMenTamu A.
T.e. A=B= (AcBu BcA).

! Onnako B 3TOH CUTyaIuy BO3HUKAIOT CIIEAYIONIHe NpoOaeMbl. Eciii Mbl pacCMOTPUM IIEPBOHAYATILHOE ONPE/IEIEHHE
A u BBIOpOCHM OJHO W3 4uceNl 6 W3 MHOXKECTBa, TO MBI, OUYEBUAHO, OymeM mMeTh 6€A u 6 ¢A. BosHukaer
npotuBopeune. [loaTomy cieayer paccMaTpuBaTh ITOBTOPEHHE CHMBOJIOB B OMNPEACICHUH MHOXECTB Kak
YIOMHHAHUE OIHOTO M TOTO K€ CHMBOJA, a €ro AyOJNMpOBaHHE KaK HEJOCMOTp. YJaJCHUE MOBTOPSFOIIUXCS
JJIEMEHTOB 00pa3yeT OCHOBY JJIsl HEKOTOPBIX JaTbHEHIINX MaTEMaTHICCKUAX PACCyKICHUH.
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[lonmHOXeEcTBa pa3fensioTcs Ha JBa BUAA: COOCTBEHHbIE TIOJMHOXKECTBA H
HeCcOOCTBEHHbIE TOJMHOXECTBa MHOXXecTBa. (CaMO MHOXECTBO A M IYCTO€ MHOKECTBO
HA3bIBAIOTCS HECOOCTBEHHBIMU, @ BCE OCTAJIbHBIE — COOCTBEHHBIMHU.

MHOXeCTBO BCEX MOJMHOXKECTB TaHHOTO MHOXXECTBa A HA3bIBAIOT 0)/1€aHOM WIH
cmenenvio MHodycecmea A u 0603Ha4aoT B(A).

dopmanibHo B(A)={B| BCA}. B uacTHOCTH 3aMeTHM, YTO IOCKOJIBKY & C Au A C A, TO
@ e B(A); A € B(A). MommuocTs Gyneana (kapauHanbHOe uncio 6yneana) | B(A)| = 2, wmm |
B(A)=2", rme n=|A| - MOIIIHOCTH MHOXeCTBA A.

Mpumep. Ilycte A={a,b,c}. Torma B(A)={ O, {a}, {b}, {c}, {a,b}, {ac}, {b,c}, A}
Kpome TOro, 3ameTnm, 4TO MHOXKECTBO A HMeeT 2 HECOOCTBEHHBIX MOAMHOXecTBa (< u
A={a,b,c}) u 6 cobcTBeHHBIX TOAMHOXKECTB ({a}, {b}, {c}, {a,b}, {a,c}, {b,c}).

Onepanuu HaJ1 MHOKECTBAMH

Hag MHoOxecTBaMU MOXHO HPOM3BOJIUTH JCHCTBHS, KOTOPblE BO MHOTOM HAaIlOMHHAIOT
JIEMCTBUS CIOXKEHUS M YMHOXKEHHS B 3JeMeHTapHoU anredpe. Eciu a 1 b HeKoTopble uncna, To
3aKOHBI 3JIEMEHTAPHOU aareOpbl MOXKHO 3aMKcaTh Kak:

1. a+b =b+a; ab=b-a - koMmyTaTUBHBIH (TIEpEMECTUTEIBHBIN) 3aKOH;
2. (@+b)+c=a+(b+c)| _ ACCOIIMATUBHBIN (COUYETATEIIbHBIN) 3aKOH;
(@-b)-c=a-(b-c)
3. atb)-c=a-ctb-c - mucTpuOyTHBHBIN (pacrpeeTUTENbHBIN) 3aKOH.
puoyT pacup

3aMeTHUM, YTO B ACCOLIMATUBHOM M KOMMYTATHUBHOM 3aKOHAaX MOXHO 3aMEHMTb JIEHCTBUE
CJIO)KEHUSI YMHOXKEHUEM, a JIelicTBUe YMHOXEHUs — ciokeHueM. Ilpu 3toMm momayyum apyroi
3aKOH, KOTOPBII OYyJIeT cripaBe/UIuB, Kak ¥ nepBbli. OHaKo B JUCTPUOYTUBHOM 3aKOHE MOA00HON
cumMmerpun Her. Ecim B 3TOM 3akoHE 3aMEHHUTH CIIO)KEHHE YMHOXEHHMEM, a YMHO)KEHUE
CII0KEHHMEM, TO MIPUJIEM K adcypay

(@-b)+c=(@+c)-(b+c).

Bcerna nmu ato Tak? Oxa3blBaeTcsl, CyIIECTBYIOT aareOpbl, U UMEHHO anredpa MHOXKECTB,
B KOTOPOM BCE TP 3aKOHA CUMMETPUYHBI OTHOCUTEIBHO AEHCTBUH “CHOXKEHUS U “YMHOKEHUS .

O0beguHeHNEe MHOKECTB

Oobveounenuem muoxcecmé A u B Ha3BIBAIOT MHOXKECTBO, COCTOSIIEE M3 BCEX TEX U
TOJIBKO T€X JJIEMEHTOB, KOTOpbIE MPUHAAIEKAT XOTd Obl OAHOMY M3 MHOXecTB A u B.

O6bemHeHre MHOKeCTB A 1 B 0603Hauaercs cumsonom U, r.e. AUB.
Omnpenenenre 00beAMHEHNS MHOKECTB MOKHO 3aHCaTh KaK

AUB={x|xeAwmX B}

OObenHeHe MHOXECTB MHOTIJIa Ha3bIBAIOT CYMMOM MHOKECTB M 00o03HayaroT A+B.
Opnako cBoicTBa OOBEIMHEHUS MHOXECTB HECKOJIbKO OTJIMYAIOTCS OT CBOMCTB CyMMBI IPHU
OOBIYHOM apu(METHYECKOM MOHMMaHHM. [l03TOMYy TEepMHHOM CyMMa MOJb30BaThCsi He
peKoOMeHayeTCsl.

IIpumepsl.

1. Ilycts A={4,5,8,12,16,21}; B={1,2,5,7,12,17,21,30}. Torna
AUB={1,2,45,7,8,12,16,17, 21,30}.
2. Tlycts A={a,b,c,d}; B={a,d,e,f,g}. Torra AU B={ab,c,d.ef,g}.
Ecian MHOXkecTBa A m B npencraButh B BUAE TOYEK, OTPAHUYEHHBIX OKPYKHOCTSIMHU A U
B coorBercTBeHHO, TO 00BenMHeHHe MHOKecTB Al B mpencraBiser coboil 3aKpalleHHYO
00J1aCTh, OTpAaHUYCHHYIO O0OMMH KpyraMu, Kak 3TO Moka3aHo Ha puc. 1.1.
Ilonatne  oObeAMHEHHS  MHOXECTB  MOKHO
pactpocTpaHuTh UM Ha OoJblee ynuciao MHOXKeCTB. [lycte M={X1,
X2,.... Xn} — COBOKYITHOCTb N MHOXKECTB X1, X2, ... Xn, HA3bIBAEMYIO
cucteMoil MHOXecTB. OObeTMHEHNE ITUX MHOXECTB MPE/ICTaBISET
€000 MHOKECTBO, COCTOSIIIIEE U3 BCEX TEX U TOJIBKO TEX 3JIEMEHTOB,
Puc. 1.1 KOTOpBIE MTPUHAJJIEKAT XOTS ObI OJJHOMY U3 MHOXECTB cUCTEMbI M.
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n

UXi = X=X UX,UX,U...UX,
i=1 XeM

I[J'ISI 06"be,I[I/IHCHI/I$I MHOKECTB CITPaBCAJIMBEL KOMMYTaTHBHBIﬁ n aCCOHHaTHBHBIﬁ 3aKOHBI:

AUB=BUA;
(AUB)UC=AUBUC)=AUBUC.

Brionse oueBuaHO, uto A U O=A.

IIepeceueHne MHOKeCTB

Ilepeceuenuem muoxcecme A n B Ha3pIBaIOT MHOXKECTBO, COCTOSIIEE TOJBKO UX TEX U
TOJILKO TEX D3JIEMEHTOB, KOTOPbIE MPUHAIIEKAT KaK MHOXKECTBY A, TaKk MU MHOXKECTBY B.
[TepeceueHre MHOXECTB 0003HAYAETCS CHMBOJIOM N, e A(B. Ornpenenenue nepeceyeHust
MOKET OBITh 3aIIMCAHO KaK

ANB={x|xeAuxeB}

[TepeceyeHne MHOKECTB HHOTIa HA3bIBAIOT ITPOM3BEICHUEM MHOXKECTB, UTO HEKOPPEKTHO.

IIpumepsl.

1. Ecmu A={4,5,8,12,16,21}; B={1,2,5,7,12,17,21,30}, o A(\B={5,12,21}.

2. Eciu A={a,b,c,d}; B={a,d,e.f,g}, 7o A(1B={a,d}.

Ecnu A — MHOXeCTBO JIeBOro Kpyra, B — MHOXECTBO MpaBOro Kpyra, TO IepecedeHue
mHOkecTB  A[)BupenctaBasier co0oit  3akpalieHHY0 00JacTh,
SBIISIOILYIOCS 001eH YaCThI0 000UX KPYroB, Kak 3TO MOKAa3aHO Ha PHC.

1.2.
MmuoxectBa A 1 B Ha3bIBaOTCSA HENMEPECEKAIOLIMMUCS, €CIIH OHH HE
MMEIOT O0LIUX DIIEMEHTOB, T.€. ANB=J.

Puc. 1.2

IMpumep. [Tycts A={3,4,5}, B={2,6,7}. Torma A(\B=.
MuoxecTBa A u B HaxoasTcst B 00111eM TIOJIOKEHUH, €CJIA BBITTOJTHSIIOTCS TPU YCIIOBHUSA:
e (CymecTByeT 3J1€MEHT MHOKECTBA A, HE ITPUHA/IJIEKAaBIINN MHOXKECTBY B;
e (CymmecTByeT 2J1EMEHT MHOKECTBA B, HE puHaAIeKaBIINN MHOKECTBY A;
e (CymecTByeT 21€MEHT, IPUHAUIEKAIINNA KaK MHOXKECTBY A, TaKk 1 MHOXKECTBY B.
[lepeceuenmne pacnpocTpaHsercs U Ha OoJiblliee KOJU4YecTBO MHOXecTB. IlycTh nmeem
cucreMy MHOkecTB M={X1, Xo,.... Xn}. MHOXeCTBO

n
(X=X =X, NX,NX;..NX,
XeM i=1
MPEACTABISIET COOOM MHOXKECTBO, JJIEMEHTBHI KOTOPOTO TMPUHAICKAT KKIOMY U3
MHOXECTB CUCTEMBI M.
[Tepeceyenune MHOXKECTB 001a/1a€T CBOMCTBOM KOMMYTAaTUBHOCTH
ANB=BNA
M aCCOIMaTUBHOCTH
(ANB)NC=AN(BNC)=ANBNC
Kpome Toro umeer mecro cootnomenune: A = .
Pa3HocTh MHOXKECTB
Paznocmuio muoscecme A 1 B Ha3bIBaIOT MHOXKECTBO, COCTOSIIEE U3 TEX M TOJIBKO TEX
AJIEMEHTOB, KOTOPBIE MPUHAJICKAT TOJIHKO MHOXKECTBY A W HE MPUHAIIC)KAT MHOXKECTBY B.
Pasnocts MHOkecTB! A n B 0603Hauaercs A\B. ®opManbHO ONpejieieHHe Pa3HOCTH MHOKECTB
A 1 B M0HO 3anucars B BUJE:

A\B={x|xeAuxgB}.

1 PazHocTh MHOKECTB A M B Ha3bIBAIOT TakXkKe JAOTIOJIHEHHEM B 10 A.
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IIpumepsnl.

1. Tlycrs umeem A={4,5,8,12,16,21}; B={1,2,5.7,12,17,21,30}. Torna A\B={4,8,16},
a B\A={1,2,7,17,30}.

2. A={a,b,c,d}; B={a,d,e,f,g}. B arom ciyuae momyuaem: A\B={b,c} u B\A={e,f,g}.

Ecnn kak u panee muoxkecta A u B

M300pa3uTh B BUJIE TOUEK KpyroB A u B

COOTBETCTBEHHO, TO pa3HOCTb

MHO’KECTB OYJeT MpeACTaBIsAThCS TakK,

KaK 3TO MoKa3aHo Ha puc. 1.3, rae a)

a) b) COOTBETCTBYET pa3HOCTH A\B,

Puc. 1.3 b)- pasaoctu B\A.

CumMeTpuYecKasi pa3HOCTh

Cummempuueckoii pazHocmpio MHOXKECTB A U B Ha3bIBalOT MHOXECTBO, COCTOSILEE U3
oO0beauHeHnss MHOKeCTB pasHoctedl A\B u B\A. CumMmerpuueckas pasHOCTh MHOKECTB A u B
o0o3Hauaercs cuMBoJIoM @ (uau cumBosioM A). Takum o6pazom, 1o ONpeeIeHuIo

A®B=(A\B)U(B\A).
Herpynuo y6emurnes, uto A@B=(AUB)\(ANB).
IIpumepsl.
1. Nmeem: A={4,5,8,12,16,21}; B={1,2,5,7,12,17,21,30}. Torna
A @ B={1,2,4,7,8,16, 17,30}.
2. A={a,b,c,d}; B={a,d,e,f,g}. B atom ciryuae nmosryuaem A ® B={b,c,e.f,g}.

['paduueckun cumMmeTpryHasi pa3HOCTh MHOXeCcTB A u B Moxer ObITh
IpeJcTaBiIeHa Kak IoKa3aHo Ha puc. 1.4. 3akpameHHble 001acTH
COOTBETCTBYIOT CHMMETPHUECKON pa3sHOCTH MHOXeCTB A u B.

Puc. 1.4

YHuBepcaJIbHOE MHOKECTBO

Ecnn B HEKOTOPOM pacCMOTPEHHH YYacTBYIOT TOJIBKO IIOJMHOXECTBA HEKOTOPOTO
(UKCHPOBAHHOTO MHOXECTB I, TO 3TO camoe 0OJIbIIOE MHOKECTBO HA3bIBAIOT YHUGEPCAIbHBIM
(wnu nOAHBIM) MHOIHCECMEOM, WU - YHUBEPCYM.

B pa3muuHBIX KOHKPETHBIX CIIydasX pOJIb YHUBEPCAIBHOIO MHOMKECTBA HIPAIOT
pa3mMuHBlE MHOXeECTBa. Tak, MPH PacCMOTPEHHM CTYIEHTOB HMHCTHUTYTa YHHUBEPCAIBHBIM
(TOJTHBIM) MHO>KECTBOM  SIBJISIETCSI BCS  COBOKYITHOCTh CTYIEHTOB. OTIENbHBIE TPYIIIIBI
(bakynpTeTsl) MOXHO paccMaTpuBaTh Kak TIOAMHOXECTBAa. B HEKOTOpBIX  cCiydasx
YHUBEPCATbHBIM MHOXECTBOM MOJXKET SIBJISITHCS M OTHACJbHAS TPy, B KOTOPOW MMEIOT MECTO
CBOM MTOJIMHOKECTBA (OTIIMYHUKHU; CTYACHTHI, IPOKUBAIOLIHNE B OOIIC)KUTHH; FOHOIIIH; ICBYIIKH 1
T.IL.).

BrionHe o4yeBHIHO, YTO AN YHHBEPCAIBHOTO MHOXKECTBA CIPABEIUIMBHI CIEIYIOIINE

COOTHOIIICHUSA .
:

VYHuBepcanbHOE MHOKECTBO YI00HO M300pakaTh rpaduiyecky B BUJE MHOXKECTBA TOUYEK
OpSAMOYTOJIbHUKA. Pa3nuuHble 00acTH BHYTPU NPSMOYTOJbHUKA OYAyT O3HauyaTh pa3id4HbIE
IOJMHOXECTBA YHUBEPCAIBHOIO MHOXKECTBA. M300paxkeHHe MHOXeCTBa B BHJE oOjacTell B
IPSIMOYTOJIBHUKE, MPEACTABISIIOIIEM YHHMBEPCAJIbHOE MHOKECTBO, HA3bIBAIOT JMAarpaMMON
Oiintepa-BeHnHa.

JlonmoJiHeHrEe MHOKeCTBA
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MuosxkectBo A, onpeensieMoe u3 COOTHOIIEHHSI
Ha3BIBAIOT 0ONOTHEHUEM MHOMcecmea A (10 YHUBEPCAILHOTO MHOXKecTBa [)
I'paduuecku OMOTHEHNE MHOXKECTBA A MOKET OBITh IPEJICTABICHO KaK ITOKa3aHo Ha PHC.

1.5.
dopmalibHOE OTpeIeIICHIE JOTIOTHEHHUSI MHOKECTBAa A MOXKET OBITh 3aITMCAHO KaK

A={x|xel u xgA}

W3 ompeneneHus AONMOJHEHUS MHOXECTBA CIEAYeT, uTO A M A HE UMEIT 00LIMX
3JIEMEHTOB, T.€.

ANA=Q
Kpowme toro, AUA =1
= N3 cummerpun dopmyn 1.22 u 1.23 cnenyer, 4T0 HE TOIBKO
A I A SIBISICTCS HOTIOHEHUEM A, HO U A SBISETCS JOIONHEHHEM

A . Ho nononuenne A ects Z\ Takum o6pazom Z\ =A

Puc. 1.5
C MOMOIIBIO OTEPAIUH JAOMOJHEHHUS YIO0HO MPEICTABUTh PAa3HOCTh MHOIKECTB:
A\B={x|xeAuxgB}={x|xeAuxeB}, e A\AB=ANB

IpsiMmoe mpou3BeIeHNE MHOKECTB

Ipambim npouseedenuem muoxncecmé A v B Ha3bIBAIOT MHOXKECTBO, 0003HAYAEMOE
A xBu cocrosiiee u3 Bcex Tex M TONBKO TeX YHNOPSIOYEHHBIX Map, TEPBas KOMIIOHEHTA
KOTOPBIX MPUHAUICKUT MHOXECTBY A, a BTopas — MHOKeCTBY B. Takum 06pasom, sJieMeHTaMu
IPSIMOTO MIPOU3BEACHUS MHOKECTB SIBISIFOTCS IBYXDJICMEHTHBIC KOPTEKH BHIA (X,Y).

JIaHHOE OmpeJIeJIEHHE MOXKET OBbITh 3AIIUCAaHO B BHJIE:

AxB={(x,y)|xeA,yeB}

IIpumep.

ITycts A={1,2,4}; B={1,2}

Torma AxB={(1,1), (1,2), (2,1), (2,2), (4,1), (4,2)}.

IIpumep.

[Tycte nansl MHOKecTBa A={a, b, c,d, e, f,g,h} uB={1,2,3,4,5,6,7, 8}

Torma A x B ects MHOXeCTBO 0003HAYEHMI TIAXMATHOMH JTOCKH.

MomHOCTh TPOU3BEACHUSI KOHEUHBIX MHOKECTB PaBHA MPOU3BEICHUIO MOIIIHOCTEN ITUX
MmHOxkecTB, T.e. |A X B|=|A|B|.

Omneparusi MPsSIMOTO TPOM3BENICHUS JIETKO PACHpOCTpaHsAETCs U Ha OOJBIIEEe YHCIIO
MHOKECTB.

3aganusa
1. Jns cienyromniux map MHOXECTB ITPOBEPHTE HaIM4YMe cooTHOIIeHUd A B, BC A, A=B, A €B,
BeA.
a) A={ab,c,d}, B={a.c,d;
6) A=<, B={a,b,c}
8) A=, B=&
2) A=, B={}
0) A={a,b,c}, B={b,c, a}
e)A={{a}a,J},B={a}
ac) A={{a },a,d}), B=2
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3) A={{ab} {c,d}c,d}, B={{abjc)

. Hanmer  muOXectBa  A4={1,2,3,4,5,6,7/, B=/3,4,5,6,7,8,9}, C=¢{-3,-2,-1,0,1,2,3,4},
D=/2,3,4,5,6 ). Onpenennure MOITHOCTh 33JJaHHBIX MHOXKECTB. 3aaiiTe CIUCKAMU MHOXECTBA
U OIPEICITUTE UX MOITHOCTD:

a)AnBN CnD

6) AuBUCUD

8) (AUB) N (CUD)

2) (AnB) U(CND)

0) (A\B) U(B\4)

e) DaU(C\B)

. Jlansr maoxectsa: A=(—o0; 4], B=[2; 11], C=(6; 10). Haiizure (Z\\ B)(‘\ C.

. Jlanbpl MHOKECTBA. 3a7aiiTe 3TH MHOKECTBA TIEPEUUCIICHUEM IJIEMEHTOB.

a) X={a/aelu |a| <6}

6) Y={a/acZ n a’°<4)

6) A= {x/5x-6-x*=0

2) B={x/(x-1)(2x+1)(x+3)=0}

0) C={al5-a*=0;

¢) D={y/6y+y*=0

ac)E= {x/5x-6-x*<0

3) F=x/A%+1=0

u) 1= fx/x?+120)

K)K={x/1<x<5, xeN}

1) L=x/x=-1)", neN}

m) M= {x/x=1+3(-1)", neN}

. 3azmaiiTe MHOKECTBA XapaKTEPUCTUYECKUM CBOMCTBOM:

@) A - MHOKECTBO BCEX JICHCTBUTEIBHBIX YHCEN, HE OOJIBIINX 5;

0) B - MHOX€CTBO BCeX JCHCTBUTENbHBIX YMCEN, OONBIINX 2 U MEHBLINX 5;

8) C - MHOKECTBO BCEX OTPULATENIbHBIX PAllMOHAIBHBIX YHCEIT;

2) D - MHOXXeCTBO BCeX HEOTPHUILIATENbHBIX IeHCTBUTEIBHBIX YHCET;

0) E - MHOKECTBO BCEX OTPULIATENIbHBIX LENbIX YHCET;

e) F - MHOXXecTBO Becex Lugp.

. Jamer mHOXecTBa X=¢-5,-4,-3,-2,-1,0,1)}, Y=/-3,-2,-1,2,3,4}, Z={-7,-6,5,6,7}. 3anaiite

CIHMCKaMU MHOXECTBA:

a) XN L

0) (XNZ) KN

8) ZAX]Y)

2) XYL

0) ZAXANY)

e) (XZ) N (YLZ)

. Ilycte R — MHOXecTBO OyKB COBPEMEHHOT'O PYCCKOT0 andaBuTa,

A — monmHOXkecTBO R, cocrosimiee n3 OykB, COCTaBISIONIUX CIOBO aKcuomd,

B — mogmHOXecTBO R, cocTosiiee u3 OyKB, COCTABISIOMIUX CIIOBO CKOPOCHIb,

C — mogmHOXecTBO R, cocrosiee u3 OyKB, COCTABIISIONIAX CJIOBO HACHOPHL.

3anaiiTe criocoOOM MepeunciIeHus CIeAyIOIINe MHOKECTBA U HAalIUTE UX MOIIHOCTB!
a)AuB 6)B»nC  BCV\A r1r)AnB~NC

. CocraBbre MHOXKECTBA: 4 — MHOXKECTBO OyKB CBOETO MOJIHOIO UMEHU; B — MHOXXECTBO OyKB

cBoero oryectBa, C — MHOXkecTBO OykB cBoeil (amuiuu. J[JIs MONydyeHHBIX MHOXKECTB

HaiiuTe:

a)A UB;06)ANB; B)C\A; 1) AC; 1) AnBNnC
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

N3 40 crynentoB 30 yMEIOT IU1aBaTh, 27 yMEIOT UTPaTh B IAXMAThI U TOJIBKO MSATEPO HE YMEIOT
HU TOTO, HU Jpyroro. CKOJIbKO CTYIEHTOB YMEIOT IJIaBaTh U UTPaTh B IIAXMaThl?

20 MaTPYMKOB MOeXaln Ha MUKHUK. [Ipu 3TOM 5 M3 HUX oOropenu, 8 OB CHIILHO MOKYCaHbI
komapamu, a 10 ocramuch BceM IOBOJNBHBI. CKOJNBKO OOrOpeBIIMX MAaJBIMKOB HE OBLIO
nokycano komapaMu? CKOJIBKO IMOKYCaHHBIX KOMapaMH MaJIBYMKOB TakxKe U ooropenu?

B mTydnoM otiene marazuHa MOCETUTENH OOBIYHO MOKYMHAIOT JHOO OIWH TOPT, MO0 OAHY
KOpOOKy KoH(eT, JTnOO OAMH TOPT U OAHY KOpoOKYy KoH(eT, B omuu u3 aHe# 60bu10 npomaHo 57
TOPTOB 1 36 KOpoOOK KOH(PeT. CKOIBKO OBLTO MOKyHarenel, eciiu 12 4enoBex Kymuiu U TOpT,
1 KOpoOKy KoH(peT?

W3 35 corpymaukoB ¢upMbl «Tonmad», KaxIbld U3 KOTOPBIX BIAJCET XOTS OBl OJXHHUM
MHOCTPAHHBIM S3BIKOM, 25 4EJIOBEK 3HAIOT aHINIMUCKUM SI3bIK, 15 4eI0BEK — IpeUeCKUi SI3bIK,
20 yenoBeK — PpaHIy3CKH A3bIK, 15 4eTOBEK 3HAIOT aHIIMUCKUN U (PPAHILY3CKHI S3BIKH, 6 —
rpedeckuii u (paHmy3ckuid s3plkM U 10 — TpedyecKuid W aHDIMUCKUN S3bIKH. CKOJBKO
COTPYIHUKOB (DUPMBI 3HAIOT: a) BCe 3 s13bIKa? 0) TOIBKO IPEUSCKU U PPaHITy3CKUM SI3BIKH (T.C.
3HAIOT IpeUecKuil U PpaHIly3CKUl S3bIKU, HO HE 3HAIOT aHIIIUICKOTO SI3bIKa)?

Cpenu aOUTYpUEHTOB, BBLICPIKABIIMX INPUEMHBIC SK3aMEHBI B BY3, OLEHKY «OTIMYHO
MONYYHIIH: 110 PYCCKOMY SI3BIKY — 48 aOUTYpHEHTOB, 110 MareMaTuke —37, o ¢usuke — 42, o
PYCCKOMY SI3BIKY MJIH MareMatuke — 75, TI0 pyCCKOMY SI3BIKY WJIH (hpr3HKe — 76, IO MaTeMaTHKe
win Qusuke — 66, mo BceM TpeM npeameram — 4. CKOJIbKO aOUTYpUEHTOB MOIYYUIIH XOTS ObI
oHy nsATepKy? CKOJNBKO Cpeid HUX MOJYYUBIINX TOJIBKO OJIHY MSITEPKY?

Kaxxapiit u3 cTyieHToB 3 Kypca B JIETHHE KaHUKYJIbI POBHO JIBa pa3a ObL1 B Tearpe, Ipu 3TOM
cnekrakiau A, B u C Bugenu coorBeTcTBeHHO 25, 12 1 23 crynenTta. CKOIBKO CTYACHTOB Ha 3
kypce? Ckonbko u3 HUX Bujenu cnekrakiu A u B, Au C, Bu C?

B Teuenune Hemenu B KMHOTEATpe AEMOHCTpHpoBauch ¢pmibMel A, B u C. U3 40 ctyneHToB,
Ka)/IbIi U3 KOTOPBIX IPOCMOTPEI MO0 Bee Tpu hrsibMa, 1100 OAMH U3 TpeX, GuiabM A BUaeIu
13, ¢uem B — 16, punem C — 19. HaiiTi, CKOJIBKO CTYICHTOB IPOCMOTPEIN BCE TPU (UIIbMA.
[IpenonaBarens pemmni y3Hath, kTo U3 40 cryaentoB uutan kaurd A, B u C. Pesynbrars
OIpOCa OKa3aJICh TAKOBBI: KHUTY A yuTano 25 yenosek, KHUry B — 22, kaury C — takxke 22.
Kuury A wim B untanu 33 crynenta, A nwiu C — 32, B uim C — 31; Bce Tpu kauru npowu 10
cTyneHToB. CKOJBKO CTYIEHTOB MPOWIH TOJIBKO MO OnHOM KHHUTe? CKOJIBKO CTYJIEHTOB HE
YUTAIN HU OAHOM U3 3THX TPEX KHUT?

B cnoptuBHOM narepe 65% cTyaeHTOB yMelOT urparh B ¢pyroosn, 70% — B Bosneitoon u 75% —
B OacketOon. KakoBo HanMeHbIIee YMCIIO CTY/IEHTOB, YMEIOIIUX Urpartk ¥ B (yrdoiI, U B
BOJIET 00, 1 B OackeT00?

Uccnenyercsa tekct u3 100 npemnoxenuii. B xaxnom u3 100 npemioxkeHuit umeetcst 1100
MECTOMMEHHE «1», TU00 MECTOMMEHHE «mbl», 100 00a MecTtomMeHnus. Bcero B Tekcre
BcTpeTuinoch 60 mectoumeHuil «a» u 50 mectoumMeHUil «mor». CKONBKO MPEAJIOKEHUN
CoJZiep’KaT U MECTOUMEHHUE «A» U MecTouMeHue «mot»? CKOIBKO MpeNIoKEeHUH coiepar
MECTOMMEHHUE «1» U HE COAEPKAT MECTOMMEHMUSI «mbl»?

Halinure nexapToBo mpom3BencHne MHOXeCTB A U B, B u A, ecim A={1,2,3,4,5,6,7},
B=/3,4,5,6,7,8,9/,

N300pa3ute B MpsAMOYTrONBEHOW CHCTEME KoopauHAaT MHOoecTBo Ax B, ecim A= (2; 6],
B=(-o0; 1].

Hanummure nepBbie MATh 3J€MEHTOB 3aHYMEPOBAHHOI'O CYETHOI'O MHOXKECTBA, N-ii 3JEMEHT

. n+
KOTOPOTO 33/1aH GOpMYIOH an= "
KoHTpoJibHBbIE BONIPOCHI
1. Yro Takoe MHOXXECTBO, KOHEYHOE U OECKOHEYHOE MHOXECTBO, MOILTHOCTh MHOKECTBA,
MMOIMHOKECTBO?
Kakue ciocoObl 3a1aH1sI MHOKECTB BaM U3BECTHBI?
3. Kak onpenenuTs MOIITHOCTh MHOKECTBA?

N
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4. Kak cpaBHUTH MHOXeECTBA?
5. Kakue onepanuu HaJl MHO)KECTBAaMHU BaM U3BECTHBI?
6. Pacckaxxurte npaBuiia BBIIIOJHEHHsI OTIEpalliid HaJ MHOXKECTBaMH.

IpakTnueckasi padora Ne2
«oacranoBku. MeToa MaTeMaTH4eCKON MHIYKIUI)

He.]'lb: (1)0pMI/IpOBaHI/I€ HaBBIKOB BBIIIOJTHCHH A onepaunﬁ C II0ACTaHOBKaMH H
HCIIOJIB30BaHMA MCTOda MaTE€MaTH4YE€CKOMN HHAYKIOHUH.

TeopeTuveckue cBeIeHUs
IToncranoBKH
Bcesikoe B3amMHO 0OJHO3HAYHOE OTOOpa)KEHHME MHOXKECTBAa A TMEpPBBIX N HATYpaIbHBIX
yucen Ha ce0sl Ha3bIBaeTCA MOJACTAHOBKOW N-U CTENEHHU, MPUYEM, OUE€BHIHO, BCSAKAs MOJICTAHOBKA
A MoeT ObITh 3anucaHa Mpu MOMOIIHY ABYX MEPECTaHOBOK, MOAMMUCAHHBIX OJHA MO IPYroi

iy lp o ip
a= )
ah ab.n a%
qepe3 0 31€Ch 0003Ha4aeTcs TO YHUCJIO, B KOTOPOC IIpHU IMOJACTAHOBKE A nepexoauT 4Yuciio

i, 1=1,2,...,n.
3anuieM OJIHYy MOJ JIpYroil ABe MepecTaHOBKH M3 N CUMBOJIOB, Oepsl OJIY4YEHHBIE JBE
CTPOKH B CKOOKH; Harrpumep, N=5:

(35142)

2
52341 )
MsbI ckaxkeMm, 4TO YHCJIO 3 MEePEeXOAUT B YHUCIO 5, YUCIO 5 mepexoaut B 2, 4ucio |

HepexoauT B 3, yncio 4 nepexoaut B 4(1iIu OCTaéTCsl Ha MeCTe), U, HAKOHELl, YUCIIO 2 MePEXOIUT
B 1. Takum o6Gpa3omM, JABe epecTaHOBKH, 3alIMCaHHbIE APYT MO IPYroM B BUJIE (2), ONpenestoT
HEKOTOPOE B3aMMHO OJIHO3HAYHOE OTOOpakeHHWE MHOXKECTBAa M3 IEPBBIX MATH HATypalbHbIX
yucen Ha ce0s, T. €. 0ToOpakeHne, KOTOpOe KaKIOMY U3 HaTypalbHBIX 4ucen 1, 2, 3,4, 5 ctaBut
B COOTBETCTBUE OJHO M3 3THUX K€ HATypaJIbHBIX YHUCEJ, IPUYEM Pa3HBIM YHCIAM CTaBSTCS B
COOTBETCTBUE PA3IMYHbIE K€ YHCTIA.

SIcHO, YTO TO B3aMMHO OJIHO3HAYHOE OTOOpaKEHHWE MHOXECTBa MX MEpPBBIX IATH
HATypaJIbHbIX 4YHCEJ, KOTOPble Mbl HOJYYWJIM MpU MNOMOIIU (2), MOXKHO OBLIO MHOJYYHUTH,
3alMchIBas OJHY MO JAPYrOM U HEKOTOPBIE IPYrUe Napbl NEPECTAHOBOK U3 MIATH CUMBOJIOB. OTU
3aMMcH MOdydaroTcsl U3 (2) MyTeM HECKOJIbKUX TPaHCHO3UIMKM (TMepecTaHOBOK) CTOJOUKOB;
TaKOBBI, HAaIIpUMeEp,

(35142) (15243) (25143)
, , .

52341 32145 12345
Bo Bcex aTux 3anucsx 3 nmepexoauT B S, SB2 U T. 1.

[ToncranoBka A obGnamaer MHOTMMHU pa3iaudHbiME 3anucsmu Buga (1). Tak, (2) u (3)
SBJISIFOTCSL PA3JIMYHBIMU 3aMMUCSIMUA OJTHOM U TOM € MOJACTAaHOBKHU S5-U CTENEHH.

Kanonunueckuii BUJ moacCTaHOBKH

B yacTHOCTH, BCsIKas ITOJCTAaHOBKA N-1 cTeneHN A MOXKET OBITh 3aIliCaHa B KAHOHHYECKOM

(1 2...3> @)

a, Ay .. Ay
T. €. C HaTypaJbHBIM PAaCHOJIO)KEHUEM YHCEN B BepxHeW cTpoke. IIpm Takoi 3ammcu
pa3iIMyHbIC MOACTAHOBKU OTIMYAIOTCA APYr OT Jpyra NEpPECTAHOBKAMHU, CTOSIUMMH B HUYKHEU
CTpOKE.
IIpuMepoM MOACTAaHOBKU N-U CTEIIEHU CIIYXKUT TOKAECTBEHHAs I10JJCTAHOBKA

E=(15 7 0)

(3)

BUIC
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IIPU KOTOPOM Ha MECTE OCTAIOTCS BCE CUMBOJIBI.

3ameuanue. CiieyeT 3aMETUTb, YTO BEPXHSISI M HUKHSA CTPOKHU B 3anucH (1) moacTaHOBKU
A UrparoT pa3Hble pOJH U, IEPECTABUB UX, MbI, BOOOIIIE TOBOPS, MOTyYaeM APYTYIO MOJCTaHOBKY.

HuxiaoBas CTPYKTypa NOACTAHOBKH

[ToncranoBka Buaa

i1 20y Iy 2103, w, Ipe1 = lm ;= i1

(ITpu 5TOM BCe umcna i, Iz, ..., Im - pa3JIMIHbI)

HA3bIBAETCS LIMKJIOM JJTMHBI M.

JIy1st HIUKIIOB BBOJST CHEIUAIbHOE 0003HAUCHHE:

i) EY GRS
3apanue 1. [uxn (2 3 4 1) neficTByeT ciieayronuM oopazom
2->53->4->1-12

Huknel, He coaepkalue OOIIMX OSJEMEHTOB, HAa3bIBAIOTCS  HE3aBHCHMbBIMH
(HemepeceKaroUIMMUCH).

Teopema. Kaxayio MOACTaHOBKY MOKHO DPAa3JIOXHTh B IPOU3BEICHUE HE3aBUCHUMBIX
[UKJIOB. DTO Pa3JI0KEHUE EIUHCTBEHHO C TOYHOCTBIO JI0 MOPSIKA IUKIIOB.

AJTOpUTM COCTaBIEHUS IUKJIA:

1.bepem noicTaHOBKY, CMOTPHUM, BO YTO MEPEXOUT MEPBHIN JIEMEHT.

2.Ilony4eHHBIH AJIEMEHT MUIIEM 3a MEepPBBIM JJIEMEHTOM U HaxoJuM ero odpa3 moj
JIEUCTBUEM MOJICTAHOBKH.

3. Kak Tonbpko o0pa3 coBmasaeT ¢ 3IEMEHTOM, ¢ KOTOPOTO HayalloCh MOCTPOCHUE IIHUKIIA,
3aKpBIBAEM IUKIL.

4. Nanpiue OepeM I1000i 2JIE€MEHT, HE BXOASIINN B YK€ BBIMUCAHHBIC IUKIIBI 1 HAUMHAEM
MOCTPOEHHE HOBOTO ITUKJIA.

3aganue 2.

Pa3noxute moaCTaHOBKY
(1 2345678 )

34521876
B IIPOM3BE/ICHUE HE3aBUCUMBIX I[UKIIOB.

Pewenmue.
Tak xak 1 -3 ->5->1, to momysaem nwmkix (135). Ilemouka 2—4—2 nmaer
Tpancno3unuto (24). Tak xe 6—8—6 naet Tpancnosunuio (68). 7 octaeTcs Ha MecTe.

Ormer: (12322078 — (135)(68) 20)(7)

3HaK MOACTAHOBKHU

['oBOpSAT, YTO B IAHHOW CTPOKE 3JIEMEHTHI | ¥ | COCTABISIFOT MHBEPCHUIO, €CIH | > |, HO |
CTOUT B 3TOW CTPOKE PaHBIIIE.

(5341 2)—uucno 5 obpasyer 4 uaBepcuu. OOIIIEe YUCITIO HHBEPCUI B CTPOKE PaBHO 8.

3HAaK MMOJACTAHOBKH
1 2..3
al 0(2 Oln

paBeH (-1)?, re a — YHUCII0 HHBEPCHI B CTPOKE (a1, 02, ..., COn)
3aganue 3.

OnpenenuTth 3HaK MOACTAaHOBKHU
(1 2345678 )

34521876
Pemrenne.

Yucno uHBepcnii B crpoke (3 4 52 1 8 7 6) paBHO 2+2+2+14+0+2+1=10, Tak kak (-1)1°=1,
TO JaHHas IIOACTAaHOBKA ABJISACTCA YEeTHOM.
3HaK OICTAHOBKHA MOYKHO ONIPENEINUTE U IPYTUM crrocooom. JIist aTOro Hamo Pa310XKUTH

MOACTAHOBKY B MIPOU3BCACHNUC HC3aBUCUMBIX IIUKJIOB.
b = (ka-1)+(ko-1)+.. . +(ki-1)=k+ko+. .. +k-S, (5)
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rae Ki, K2, ..., Ki — 1muHbI UKITOB.

Torna 3Hak paBeH (-1)°

[Tycth nana mojctaHoBKa N-i CTENEHU U MYCTh S €CTh YHCIIO HE3aBUCUMBIX ITHKIIOB B €€
Pa3JI0KEHUM TUTIOC YKCIO CHMBOJIOM, OCTABIIIEMBIX €0 Ha MecTe. Pa3HOCTh N — S Ha3bIBaeTCs
JEKPEMEHTOM 3TOH TOJICTAHOBKHU. JIeKpeMEHT paBeH 4YHCIy JCHCTBUTEIBHO IEepeMenIacMbIX
CHUMBOJIOB, YMECHBIICHHOMY Ha 4YHCIIO HE3aBHUCHMBIX IIMKIOB, BXOJISAIIUX B PAa3JIOKCHHE
IIOJICTAHOBKH M paBHOCHICH b B popmyie (5).

3ameuanue. YeTHOCTH TOJCTAHOBKH COBIAJACT C YETHOCTHIO JEKPEMEHTa JSTOU
MIOJICTAHOBKH.

3aganue 4.
Onpenenure 3HaK MOJACTAHOBKH
12345678 _
(3 452187 6) = (135)(68)24)(7)

C IIOMOIIBIO PA3JIOKEHHUS IIOACTAHOBKH B IIPOM3BENEHUE HE3ABUCUMBIX LIHKIIOB.
Pemenue.
JlaHHast IOJICTAHOBKA paCKJIaJbIBACTCS CIEAYIOIIMM 00pa3soM B IPOHM3BEICHHUE
HE3aBUCUMBIX LIUKJIOB.
b = 3+2+2+1-4 = 4, (-1)* = 1. D10 YeTHas MOJCTAHOBKA.
YMHOKeHHe I0CTAHOBOK
[IpousBeneHHEM TIEPBOI IMOJCTAHOBKM Ha BTOPYIO HAa3bIBAIOT IIOCJIEA0BATEIBHOE
BBIITOJTHEHHUE JIBYX MTOJCTAHOBOK N-# CTEIEHH, IPUBOISIIECE K HEKOTOPOM BIIOJIHE OIPEIEICHHOM
TPEThE MOACTAHOBKE N-i CTEIEHHU.
Tak, €CJIM JIAaHbI [T0JICTAHOBKH YE€TBEPTOM CTEIIEHH
A= (1234 g (1234
3142/’ 1342/
TO

1234)_

AB = (
4123
JleficTBUTENBHO, MpU MOACTaHOBKE A cumBosl 1 mepexoauT B 3, HO mpu B cumBon 3

nepexoaut B 4, noaromy nipu AB cumBon 1 nepexoaur B 4, U T. 1.

MOXHO NEpPEMHOXKUTh JIMIIb IOJACTAHOBKM OJIMHAKOBOW CTEMEHH. Y MHOKECHHE
MOJCTAHOBKU N-U CTENEHW mpuU N > 3HEKOMMYTaTUBHO. J[eCTBUTENBHO, AJIi PACCMOTPEHHBIX
BBIIIIE MOJICTAaHOBOK A U B mpousBenenue BA umeet Buj

5= (5451)

T. €. moJcTaHoBKka BA otnuuna oT moacranoBku AB. Takue mpuMepsl MOKHO O100paTh
JUIst BceX N 1pH N > 3, XOTS 1Sl HEKOTOPBIX Map MOACTaHOBOK 3aKOH KOMMYTATUBHOCTH CIy4ailHO
MO>KET BBITTOJIHATHCA.

YMHOK€eHUE M0ICTaHOBOK aCCOLIMATUBHO, T. €. MO’KHO FTOBOPUTH O IIPOU3BEICHUH JTF0O0T0
KOHEYHOTO 4YHCJa TOJCTAHOBOK N-il CTENeHH, B3ATHIX (BBHAY HEKOMMYTATHBHOCTH) B
ofpeieieHHOM Topsike. B camom nene, mycTh aanbl mojactaHoBku A, B u C u ycTh CUMBOI 1,
1 <i1 <N, mepexoauT MPH MOACTAHOBKE A B CUMBOII I2, I2 TPH MOAICTAaHOBKE B mepexoauT B CHMBOJIT
i3, a mocieauuii pu mojactanoBke C — B cumBon is. Torma mpu moacraHoBke AB cumBoI it
NIEPEXOUT B i3, pu mojictaHoBke BC cMMBOII I2 TiepeXxouT B 14, a moatomy kak mipu (AB)C, Tak
u ipu A(BC) cumBoI i1, OyJeT MepexouTh B CHMBOII I4.

OueBuAHO, UTO MPOU3BEECHHE JIIOOOH MOJICTAHOBKU A Ha TOXIECTBEHHYIO MOJICTAHOBKY
E, a raxxe npoussenenue E Ha A, paBHO A:

AE=EA=A

HasoBeM, HakoHel, 0OpaTHOH sl MOJCTAHOBKM A TaKylo MOACTaHOBKY A Toii ke

CTETEHH, YTO
AAT=ATA=E
Jlerko BUIETH, YTO OOpPATHOM MOJCTAHOBKOMW IS ITOICTAHOBKH
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A= (1 2 .. n)
a, 0y ... a,

A= (77

[OJIyydarouasics u3 A nepeMeHol MecT BEpXHel U HUKHEHN CTPOK.
3aganmue 5.
Haiitu noacranoBKy, 0OpaTHYIO JaHHOM
_ (123456
A_(243561)

CJIYKHUT IOJACTAaHOBKA

Pemrenne.
IToacranoBka A'l, oOpaTHas 1moACTaHOBKE A OyJIeT UMETh BH/]I
_ 243561
Al =
(1 2345 6)
MPUBEAEM €€ K KAHOHUYECKOMY BHIY.

. /123456

\ . A]”:(613§45)

Hillll“;}pll“neoplfmox YKa3aHHOTI'O JIEMEHTA B rpyrmie Sp, N=5

$5=(33154)
Pemerne: , (12345y_(12345\ (12345
S _(23154)X(23154)_(31245)

s=52x5 =(31542)%(5154)= (12354)
Lo g i
§¢=5°xs :(31254) (23154):(12345)

HakoHelr, moJTy4nii TOXIECTBEHHYIO TOICTaHOBKY E

Otger: 6

MeToa MaTeMaTHYeCKOW MHIYKIUHA

[Ipn u3yuyeHun siBiIeHUW B 000N oOnacTu 3HAaHWI (MaTeMaTuka, UCTOpUs, (PHU3UKA,
MEIUIIMHA, aCTPOHOMHS, SKOHOMHMKAa W T.J.) OCHOBHBIM JTaliOM SIBIIIETCS YCTAHOBJIEHUE
ONPEIEIEHHBIX 3aKOHOMEPHOCTEN, CBA3BIBAOIIMX OTIAEIBHBIC 3JIEMEHTHI U3y4aeMOro SIBJICHHUS.
[TonMeuaercst onpeneneHHas CBA3b MEXIY AJEMEHTAaMU M3y4aeMOTo SIBIICHUS, CIPAaBEIJIMBOrO
JUTSE MHOTHX YaCTHBIX CIy4aeB, U PaclpOCTpPaHSIETCS Ha BCE cllydyad BOOOIIE, YCTaHABIMBAETCS
001K 3aKOH, PACKPBIBAIOIINM CYIITHOCTD JAHHOTO SIBIICHUS.

Bce yTBepkieHuss MOXKHO pa3/ienTh Ha oO1ue u yactHele. Hanpumep, yrBepxaenue «Bo
BCSIKOM TMapajuiejiorpaMMe JIMarOHalId JIEJIATCS B TOYKE MEPECEUCHHS IMOIOJaM» SBISIETCA
o0ImMM, TaKk Kak OTHOCHUTCS KO BCEMY MHOXECTBY MapajienorpaMMoB. B To ke Bpems
yrBepxacHue «B mapamienorpamme ABCD nuaronanu nensres B TOUKe TepeceYCHHs TOTIoIaM»
SIBIISIETCS] YaCTHBIM, TaK KaK OTHOCHTCS K KOHKpeTHOMY Tapaienorpammy ABCD.

[To cBoeMy TIEpBOHAYAIIBHOMY CMBICIY CJIOBO «UHIYKIHS» TMPUMEHAETCS K
paccyXIeHUSM, MPH MOMOIIM KOTOPBIX MOJIY4alOT OOIIME BHIBOJIBI, OMUPASCh HA PSJ YaCTHBIX
yTBepKaeHUH. [TpocTemmM METOIOM PacCy AEHUM TaKOTO poja SBJISIETCS MOJHAs WHAYKIHUS.

Bot npumMep nmogo6HOT0 paccykIeHus.

[Tycth TpeOyeTcsi yCTaHOBUTH, YTO KaXKJ0€ HATypaJIbHOE YETHOE YHUCIIO N B Mpejenax
4(n<20 mpencTaBUMO B BUJIE€ CYMMBI JIBYX IPOCTBIX YHCEIN. {151 3TOro BO3bMEM BCE TaKHE YKCIia
Y BBINHUIIIEM COOTBETCTBYIOIINE PA3JIOKEHHUS:

4=2+2; 6=3+3; 8=3+5; 10=7+3; 12=7+5; 14=7+7; 16=11+5; 18=13+5; 20=13+7.
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OTH JEBATh PABEHCTB IOKA3bIBAKOT, YTO KaXI0€ W3 MHTEPECYIOIIUX HAC YHUCEI
JIEUCTBUTEIIBHO MPEJCTABISIETCA B BUJIE CYMMBI JIBYX ITPOCTBIX YHCEIL.

Takum o0pa3oM, MmonHass WHAYKLIMS 3aKIIOYaeTCss B TOM, 4YTO OOIlee yTBEp:KICHHE
JIOKA3bIBAETCS IO OTAEIIBHOCTH B KaXJI0M M3 KOHEYHOT'O YMCJIa BO3MOKHBIX CIIy4acB.

Meroa moaHOro mnepedopa KOHEUHOIO YHCIA CIIy4aeB, MCUEPIBIBAIOIINX BCE
BO3MO>KHOCTH, HA3bIBACTCS MOJHON MHAYKIHeH. DTOT METOJ MUMEET KpallHe OrpaHUYCHHYIO
00JyacTh NPUMEHEHHUS! B MaTEeMaTHKe, TaK KaK OOBIYHO MaTeMAaTUYECKUE YTBEPKIACHUS KacaroTCs
OCCKOHEYHOTO MHOXXECTBa OOBEKTOB (HANMPUMEpP, HATYPAIBHBIX YHCEN, MPOCTHIX YHCE,
KBaJIpaToB U T.I1.) ¥ iepedpaTh X HEBO3MOXKHO.

WNuorpa oOmmit pe3ynbTar yaaercss MpeayragaTh IOCIE PAacCMOTPEHUsi HE BCEX, a
JIOCTaTOYHO OOJIBIIOrO YHCIAa YacTHBIX ciy4yaeB (Tak Ha3bIBaeMas HEMOJHAs WHAYKIIHS).
Pe3ynbrar, moaydyeHHbIN HEMOTHON UHAYKLIHUEH, OCTAETCS, OJHAKO, JUIIb TUIIOTE30M1, II0KA OH HE
JIOKa3aH TOYHBIM MaTE€MaTUYECKUM paCCYXJICHUEM, OXBATHIBAIOIIMM BCE YacCTHBIE CIIyYaH.
Henosnas uHAyKIKS B MATEMAaTUKE HE CYMTAETCS 3aKOHHBIM METOJIOM CTPOrOro JOKa3aTelbCTBa,
HO SIBJISIETCS. MOIIIHBIM METOJOM OTKPBITHSI HOBBIX UCTHH.

[lycTth, Hanpumep, TpeOyeTcs HAWTH CyMMY NEPBBIX N IMOCIEIOBATEIbHBIX HEYETHBIX
yycesl. PaccMOTpuM 4acTHbIE CiIyyau:

1=1=12

1+3=4=22

1+3+5=9=32

1+3+5+7=16=42

1+3+5+7+9=25=52,

[Tocne paccMOTpeHHS ATUX HECKOJIBKHX YACTHBIX CIy4acB HANPAIIMBACTCS CIEHYIOLINN
00111 BBIBO:

1+3+5+.. .+(2n-1):n2, T.€. CyMMa N ITOCI€I0BATEIbHBIX HEYETHBIX YHCET PaBHA n2.

Pazymeercs, caenannoe HaOMIOIEHNE €111€ HE MOXKET SIBJISITHCA JI0Ka3aTEIbCTBOM JIAHHOM
dbopmynel. YacTo HeMoNHAA WHIAYKIHS IPUBOAUT K OIIMOOYHBIM pPe3yabTaTaM.

Bo mMHOTHX Cciydasix BBIXOJ U3 TaKOTO POJA 3aTPYIHEHHUM 3aKITI0YaeTCsl B OOpaIIeHHH K
Memoody mamemMamuieckou UHOyKyuu. ITOT METOJT PaCCYX ACHHI, KOTOPBII MTO3BOJIIET 3aMEeHUTH
HEOCYIeCTBUMBbIH 0OeCKOHEeYHbI mepedop 0Ka3aTeIbCTBOM TOTO, YTO €CIU YTBEpP)KICHUE
HMCTUHHO B OJHOM CIlydae, TO OHO OKa)X€TCS UCTUHHBIM U B CIEAYIOIIEM 33 HUM ciydae. DTOT
METOJ1 — 3TO paccykJeHue oT N k n+1.

Memoo mamemamuyeckol UHOYKYUY 3aKITFOYACTCS B CIICIYIOIIEM.

[IycTts HYXKHO [OKa3aTh CIHPaBEUIMBOCTh HEKOTOPOTO YTBEPXKACHHUS I JHOOOTO
HATYpaJIbHOTO YKcia N (HampuMep, HY>KHO JI0Ka3aTh, 4YTO CyMMa N MOCIeI0BaTEIbHBIX HEYETHBIX
uycen paBHa n?). HemocpencTBeHHas MPOBEPKA 3TOTO yTBEPKACHUS I KAKIOTO 3HAYEHUS N
HEBO3MO’KHA, TTOCKOJIbKY MHOXKECTBO HATypajbHBIX uuced O0eckoHeuHo. UToObI 3TO J0Ka3ath,
MPOBEPSIOT CHaualda ero CHpaBeIMBOCTh A N=1. 3areM AOKa3bIBalOT, YTO MpU JHOOOM
HATypaJbHOM 3HAUYeHUH K W3 CIpaBeyTMBOCTH pPAacCMAaTPHUBAEMOrO YTBEpKaAeHus mpu N =K
BBITEKAET €ro CIPaBeNIMBOCTh M Tpu N= K+1. Toraa yTBepIeHUE CUATACTCS TOKA3aHHBIM IS
BCEX N.

B ocmoBe Meroma maremarmdyeckod uHAyknuun (MMUM)  nexuT  npuHOun
MaTeMaTH4ecKoil MHAYKIHH: yTBepkaeHue P(N) (re N - HaTypalibHOE YKCII0) CIPaBEIUBO MPH
VneN, eciu:

. YrBepxkaenue P(n) cipasemmso npu n=1.

. s VKEN u3 cnipaBeyuBoctu P(K) cienyer cipaBenuBoctsh P(K+1).

Jloka3aTeJbCTBO ¢ MOMOIILI0O METO/Ia MaTeMAaTH4YeCKOii MHAYKIMH TIPOBOJIUTCS B JIBA
JTamna:

1. Bba3za naaykuuu (6a3uc unaykuun). [IpoBepsieTcs HICTUHHOCTD YTBEPKACHUS TIPH
n=1 (uam 1:000M JAPYroM MOJXOISAIIEM 3HAYCHHH N)

2. NupykTuBHblii  nepexoa (mar wuHAYKHuMM). Cuurtas, 4YTO CIPaBEIJIMBO

yrBepxaenue P(K) npu n=k, nposepsiercst uctunnocth yrBepxaeHus P(k+1) mpu n=k+1.
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Meroa MaTeMaTHYeCKON HHAYKIIMY MPUMEHsIeTCsl B pa3HbIX THNAX 3a/1a4.

. Jloka3aTenbCcTBO IETUMOCTH U KPATHOCTH

. Jloka3zaTenbCcTBO PaBEHCTB M TOXKICCTB

o 3ajaun ¢ IOCIeA0BATCIbHOCTIMU

. Jloka3zaTebCTBO HEPABEHCTB

. Haxoxaenrne cyMMbl U IPOU3BEICHUS
IMpumepsbl

3aganme 1.

Jlokazats, uto 1+3+5+...+(2n-1)=n?.

Pemenne:1) MUmeem n=1=12. CnenoBarensHo, yTBep:kaeHUe BepHO 1pu N=1, T.e. A(1)
UCTHHHO.

2) Hokaxem, uto A(K) =>A(k+1).

[Tyctb K — 1r000€ HaTypaibHOE YKCIIO M MYCTh YTBEPXKICHHE CIIPABEIIHBO st N= K, T.e.

143+5+...+(2 k -1)=K2.

JIoka)keM, 9TO TOTJa YTBEPIKACHHE CIPABEUIMBO U IS Clieaytomiero unciaa n= k+1, T.e.
uyro 1+3+5+..+2 k +1)=(k+ 1)2. B camom gene, 1+3+5+...+2 k -1)+ (2 k +1)=k?+2
k+1=(k + 1)2.

Urtak, A(K) =>A(k+1). Ha ocHOBaHWH PUHIIAIIA MATEMATHYCCKON HHIYKIINHU 3aKIF0UacM,
4T0 npeanoxenne A(N) UCTHHHO [yt J1r000ro nEN.

3aganue 2.

JloKka3aTh, 4TO IIpH JIOOOM N CIIPaBeUIMBO yTBepxkaeHue: 12+22+3%+  +n?= n(n+1)(2
n+1)/6.

Pemenne:1) ITycts nN=1, Torna 12=1(1+1)(2+1)/6=1. 3nauur, npu n=1 yTBepikacHuE
BEPHO.

2) Ipeanonoxum, uto npu N= K Bepuo 12+22+3%+.. +k?=k (k +1)(2 k +1)/6.

3) PaccMoTpuM aHHOE yTBEpKAeHHe npu N= K+1:

12422432+, +k%+(k + 1)%=k (k +1)(2 k +1)/6+(k + 1)?=(k (k +1)(2 k +1)+6(k +
1)2)/6=

=(k +1) (k(2 k +1)+6(k +1))/6=(k +1)(2k?+7 k+6)/6=(k +1) (k +2) (2k +3)/6.

W3 mpuBeeHHOTO J0Ka3aTelbCTBA BUJIHO, YTO YTBEp)KACHHE BepHO mpu N= K+1,
CIIe/IOBATENILHO, PABEHCTBO BEPHO MPH JTFOOOM HATYPaIbHOM 1.

3ananue 3.

Jloka3aTh, uTo Hpu JT0O0OM N crpaBemmnBo yreepikaenue: 13+23+33+. . +n3= n?(n +
1)%/4.

Pemenue: 1)ITycts N=1. Torma X; =1%(1 + 1)%/4.

2) Tpeanonoxum, 9To paBeHcTBo BepHo npu N= K: X =k?(k + 1)%/4.

3) JlokaskeM MCTMHHOCTB 9TOro yTBepskaenus mpu N=k+1, T.e. Xp1=(k + 1)?(k + 2)%/4.

Xigr= 13423433+ +K3 + (k+ 1)3=k?*(k + 1)?/4+(k + 1)3=

2(1.2

- Jr) (k:“(k D) - (ot 12k + 224,

W3 mpuBeeHHOTO JOKa3aTelIbCTBAa BUIHO, YTO YTBEp)KAEHUE BepHO mpu N= K+1,
CJIeZIOBATENILHO, PABEHCTBO BEPHO MPH JTFOOOM HATYPATLHOM 1.

3ananmue 4.

JloKa3aTh, YTO IpH JTH0OOM IIEIOM HEOTPHIATENLHOM N urcio 2n3-3n%+ n nenurcs Ha 6.

Pewenne: 1) ITycts n=1. Torga X;=2-13 — 3+ 1% + 1=0 nenurcs Ha 6.

2) Ipeanonosxkum, uto pu N= K X =2 - k3 — 3 - k? + k nenurcs Ha 6, T.e. X= 6m, rae m
— 1IeJI0€ YHUCIIO.

3) JlokaxeM HCTHHHOCTB 3TOTO YTBEePKACHUS mpu N= K+1.

Xig1=2 - (k+1)3 =3 (k+ 1)? + (k + 1)=2k3+6k?+6 k+2-3k?-6 k-3+ k+1=

=2 - k3 — 3 - k? + k+6k%= 6m+6k? =6(m+k?) kparHo 6.

B cuny Mmeroa MaTeMaTHYeCKOM MHIYKIIMU YTBEPKACHUE TOKA3aHO.

3ananme 5.
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Jlokasark, 4TO Pa3HOCTh OJJUHAKOBBIX YETHBIX CTCIIEHEH MBYX IIEJIBIX YHCEN JCTUTCS Ha
CYMMy OCHOBaHHi, T.e. (x2™-y?™) nenutcs Ha X+Y Ipu 1000M HaTypanbHOM N (X+Y He paBHO 0).

Pewenue: 1) IIpu N=1 yTBepaeHue 3a1auk BEPHO, T.€. (x2-y?) nenurcs Ha X+Y. 3HAUUT,
npu N=1 yTBepKIeHHE BEPHO.

2) INpemnmonoxum, uto mpu N= K (x?K-y2X) nenures na x+y, 1.e. (x2-y?X)=( x+y)c.

3) JHoxaxem, 4TOo 3TO yTBEpXJIeHHE BepHO mpu N= K+1.

x2k+2_y2k+2: (xz_yz) x2k+x2ky2_y2k+2:(x2_y2) x2k+y2(x2k_y2k): (x-y)( x+y) x2k+(
x+y)ey?=

=( x+y)(( X-y) x**+cy?). YTBepxeHHE BEPHO IPH JH060M N.

B cuiry MeTo1a MaTeMaTH4ecKON HHTYKIIMK YTBEPKACHUE JI0Ka3aHO.

3ananue 6.

Jlokasark, 4TO CyMMa KaKJIOW CTPOKH TaOJIHIIBI

1

2,34

3.4,5,6,7

paBHa KBaJpaTy HEYETHOTO YKCIIa, HOMEP KOTOPOro B CTPOKE paBEH HOMEPY CTPOKH OT
Hayayia TaOJINIIbI.

Pemenune: OOmuii 4eH moCiaeI0BaTENBHOCTH, T.€. N-5I CTPOKA, MOKET OBITH 3aITUCaH TaK:

n, n+1, n+2, ..., (n+( n-1)-2). 3Hauut, MOCIEAHUI YWieH B 3TOH cTpoke paBeH 3Nn-2. Hamo
JI0Ka3aTh, 4TO CyMMa YMCel Toi crpoku pasHa S(n)=(2n — 1)2,

Pemenne: 1) JIng n=1 ¢popmyna BepHa.

2) [peamnonoxum, 4to GopMyJia BEpHA i1 HEKOTOPOTO HATYPaAIbHOT0 3HaueHUs N= K, T.e.

S(K)= k+( k+1)+( k+2)+...+(3 k-2)= (2k — 1)

3) Jokaxem, uyto oHa BepHa npu N= k+1.

S(k+1)= (k+1)+( k+2)+...+(3 k-2)+( 3k-1)+ 3k +(3k+1) =k +( k+1)+( k+2)+...+(3 k-2)+(
3k-1)+

+3k +(3k+1) — k= S(k)+ ( 3k-1)+ 3k +(3k+1) — (2k — 1)?=(2k — 1)2+8k=(2k + 1)2.

B cuity MeTo1a MaTeMaTHuYeCKON HHIYKIIMU YTBEPKACHUE JIOKA3aHO.

3aganmue /.

Jloka3atk, 4TO NpH JIFOOOM HATYpaJIbHOM N>3 CIPaBeIMBO HEPABEHCTBO

1/11+1/21+1/3!1+...+1/ nI<(2n-1)/n.

Pewenne: 1) [Ipu n=4 umeem 1+17/24<1+3/4, 1.e. ans N=4 HepaBEHCTBO BEPHO.

2) [peamonoxum, 4To HepaBeHCTBO BepHo mpu =K, T.e. 1/1!1+1/21+1/3!+...+1/ KI<(2 Kk -
1)/ k.

3) JokaxeMm, 4yTo OHO BepHO u s N= K+1.

1/11+1/2+1/31+. . . +1/ K+ 1/ (k+1)!'<(2k -1)/ k+1/ (k+1)!=2-1/ k+1/(k+1)'=2(k+1)/ (k+1)-
1/(k+1)+1/(k+1)- 1/k+1/(k+1)'=(2(k+1)-1)/ (k+1)+(1/ (k+1)!-1/(k (k+1)))< (2(k+1)-1)/ (k+1), T.k.
1/ (k+1)!- 1/(k (k+1))<0.

B cuny meToa MmaTeMaTu4ecKor HHAYKIIMA HEPABEHCTBO JOKA3aHO.

3aganue 8.

JlokazaTh, 94TO MPH JIFOOOM HATypaJIbHOM N>2 CIpaBeIJINBO HEPABESHCTBO

1+(1/22)+(1/3%)+...+(1/n?)<1,7-(1/ n).

Pewenne: 1) [Tpu n=3 umeem 1+(1/22)+(1/32)=245/180<246/180=1,7-(1/3).

2) Ipenoa0kKuM, 9To HepaBeHCTBO BepHo npu N= K, T.e. 1+(1/22)+(1/32)+...+(1/k?)<1,7-
(1/ k).

3) Joxkaxxem, uto aist N= k+1 BepHO HEPaBEHCTBO

1+(1/23)+(1/3%)+...+(1/k?)+ (U/(k + 1)?)<1,7-(1/ k)+ (U/(k + 1)?).

Joxkaxewm, uto 1,7-(1/ K)+ (1/(k + 1)?)< 1,7-(1/ (k+1)):

(U(k + 1))+ (1 (k+1))< 1/ k;

(k+2)/(k + 1)2< 1/ k;

k (k+2)< (k + 1)?;
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k2+2k < k?+ 2k +1.

[Mocnennee oueBuaHO, a mostomy 1,7-(1/ K)+ (1/(k + 1)%)< 1,7-(1/ (k+1)).

B cuny meToia MaTeMaTu4eCcKOM HHAYKIIMHA HEPABEHCTBO JOKA3aHO.

3aganmue 9.

Kaxip1ii yenoBek B MUpe MOXkKaJl KaKoe-TO KOJIMYEeCTBO pyK. JlokazaTh, YTO YMCIIO JIOJCH,
MOKABIIUX HEYETHOE YUCIIO PYK, - UETHO.

Pemenue.

IIpoHymMepyeM Bce pyKOIOKaTHsl B MUpE OT EPBOTO (€ro Heo0sA3aTeIbHO TOJDKHBI ObLITN
coBepmiuth Anam u EBa) 10 mpousBoipHOTO HarypaibHoro N. OueBuaHo, yto mpu N=1
yTBEPIKACHHE ClIpaBeuIBO. [Ipearnoaokum, 4To OHO BEpHO IPU KaKOM-TO N= K, T.e. KOJIMYECTBO
JFOJICH, y4acTBOBABIIMX B PYKOMOXaTHSIX ¢ HOMepamu OT 1 1m0 K W chenaBmIiMx HeEYeTHOE
KOJINYECTBO PYKOIOXKATUH, UETHO.

JlokaxxeM, 4TO 3TO yTBEpXKIEHHUE BepHO NpHU K. BO3MOKHBI TpU BapraHTa OCYIIECTBICHUS
(k+1) pykormosxaTus:

IpYT APYTY MOKUMAIOT PYKHU: a) ABa OCOOBIX ueJoBeKa; 0) ABa HEOCOOBIX UETIOBEKA; B)
OJIUH OCOOBIN U OJIUH HEOCOOBIH YeOBEK.

B kax1om U3 3TUX Tpex ciaydaeB KOJIMYECTBO OCOOBIX JIt0JIeH MO0 yMEHbIIAeTC sl Ha JBa,
1100 yBeIMYMBAETCs Ha JBa, JIMOO HE U3MEHSETCS, T.€. OCTAETCSl YETHBIM.

YTBepxkACHUE TOKA3aHO.

3apanue 10.

Uemy paBHa cymMa IepBbIX N WICHOB nocienosarensuoctu 1,3,5,7,9,11,13,...?

Pemenue.

CoctaBUM CyMMBI OJHOTO, JBYX, TpeX W T.O. TEPBBIX WIECHOB JTaHHOM
HOCJIEI0BATEIbHOCTH:

§,=1=1?; S,=1+3=4=27; §3=1+3+5=9=37; S,=1+3+5+7=16=42;
Ss=1+3+5+7+9=25=52,

Ha ocHoBe 3TuX HaOMIOJCHUN MOXHO BBICKA3aTh MPEATIONIOKEHHE, YTO

Sp=143+5+749+...+(2n-1) =n? (1)

BepHo 11 370 npeanonaoxeHue npu Jiro00M HaTypaabHOM n?

[Mpenmnonoxum, uro popmysna (1) Bepra s n= K, rae K-HatypanbsHoe, T.¢.

S =1+3+5+7+9+.. . +2 k -1) =k? (2)

JlokaxkeM ee CripaBeUTMBOCTD U JJIS YMCIIa, caeayroiero 3a K, st uucna n= k+1:

Sip1=113+5+749+.. +2 k -1)+ 2 k +1)=(k + 1)? (3)

3aMeHHM Ha OCHOBE paBeHCTBa (2) S =1+3+5+7+9+...+(2 k -1) na k?:

S1=Sk+(2 k +1)=k?+2 k +1=(k + 1)2.

JlokazaHo.

IIpu nokazaTenbCTBE TUIIOTE3bI METOJOM MAaTEeMAaTHYECKOH WHAYKIUM OYeHb Ba)KHO
BBITTOJIHEHNE BCEX €r0 COCTABIISIONIHX.

PaccmoTpuM cnenyromye npumepsl.

[Ipu otcyrcTBUM nepBOro mara (basuca uHOyKyuu) MOKHO «I0Ka3aThy», YTO 4YHCIIa BUA
2Nn-1 SBIISAIOTCS YETHBIMH IIPH JTF0OOM HaTypabHOM N.

[Tycth yTBepxaeHue cripaBeyiuBo st N= K, T.e. 2K -1 sBIIsSeTCs YeTHBIM YHCIIOM.

[TpoBepum BepHOCTH yTBepxkaeHus npu N= K+1: 2(k+1)-1=2 k+2-1=(2k-1)+2.

[To mpennonoxenuto UHAYKIHKH 2K -1 YeTHOE YMCIO, cienoBaTeabHo, ynucio (2K-1)+2
TO>KE YETHOE.

OTcyTcTBHE TIEPBOTO TIara MPUBOIMT K OIITHOKE.

B nouckax ¢opmyiiel, garomei ToapKo MpocThie yucia, 3HaMeHuThI Matematuk XVIII
Beka JI.Dilep mojepr ucnbiTanuio TpexwieH P(N)=n?+n+41. DToT TpexuieH JaBail OPOCThIE
yyca py Beex 3HadeHusax N ot 1 no 39:

P(1)=12+1+41=43,;

P(2)=22+2+41=47,

P(3)=32+3+41=53;
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P(39)=392+39+41=1601,;

P(40)=402+40+41=1641=412.

OTtcyTcTBUE BTOPOTO Wara (UHOYKYUOHHO20 Wided) NIPUBOIUT K HEBEPHOMY PE3YJIbTaTYy.

CaMo0 /10Ka3aTeNbCTBO THUIOTE3bl METOJOM MAaTEeMAaTHYECKON HHAYKIUU COCTOUT U3
CIENYIOIUX YaCTEeu:

[IpoBepsitoT crpaBeIMBOCTb TMIIOTE3bI I HAMMEHBIIEr0 U3 HATYpaJIbHBIX YHCEeN, MpU
KOTOPOM THUIIOTE3a UMEET CMBICI (0a3uc);

CrenaB MpermoyioKeHUe, YTO THIIOTe3a BepHA Ul HEKOTOPOro 3HadeHus K, ctpemsitcs
JI0Ka3aTh CHPaBEJIUBOCTD ¢e uist K+1.

Ecnu takoe nokazatenbCTBO yJalloCh JOBECTH /10 KOHIA, TO, HA OCHOBAaHUM MPUHIIMIIA
MaTeMaTHYECKOW MHAYKIIMH MOXHO YTBEpPKJaTh, YTO BbICKa3aHHAs TUIIOTE3a CIIPaBeUINBA MPH
JT1000M HAaTypaJIbHOM .

Meto MaTeMaTUYECKOW MHIYKIIMU HE TAa€T HUKAKUX YKA3aHHM, KaK TIOCTPOUTH THIIOTE3Y.
Bonpoc o ToM, Kak BO3HHMKAeT TUIIOTE3a, IPUHAUICKUT K TOH 00JIACTH, B KOTOPOM HET HUKAKUX
0o0LIMX ITpaBuL, 3[1ECH JIETAET CBOE JIE€0 IKCIIEPUMEHT, aHAJIOT U, KOHCTPYKTHUBHAS UHAYKLHUS.

3aganus
1. Pa3yioxuTh MOJACTAaHOBKY
(1 2354678 )
35428176

B IIPOU3BCACHNUEC HE3aBUCUMBIX TUKJIOB.

2. OnpenenuTh 3HAK TOJICTAHOBKHU
(1 2354678 )

35428176
3.Haiitu moacTaHoBKy, 0OpaTHYIO JaHHOM

a=(123156)

425316
4.HaiiTi mops0K yKa3aHHOTO 3J€MEeHTa B rpymnie Sp, N=5
5. — (1 234 5)
T \32145

5.HpI/IMeH$I$I METOJI MaTeMaTHYECKOH HUHAYKIUHW, [O0Ka3aTb, UYTO JJIA I000r0

HaTypaJlbHOTO n CIIpaBCJIMBBI CIICAYIOIINEC PaBCHCTBA!
nln+1)(27 +1)

6

P42+ +4 =142+ +n} ’

P4+224+  +nt=

a)

KoHnTposabHbIe BONPOCHI
Yro Takoe MmoacTaHoBKa?
Kak onpenenuTts 3HaK MOJCTAHOBKHU?
Kak HaiiTi mo/ICTaHOBKY, 00paTHYIO JTaHHO?
B uem cyTp MeTO1a MAaTEMATUYECKOW MHIYKIUH?

AN

IIpakTnuyeckasi padora Ne3
«Jlornyeckue onepanu HaJ BbICKa3bIBAHUAMU. Ta01u1bl HCTUHHOCTH.
3akoHbI aJaredpsl JOruku. Jlornueckue onepauuu HaJx NpeAUKATAMM)
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Hean: dopmupoBaHre HABHIKOB BBIIOJTHEHHS JIOTUYECKUX OMEpAMi |
COCTAaBJICHUSI TAOJIUI] HCTUHHOCTH.

TeopeTuyeckue cBeIeHUs

HccnenoBanust B anreOpe JIOTUKA TECHO CBSI3aHBI C W3YUYCHHEM GbICKA3bI6AHUIL (XOTS
BBICKa3bIBAaHUE — IpPeIMET M3Yy4eHUs (OpPMaIbHOMN JIOTUKH). Boickazviéanue — 3TO SI3bIKOBOE
o0Opa3oBaHH€, B OTHOLIEHUH KOTOPOTO UMEET CMbICII TOBOPUTH O €0 UCTUHHOCTH UJIU JIOKHOCTH.

Ilpocmuim 6bICKA3bI6AHUEM HAZBIBAIOT MIOBECTBOBATEIbHOE peyIokKeHHe,
OTHOCHUTEJIBHO KOTOPOI'O UMEET CMBICII TOBOPUTD, UCHIUHHO OHO WU JIOHCHO.

C nomoubl0 BBICKA3bIBAHUM yCTAHABIMBAIOTCS CBOMCTBA, B3aUMOCBS3H MEXIY
0o0BbeKTaMu. Bricka3pIBaHNE UCTHHHO, €CIIM OHO aJIeKBaTHO OTOOPAXKAET 3Ty CBA3b, B IPOTHBHOM
CJIy4ae OHO JIOXKHO.

Ilpumeput évickazviéanuii:

1. CeroiHsi CBETHUT COJIHIIE.
2. Tpaga pacrer.

Kaxxnoe u3 3TuX BBICKAa3bIBAHUN XapaKTEPU3YyeT CBOMCTBA WJIM COCTOSIHUE KOHKPETHOTO
00BeKTa (B IEPMOM IPEII0KEHHUHU - TIOTOJIbl, BO BTOPOM - OKpYysKatoliero mupa). Kaxxnoe u3 atux
BBICKA3bIBAHUI HECET 3HAYCHUE «UCHIUHA) VI 10MHCH).

B maremarnyeckoii IOTMKe HE pacCMaTpUBAETCsl KOHKPETHOE COIEpKAHHUE BbICKA3bIBAHNUS,
BaXXHO TOJIBKO, UCHIUHHO OHO WIIU 70)cHOo. 1lo3TOMYy BBICKa3bIBAHME MOXHO IPEACTABUTH
HEKOTOPOU nepeMeHHOll 8eNUYUHOI, 3HAYCHUEM KOTOpO MokeT ObITh Tosbko O wim 1. Ecin
BBICKA3bIBAaHUE UCMUHHO, TO €T0 3HaYeHHE paBHO 1, ecnu s10acHo - 0.

Ilpocmule 6vicKa3vleanHua HA3BAIU JI02UYECKUMU NEPEMEHHbLIMU, A CIOMNCHbIE -
nocuyeckumu Qynkyuamu. 3HAUCHUS JOTHYECKON ¢yHkuuu Takxke Tonbko O wmm 1. Jlns
MIPOCTOTHI 3aITMCH BBICKA3bIBAHUS 0003HAYAOTCS JIATHHCKUMU OykBamu A, B, C.

Opnako ompeaeneHUE HWCTUHHOCTH BBICKAa3bIBaHMUS JallekO HE TMPOCTOH BOIPOC.
Hanpuwmep, BoickazsiBanue «Hucno 1 +22 = 4294 967297 — npoctoey, npuHamiexaniee Oepma
(1601-1665), nonroe BpeMsi CYMTANIOCh MCTHHHBIM, moka B 1732 romy Ditnep (1707-1783) He
JI0Ka3aja, 4TO OHO JIO)KHO. B 1enom, 00OCHOBaHHWE HCTUHHOCTH WIJIM JIO)KHOCTH TPOCTBIX
BBICKA3bIBAaHUH pelaeTcs BHE anreOpbl JOruKd. Hampumep, HMCTUHHOCTD WM JIOXKHOCTh
BbICKa3biBaHUs «CyMmMma YIJIOB TpeyrojbHuKa paBHa 180°» ycTaHaBiIMBaeTCsi reoMeTpuei,
npuyeM B reomeTpur EBKINMIa 3TO BBICKA3bIBAaHUE SBISIETCS MCTUHHBIM, @ B T€OMETpPUU
Jlo6aueBCKOro — JIOKHBIM.

B OyneBoii anreOpe HmpOCTHIM BBICKA3bIBAHUSIM CTaBSITCSI B COOTBETCTBHE JIOTMUECKHE
NEepeMeHHbIe, 3Haue€HUEe KOTOPbIX paBHO 1, ecnu BbIcKa3biBaHue ucmunno, u 0, ecnu
BbICKa3bIBaHUE 7102#cH0. (O003HAYAIOTCS  JIOTUYECKUE TI€PEMEHHBIC, fonbuiumMu  OyKeamu
JamMuHCKo20 angasuma.

Cywiecmeyrom pasznvie eapuanmol 0003HAUEHUA UCMUHHOCHU U JIOHCHOCHU
J102UYECKUX NEPEMEHHBIX .

Wctuna |1 True T 1
Jloxxs  [J1 False F 0

Cnoscnvle  (cocmaemnvle) BHICKA3bIBaHUSA TPEACTABISAIOT COOOM HAOOp MPOCTHIX
BBICKa3bIBaHUI (10 KpaifHel Mepe IBYX) CBA3aHHBIX JI02UUECKUMU ONEPAuUAMU.

C moMmouIpl0 JOTMYECKUX MEPEMEHHBIX U CHMBOJIOB JIOTUYECKUX oOmepanuil j1rodoe
BBICKA3bIBAHUE  MOXHO popmanuzoeams, TO €CTh 3aMEHUTD JIOZUYECKOU  hopmynoi
(nozuueckum gvipasicenuem).

Jlocuueckoe eviparicenue - >TO CUMBOJIMYECKAs 3alMCh BBICKA3BIBAHUSA, COCTOSILAS
U3 J102UYeCKUX 6eaudyun (KOHCMAaum uau nepemennslx), OObEeTUHEHHBIX J102UYECKUMU
onepayuamu (ceazkamu).
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Csszxku "HE', "H", "HJ/IH" 3aMeHAIOTCA JIOTMYECKUMH OIEPALUSIMH UHEEPCUs,
KOHBIOHKUUA, OU3BIOHKYUA. ITO OCHOBHBIE JIOTUYECKHE ONEPALMU, IPHU IMOMOLIM KOTOPBIX
MO>KHO 3aIMCcaTh JIF000E JOTHYECKOE BBIPAKCHHUE.

BBeaem nepeurcieHHbIE JIOTHUYECKUE OTIEPaLIUH.

Konvronkyusa - nozuueckoe ymHodicenue (0m 1amuHcKo20 CORjunctio - cor3, céa3b).

. B €CTECTBEHHOM $53bIKE COOTBETCTBYET COI03Y «HM)»;
. B ayireOpe BbICKa3bIBaHUI 0003HaUeHUE «&»;
. B SI3bIKaX MPOTPaMMHUPOBaHUs 0003HaueHue «Andy.

KOH’bIOHKl{u}l - OTO JOTHM4YCCKas oIlecpanusda, cTtaBdllad B COOTBCTCTBHUEC KaXXIbIM JIBYM
MPOCTBIM (I/IJII/I I/ICXOI[HBIM) BBICKa3bIBaAaHUAM COCTAaBHOC BBICKA3bIBAHUC, ABJIAIOMICCCA MCTUHHBIM
TOorga u TOJBKO Torja, Koraa oba HCXOAHBIX BBICKA3bIBaHUA MCTHUHHBI. Ecmm xoTs OBl OJHO H3
COCTAB/ISIONINX  BBICKA3bIBAHUM JIO)KHO, TO M HNOJYYCHHOC K3 HHUX C TIIOMOLIbBIO
coro3a «HM» ci10KHOE BBICKA3bIBAaHME TAKKE CUMTACTCS JIOKHBIM.

B anre6pe MHOXCCTB KOHBIOHKUUU COOTBCTCTBYCT OIICpalus nepecedenus MHOKCCTB,
T.C. MHOXCCTBY IOJIYIYUBHIEMYCs B PE3YJIbTATC YMHOKCHHS MHOKCECTB AunB COOTBCTCTBYCT
MHOXECTBO, COCTOAIICE U3 JICMCHTOB, IPUHALJIC)KAIUX OJHOBPECMECHHO ABYM MHOKCCTBAM.

Ta6auua HCTHHHOCTH ]ile'::;lpaMMa Jiinepa-
A|B | A&B
11111
110}0
0j1}0
0p0J0

Wrtak, ecnm 1Ba BBICKa3bIBaHUS COEOUHEHBI coto3oM "H', TO TMONTyd4EeHHOE CIIOXKHOE
BBICKA3bIBAHUE UCTUHHO TOT/Ia M TOJIBKO TOTJa, KOT/Ia HUCTUHHBI 002 UCXOAHBIX BHICKAa3bIBAHUS.

Jusvionkyusa - norudeckoe cijoxkeHue (0T JsatuHckoro disjunctio - pazobuienue,
paznuuue).

. B €CTECTBEHHOM SI3BIKE€ COOTBETCTBYET COt03y «HMJ/IH »;
. B anredpe BhICKa3bIBaHUI 0003HaueHue « V» uim «+»,
. B SI3bIKaX MPOrPaMMHUPOBaHUs 0003HaUEHUE «OFr».

Jluzvonkyus - HTO JOTHUYECKasl OMepanus, KOTopas KaKIbIM JIBYM MPOCTHIM (WM
MCXOJIHBIM) BBICKA3bIBAaHHMSIM CTaBUT B COOTBETCTBHE COCTaBHOE BBICKAa3BbIBAaHHE, SIBIISIOIICECS
JIO’)KHBIM TOTJIa U TOJIBKO TOTJA, KOT/1a 00a MCXOIHBIX BhICKa3bIBaHUS JTOKHBI U HICTUHHBIM, KOT/1a
XOTs OBI OJTHO M3 JIBYX 00pa3yIONINX €ro BhICKa3bIBAaHUI HCTHHHO.

B anrebpe MHOXECTB Ou3blOHKYUU COOTBETCTBYET OIMEpaIus 00beOUuHeHUs MHOKECTB,
T.. MHOXECTBY, IOJIyYUBIIEMYCS B pe3yJbTaTe CIIOKEHUS MHOXeCTB A M B cOOTBETCTBYeET
MHOXECTBO, COCTOSIIIEE W3 DJIEMEHTOB, MpHHAUIeKAIUX JHO0 MHOXecTBY A, 1160
MHOX€ECTBY B.

TabJuuua HCTUHHOCTH JAunarpamma Jiisiepa-Benna
A B |A+B
1 1 1
1 0 1
0 1 1
0 0 0
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Urak, ecnu nBa BbICKa3bIBaHUSA COEAMHEHBI coro3oM "HMJ/IH", TO MOTy4eHHOE CII0KHOE
BBICKA3bIBAHUE UCTUHHO, KOTIa UCTUHHO XOTS OBI OJTHO M3 COCTABIISIFOIINX BHICKA3bIBAHHI.

PaccmoTpenHbie BbIle onepanuy ObUTH ABYMECTHBIMH (OMHApPHBIMU), T.€. BBIMNOIHSIINCH
HaJ JABYMs onepaHaamu (BbICKa3biBaHMsIMH). B anreOpe ioruku ompejaesneHa U IIHPOKO
UCIIOJNIB3YETCSI U OTHOMECTHAsI (YHapHAs) ONepalus ompuyanue.

Hueepcus - orpunianue (ot jatuHckoro disjunctio - pazoéuienue, paziuuue).

. B E€CTECTBEHHOM S3BIKE COOTBETCTBYET CJIOBAM (HE6EpHO, HUMO...» U
YaCTULIE «Hey,;

. B ayireOpe BbICKa3bIBaHUI 0003HAYEHUE «™» WU «-»;

. B SI3bIKaX IPOTrpaMMHUpPOBaHUs 0003HaueHUE «/Noty.

Ompmmnue - JIOTUYECKas oIcpanus, KOTopasd C IIOMOIIBIO CBA3KH «He» KaXKI0OMY
HCXOJHOMY BBICKA3bIBAHHUIO CTABUT B COOTBCTCTBUC COCTABHOC BBICKA3BIBAHUC, 3AKIIIOYAIOMICCCA
B TOM, YTO UCXOJHOC BLICKA3bIBAHHUEC OTPHULIACTCA.

B anre6pe MHOKCCTB Jiocu4ecCKomy ompuyanuro COOTBCTCTBYCT OIICpalusa O0ONOJIHEeHUSA
A0 YHHUBCPCAJIbHOTO MHOXECTBA, T.C. MHOXCCTBY, MMOJYYHUBHICMYCS B PE3YJIbTATC OTPULAHUA
MHOKecTBa A COOTBETCTBYCT MHOXKCCTBO, JOIMMOJHAIOMIEC €T0 1O YHUBCPCAJIBHOI'O MHOXKECTBA.

Tadauua HCTUHHHOCTH JAuarpamma Diiiepa-Benna
A ~A |
T ()
1 0

Nrak, ecnu ucxoiHOE BBIPAKEHUE UCTUHHO, TO PE3YNIbTAT ompunanus OyneT J0KHBIM, U
HA00O0POT, €CIIH UCXOTHOE BBIPAXKEHHUE JIOKHO, TO PE3YNIbTAaT ompuyanus 0ynetT UCTUHHBIM.

Jlozuueckoe cnedosanue (UmMnaiuKauus).

Bricka3biBaHU€, COCTABIEHHOE U3 ABYX BBICKAa3bIBAHUH MPU IOMOILH CBSA3KU «ECAU ..., MO
..., Ha3bIBACTCS JIOZUYECKUM C1e006aHUeM, UMnauKayuelnl (AMIUTUKAIUS OT JIATHHCKOTO
implico - mecno céazviéar). A =>B "U3 A caenyer B"

A | B |A=>B
111 1
110 0
01 1
010 1

Wtak, HOBOE BBICKa3bIBaHUE, MOJYUYEHHOE C MOMOUIBI0 UMILIMKAINH, SIBISIETCS JIOAKHBIM
TOTJIa M TOJIBKO TOT/Ia, KOTJa ycioBHe (MOChuUTKa A) - UCTHHHO, a CIeACTBHE (3akimoueHue B) -
JI0’KHO U UCTUHHO BO BCEX OCTAJIbHBIX CIIydasX.

IIpumep. Jlano cioxHoe BbICKa3biBaHHe: «ECIU BBIMVISHET COJHIIE, TO CTAaHET TEIUIO.
Tpebyerca 3amucatb ero B Bujae Jorudeckoi ¢opmynsl. OOGo3HauuM uepes A mpocroe
BBICKA3bIBAaHUE «BBITIISTHET COJIHIIEY, a 4epe3 B - «ctaHeT Temio». Toraa mornyeckoi Gpopmyinoi
ATOTO CIOXHOTO BBICKa3bIBaHUs OyJeT uMImukanus: A -> B.

IKeueanenmuocms (102uuecKkoe moicoecmeo).

Bricka3biBaHUe, COCTABIEHHOE W3 JBYX BBICKA3bIBAaHUU MPHU MOMOIIM CBA3KU «mM020a U
MONbKO mo20a, Ko20a», Ha3bIBACTCS IKGUGATEHMHOCMbIO (SKBUBAICHTHOCTD - J102UYecKoe
modcoecme0, pasHO3HAYHOCH b, 83AUMHAA 00YCc10871eHHOCHMb. ) A <=>B "A paBHOCHIBbHO B"

A B A<=>B
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I/ITaK, HOBOC€ BBICKA3bIBAHUE, ITIOJIYUCHHOC C UCITOJIb3OBAHHUEM DKBHUBAJICHTHOCTH, SABJIACTCA
HCTUHHBIM TOraa v TOJIbBKO TOrjaa, Koraga o0a HNCXOOHBIX BBICKA3bIBAHUA OJHOBPCMCHHO UCTUHHBI
NI OJHOBPEMCHHO JIOXKHBI.

B anre6pe JIOTUKH JIOTHUYCCKHUEC CBA3SKHU W COOTBCTCTBYIOIIHEC MM JIOTHYCCKUC OICpaAlUU
UMCIOT CIICHUAJIBHBIC HAa3BaHUA U 0003HaYaroTCsA CJICAYIOIIUM 06p2130MZ

Ha3Banmue
Jlornueckas .
JIOTH4YecKoii O0o3HaYeHuA
CBSI3Ka
onepauuu
OTpuiianue
He p ’ 0ooo
WHBEpPCUS
Konrsronkims,
H, a, HO JIOTUYECKOE &, ¢, 0
YMHOKEHHE
JIN3BIOHKIINA,
AN JIOTUYECKOE V, +
CIIOKEHHE
NMmmmukanms
€CIH ..., TO T, oog
clieIoOBaHue
TOrIa U | DKBUBAJIEHTHOCTD,
TOJIBKO SKBUBAJICHIIU, oooooooonono
TOTJ1a, KOTJIa PaBHO3HAYHOCTh

ITocTpoenue Tad M MCTUHHOCTH M JIOTHYECKUX QyHKIMHT

Jozuueckas ¢pynxkyua - 370 QyHKINSA, B KOTOPOH NepeMeHHbIe MPUHUMAIOT TOJIBKO /1B
3HAUEHUS: 102UYECKAA eOUHUNA VIV 102UYeCKUll HOob. VICTUHHOCTh WIIN JIO)KHOCTH CJIOKHBIX
CyXJIeHUll npeacTaBiseT co00M GYHKINIO HCTUHHOCTH MJIM JIOKHOCTH HPOCTHIX. DTy (PyHKIUIO
Ha3BIBAIOT Oy/1e60ul hynkuuei cyxcoenuil f (a, b).

JIroOast norumyeckas yHKIUS MOXKET OBITh 3a7aHa C MOMOIIbIO TAOJIUIIBI UCTUHHOCTH, B
JIEBOM 4acTH KOTOPOH 3alUCBIBAaeTCS HAOOp apryMEHTOB, a B IIPABOM YaCTH - COOTBETCTBYIOIIHE
3HaueHusi Jjorudeckod @yHkuuu. I[lpm nocTpoeHnn TaOIMIBI UCTMHHOCTH HEOOXOIMMO
YUHUTBIBATH MOPSAJOK BBIIOJIHEHUS JIOTHUECKUX ONEparuil.

Ilopaook évinonnenusn 102uyuecKux onepayuil 8 CL0HCHOM 102UYECKOM GbIPANCEHUU

1. WHBEPCHS;

2. KOHBIOHKITHS;

3. JIM3BIOHKIINS,

4, AMILTHKAIINS,

5. SKBUBAJICHTHOCTD.

JI71st I3MEHEHHsI YKa3aHHOTO TTOPSI/IKA BBITIOITHEHUS OTIEPAINil HCTIONB3YIOTCS CKOOKHU.
Anzopumm nocmpoenus madoauy UCMUHHOCHIU OIS CIOHCHBIX BbIPANCEHUIL:

1. Ornpenennuts KOJIMYECTBO CTPOK:

Konuuecmeo cmpok = 2" + cmpoka 0na 3a20106Ka,

N - KOJINYECTBO IMPOCTBIX BBICKa3bIBaHUM.

2. OnpenenuTb KOJIUYECTBO CTOIOLIOB:
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Kouyecmeo cmoaduoé = KOAUUECMmE0 NEPEMEHHBIX + KOJIUYecmeo J102u4ecKux
onepayui;

o OIPEAEINTh KOJIMYECTBO IEPEMEHHBIX (IIPOCTHIX BBIPAKEHUN );

o OINpPEeNIeNUTh KOJMYECTBO JIOTMUYECKHX ONepaluii M IOCIeA0BaTeIbHOCTh HX
BBITIOJTHEHMSL.

3. 3anoMHUTh CTOJOLBI PE3yNbTaTaMHU BBIMNOJHEHHs JIOTMUECKUX OIlepauui B

0003HAYCHHON MOCIIEIOBATEILHOCTA C y4YETOM TaOJMUI] MCTUHHOCTH OCHOBHBIX JIOTHYECKHX
onepanui.

ITpumep: CocraBuTh TaOIUIY HICTHHHOCTH JIOTHYECKOTO Bhipakenus: D=—A4 & (B [ C).

Peurenue:

1. Onpenenutb KOJIUYECTBO CTPOK:

Ha BXOJIE TPU MPOCTHIX BhICKa3biBaHus: A, B, C m03TOMY N=3 U KOJUYECTBO CTPOK PABHO
23+1=0.

2. Onpenenutb KOJIMYECTBO CTOJIOIOB:
IIPOCThIE BbIpaxeHus (nepemenssie): A, B, C;
MIPOMEKYTOUHBIE PE3YNbTATHI (JJOTHUYECKHUE OTepallin):
— A - uuBepcus (0603HaunM uepes E);

o BOC- onepanus U3 BIOHKIUU (0603HaYUM uepes F);
a TaKk)Ke UCKOMOE OKOHYATeNIbHOE 3HaYeHUe apudmernieckoro Beipaxenus: D =—A4 & (B [ C).
T.e. D = E & F - 310 oneparus KOHBIOHKITUH.

O O O

3. 3amoIHUTH CTOIOLBI C YIETOM TAOJIHUI] UICTHHHOCTH JIOTUYECKHUX OTEPAITHIA.

A B C E F E&F

0 0 0 1 0 0

0 0 1 1 1 1

0 1 0 1 1 1

0 1 1 1 1 1

1 0 0 0 0 0

1 0 1 0 1 0

1 1 0 0 1 0

1 1 1 0 1 0

IHocTpoenue Jiornyeckoil (PyHKIUM MO ee TA0IUIe HCTUHHOCTH
[TormpoOyem peruth oOpaTHyO 3ama4y. [IycTh qana Tabauiia MICTUHHOCTH ISl HEKOTOPO
noruueckoit pynkuuu Z(X,Y):

X Y Z
0 0 1
0 1 0
1 0 1
1 1 0

CocTaBUTh TOTUYECKYIO PYHKIHIO JIJIS 33JaHHON TaOIHIIBl ICTUHHOCTH.

Ilpaguna nocmpoenusa no2uueckon hynKyuu no ee madauye UCMUHHOCIU:

1. BoeigenuTs B Tabnmuile MCTUHHOCTH T€ CTPOKH, B KOTOPBIX 3HAYCHHE (DYHKIIHH
paBHO 1.
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2. Bemucars nckomyto ¢opmyny B BHUIE AUIBIOHKIWUA HECKOJBKUX JIOTHYECKHX
3eMEHTOB. UNCIIO ATUX 3JIEMEHTOB PABHO YUCIY BBIJIEJICHHBIX CTPOK.

3. Kaxip1ii JIOrn4ecKuii 3JIEMEHT B 3TOH JU3BIOHKIIMH 3aIKCATh B BUIEC KOHBIOHKIIUU
apryMeHTOB (yHKIIHU.

4. Ecnu 3HaueHne kakoro-nmOo apryMmeHTa (YHKIIMH B COOTBETCTBYIOIICH CTPOKE
tabmuie paBHo 0, TO 3TOT apryMEHT B3SITh C OTPULIAHHEM.

Pewrenue.

1. B niepBoii u TpeTheil cTpokax TabIHMIIbI ICTUHHOCTH 3Ha4eHHEe (QYHKIUHU paBHO 1.

2. Tak KaK CTPOKH JBE, IOJIy4aeM ousblonKyuto n8yx saementon: () V ().

3. Kaxnaplii  joruyeckuid  3J€MEHT B 3TOM  JAU3BIOHKUMH  3alUIIUM B
Buzie konvionkuuu aprymentoB GyHkipu X n Y: (X & Y)V (X & Y).

4. Bepem apryMeHT ¢ OTpHIIaHHMEM €CIIM €r0 3HaYeHHE B COOTBETCTBYIOILIECH CTpOKe
TaOIUIIBI paBHo O oJryqaem HCKOMYIO GYHKIIHIO:

ZX,Y)=—X&YNVX&Y).
3aKoHBI JIOTUKH U MPABUJIA IPe00Pa30BaHNs JOTHYEeCKHX BbIpaKeH Uil

1. 3axkon 060lHO20 ompuyanusa (06OIHOEe OMmMpUYAHUE UCKTIOYaAem
ompuyanue):
A=A,
2. Ilepemecmumenvhulit (KOMMYmMamueHolil) 3aKOH:
o JUIs 1oruueckoro ciaoxenusi: A [ B=B O A;
o Jutst jorudeckoro ymHoxeHus: A & B=B & A.

Pe3ysbTaT onepary HaJl BRICKa3bIBAaHUSIMH HE 3aBUCHUT OT TOTO, B KAKOM IOPSIIKE
OepyTcs 3TH BBICKa3bIBAHHS.
3. CouemamenvHblii (accouuamueHvlil) 3aKon:
o 1t torudeckoro cioxenus: (A 0 B) 0 C=A 0 (B O C);
o st morumdeckoro ymHoxkenusi: (A & B) & C=A & (B & C).
ITpy OAMHAKOBBIX 3HAKaX CKOOKM MOYKHO CTAaBUTH MPOW3BOJBHO HIIM BOOOIIE
OITyCKaTh.
4. Pacnpedenumenvhutii (OucmpudymueHbwlit) 3aKon:
o qutst torudeckoro cinoxkenus: (A 1 B) & C=(A&C) J (B &C);
o nuist morudeckoro ymuokenus: (A& B) 0 C=(A 0 C) & (B 0O C).
3aKoH OMpe/eNsieT MPABIIO BBIHOCA OOIIEro BHICKa3bIBAHUS 33 CKOOKY.

5. 3axon oowieit uneepcuu (3akonvt 0e Mopzana):
o st Tormueckoro cnoxenns: AvE = A & 5
o JUTS TIOTHIECKOTO YMHOKEHUSI: A& B - A8
6. 3akon udemnomenmuocmu (OT JTATUHCKUX CIIOB idem — TOT ke caMblii U
pOteNs — CUJIBHBI; TOCTOBHO — PABHOCUJIBHBIN):
o JUISL TOTUUECKOTO ciaoxkeHus: A [1 A=A;
o JUTS JIOTHYIECKOTO YMHOXKeHus: A & A=A .
3aKoH O3HAa4YaeT OTCYTCTBHUE MOKa3aTellel CTEIEeHN.
7. 3akonwvl uCKIOUEeHUs KOHCHAHM .
o JUIs moruueckoro ciaoxkenns: A (11=1,4A 0 0=A;
o Jutst Torudeckoro ymMmHOkeHus: A & 1 =A, A& 0=0.
8. 3akon npomueopeuus.

o A& 4 =0
HCB03M0>KHO, I{TOGBI HpOTI/IBOpe‘{aIJ_II/Ie BBICKA3bIBAHU A 6BIJ'II/I O,E[HOBpeMeHHO
HNCTHUHHBIMU.
9. 3aKOH UCK/IIOUCHUA mpembezoi

o ADd=1.
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W3 nByx mpoTHBOpeYamuX BBHICKA3bIBAHUN 00 OJHOM M TOM K€ TPEAMETE OHO
BCEr/ia UCTHHHO, & BTOPOE — JIOXKHO, TPETHETO HE JIaHO.
10.  3akon noznowenusn:
o Juist torudeckoro cioxenus: A [1 (A & B) = A;
o 1151 tormdeckoro ymuoxkenus: A & (A O B) = A.
3HaHWE 3aKOHOB JIOTUKU TMIO3BOJISIET TMPOBEPSATh MPABWIBHOCTh PACCYKICHUH H
nokazareiabcTB. OCHOBBIBASICH HA 3aKOHAX, MOXKHO BBITTOJTHSATH YITPOIICHUE CIIOKHBIX JIOTHIECKUX
BbIpaXeHW. Takoil mpolecc 3aMeHBI CIIOKHON JorWdeckoil (yHKIuU OoJjiee MPOCTOH, HO
PaBHOCHIILHOM €ii, Ha3bIBACTCsI MUHUMHU3AIMEH (QYHKIINH.
HekoTopsie mpeoOpa3zoBaHus TOTHYECKUX GOPMYIT MIOXOKH Ha MPeoOpa3oBaHus GopMyI
B O0O0BIYHON ayreOpe (BBIHECEHHE OOIIEr0 MHOXKHTENIS 3a CKOOKH, HCIIOJIb30BaHUC
MEPEMECTUTEIIBHOTO M COYETATEeIbHOTO 3aKOHOB W T.I.), JPYTHE€ - OCHOBAaHBI Ha CBOMCTBAX,
KOTOPBIMH HE OOJIaJafoT omeparnuu OObIYHOW anreOpbl (MCIOJIB30BAaHHE PACIPEICITUTEILHOTO
3aKOHA JUISI KOHBIOHKIIMH, 3aKOHOB TIOTJIONICHHUS, CKJICHBaHUS, e MopraHa u zip.).
Hapy1eHust 3aKOHOB JIOTHKH MIPUBOJIAT K JIOTHYSCKUM OIMIMOKAM U BBITEKAIOIIMM U3 HUX
MIPOTUBOPCUUSIM.
Yupouenue ¢popmy.a

3amanue 1. YOpOCTUTH  BBIpaKEHHS AB+B, BC+C, AC+BC 1y

4TOOBI B OMyYEHHBIX (OPMYJIaX HE COJIEPKAIOCh OTPUIIAHUS CIIOKHBIX BHICKA3bIBAHUM.
Pemenmne:

X=AB+B=A+B+B=4+B.
Y=BC+C=|B+C|C=C,

Z—C+B€'=A+€'+BE'= A+ C.

PaCCMOTpI/IM HECKOJIBKO 3aJa4, KOTOPBIC PCIIAIOTCS IMOCTPOCHUCM Ta6J'II/H_[ HCTUHHOCTHU
CIIOJKHBIX BBICKA3BIBaHU.

3aganune2. CoctaBUTh TaOJIUIy HCTUHHOCTH BBICKa3bIBAHUS AnBv A
Pemenne.
JlaHHOEe BBICKa3bIBAaHUE COCTOMT M3 JABYX omepaHnoB A u B. Jlng ero BwlumciieHus

H606XOI[I/IMO CHadaljla BBIYHUCIWUTL OTPUILAHUC A, TO €CTb A , 3aTEM g , JaJICC BBIIIOJIHHUTDH

AnE

JJOTHYCCKOC YMHOKCHHC 3aTCM CJIOKCHHUC AnBw A Hu, HaKOHCII,

OTpHUIIAHUE ANBVA  Tagnu 00pa3oM, B TabHIe HCTHHHOCTH Oy/IeT 7 CTOJOIOB M 5 CTPOK.
A |B |A | F AnE AnFwvid AnBv A

3anoyiHgeM S4YEWKH, COOTBETCTBYIOIIME 3HAYEHHUIO BCEM BO3MOKHBIM COUYETAHUSIM
3HaYeHNI BhICKa3bIBaHUil A U B.

Al B | A q AnE AnBwvd AnBv A
0 0
0 1
1 0
1 1

Jlanee 3amoniHseM TPETUW W YETBEPTHIA CTOJOLBI TaONHIIBI, COOTBETCTBEHHO, OTPHIIAS
BbICKa3bIBaHug A u B.

31



AnE

AnEBwd

RiRklolo|>
Rlolklo|lm

OO ||

=l =k

[Ipu 3amonHeHWMM mnATOro CcTONOmMA TaOMMIBI OyabTe BHHUMATENbHBL. OnepaHmamu

BBICKA3BIBAHHS ABISIOTCA A M & | 3HAUNT, IPH 3aTI0JTHEHHH [IATOTO CTONOIA CMOTPETh HYKHO Ha
NEepBbI ¥ YeTBEPTHIi CTONOIBI Tabmuikl. [loMHHUTE, YTO pE3yabTAT JIOTUYECKOTO YMHOKEHUS
UMeEeT 3HAYCHUE MCTHHA TOJBKO B TOM Cllydae, KOTJa UCTHHHBI 00a orepaHzaa (enuHuIa Oyaer
TOJIbKO B YETBEPTOM CTPOKE MSATOTO CTOJIOIIA).

Al B | A q AnE AnBwvd AnBv A
0 0 1 1 0
0 1 1 0 0
1 0 0 1 1
1 1 0 0 0

HpI/I 3aI10JIHCHHUH IICCTOI'O

Al B | A q AnE AnBwvd AnBv A
0 0 1 1 0 1
0 1 1 0 0 1
1 0 0 1 1 1
1 1 0 0 0 0

CTOJ'I6LI8. Ta6J'II/ILIBI, CJIICAYCT O6paTI/ITB BHHMMAaHHUC HA 3HA4YCHU,
CTOAIINE B TPETHEM U IIATOM CTOJI6IIaX, W BBIIIOJIHUTH OIICpAUIO JJOTMYCCKOr'0 CJIIOKCHHA.

HJ'ISI MOJIYYCHU pe3yJibTaTa OCTAJIOCh 3aIllOJIHUTH MoclIeHUN CTOJ'I6€I_[, rac oTpuaacTcAa
BBICKA3bIBAHUEC, ITOJIYYCHHOC B IICCTOM CTOJI6II€.

A B A g AnE AnEFwvd AnBv A
0 0 1 1 0 1 0
0 1 1 0 0 1 0
1 0 0 1 1 1 0
1 1 0 0 0 0 1
Omeem: Ta6n1/1ua HCTUHHOCTHU CJIOKHOI'O BBICKA3bIBAHUS CIICAYHOIIAs.

A B ANEBVA

0 0 0

0 1 0

1 0 0

1 1 1

3aganmne 3.

YCTaHOBI/ITB 3KBHUBAJICHTHOCTH ABYX BBICKa3BIBaHHﬁ:
)AVBACG;
2)(AVB)A(AVC).

Pemrenne.

21.]'[5{ YCTAHOBJICHUS SKBUBAJICHTHOCTH IBYX BBICKA3bIBAaHUH AOCTAaTOYHO CpPaBHUTH HX

Ta6J'II/II_U>I HUCTUHHOCTHU. Eciun TaGJII/ILIBI COBIIaAArOT, TO BhICKa3bIBaHUA OKBHUBAJICHTHBI.

[TocTpoum TabnMIly HCTUHHOCTHU MEPBOTO BBICKAa3bIBaHUs. B BbIpakeHNHN y4acTBYIOT TpU
BBICKA3bIBAHUSL. HHH TOro I-ITO6I)I paCCMOTpeTI) BC€ BO3MOXHBIC COUCTAHUSA UX 3Ha‘-IeHPII>i, 6YJ16M
WCIIONIb30BATh CIEAYIONUN TMPUEM: MEepBble TPHU CTONOIA TAOMUIBl 3aMOJHUM JIBOUYHBIM
npencrasieanem gwmcen 0, 1, 2, 3., 23-1, momommsst cieBa HY)KHO€ KOJIMYECTBO HYJIEH.
BrlpakeHne He COAEpPKUT CKOOOK, CIIeJOBATEIhHO, BOCIOJIB3yeMCS TE€M, YTO KOHBIOHKIIUS
BBITIOJTHSIETCS paHbIlie, YeM Tu3bIoHKIms. [loydnm crenyromnyro Tabauiry.

A | B

C BAC

AVBAC

0 0

0 0

0
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0 0 1 0 0
0 110 0 0
0 1 1 1 1
1 00 0 1
1 0 1 0 1
1 110 0 1
1 1 1 1 1

AHaJIOrMYHBIM o6pa30M COCTaBUM Ta6m/1uy HCTUHHOCTH BTOPOI'O BHICKA3bIBAHU .

A [B |[C [AVB |[AVC | (AVB)A(AVC)
0 jojo| o 0 0
0ojo|1]| O 1 0
0 |1 o] 1 0 0
0 |1 |1 | 1 1 1
10 |0 | 1 1 1
1]0 |1 | 1 1 1
11 0| 1 1 1
11 |1 | 1 1 1

[TockonbKy TaOIUIIBI HICTHHHOCTH COBIIAIAI0T, TO BHICKA3bIBAaHUS | U 2 SKBUBAJICHTHBI.
Omeem: BBICKa3bIBAaHUS YKBUBAJICHTHBI

3ananue 4. Jloxaxure TaBTonoruto (X A Y) -» (X VY)

Pemenue.

Jl1st ToKa3aTeNbCTBA TABTOJIOTHH MTOCTPOUM CJICTYIONTYIO TAOJUIy HCTUHHOCTH.

XIY[XAY [ XVY ]| XAY)> (XVY)
o/o] o 0 1
0o[1] o 1 1
10| o 1 1
1]1 1 1 1

Omeem: TaBTOJOTHUS JOKa3aHa.

OCHOBHBIC 3aKOHBI JIOTHKH: A=A — 3aKOH TOXKIECTBA
A& A=0 —3akon HEIIPOTUBOPEYUS
Av A =1 - 3aKOH HCKIIOYCHHOTO TPETHEro
A=A — 3aKOH JIBOWHOT'O OTPULIAHUS
CBoiicTBa KOHCTaHT: 0=1 1=0

AvO0O=A A&0=0
Avi=1 A&l=1
3aKOHBI HIEMIIOTEHTHOCTA: AV A=A

A&A=A
3akoHbl KOMMyTaTHBHOCTH: AV B=B Vv A
A&B=B&A

3akonsl accormatuBHocTH: AV (BVv C)=(AvB)vC
A&B&C)=(A&B)&C

3axonsl auctpudytuBHocTu: A v (B & C)=(Av B) & (A v C)
A&BvC)=(A&B)Vv (A& C)

3aKOHBI MOTJIONICHUS: AVv(A&B)=A
A& (AvB)=A
3akoHbl 1e Moprana: AvB=A&B

A&B=AVvB



Ba3zoBble Jloruueckne 3JeMeHThbI KOMIIBIOTEPA

| & Jlornueckuii aneMeHT U
KOHBIOHKTOP

| Jlornueckuit snement UJIN
JIU3BIOHKTOP

—  (O— Jloruueckuii asiemeHT HE
HWHBEPTOP

3aganusa

1. VYcranoBure, Kakue U3 CIEAYIOIIUX TNPEAJOKEHUH  SBIAIOTCS  JIOTUYECKHMHU
BBICKA3bIBAaHUSMH, a KaKue — HET (OOBSICHUTE MOYEMY):

e "CouHILe €CTh CIIyTHUK 3eMin";

o "24+374";

e '"CceronmHs oTiMYHasA nmoroga';

e "B pomane JI.H. Toncroro "Boiina u mup" 3 432 536 cnoB";

e "Cankr-IlerepOypr pacnonoxen Ha Hese";

e '"my3bika baxa cnuikom crnoxxHa";

e 'mepBast KOCMHYECKasi CKOPOCTh paBHa 7.8 Km/cex";

e '“Kenme3o0 — meramn';

e '"ecaM OOUH Yrod B TPEYrojbHUKE NPSAMOHM, TO TPEyrodbHUK Oyner
TYNOYTOJIbHBIM";
"ecni cymMMa KBaJ[paToB JIBYX CTOPOH TpEyrojbHHMKA paBHA KBaJpary TPEThel, TO
OH MPSMOYTOJIbHBIN".

2. VYxaxwure, KaKue U3 BHICKa3bIBAHUH MPEABIIYILIETO 3a/1aHUS] HICTUHHBI, KAKHE — JIOXKHBI, a
KaKH€ OTHOCITCS K 4YHCIY T€X, HCTUHHOCTh KOTOPBIX TPYAHO WM HEBO3MOKHO
YCTaHOBUTb.

3. CocraBbTe TaOIHUIIBI HCTHHHOCTH JIOTHYECKUX BBIPAYKEHHIA:

e AO(BUIC).
e "(AUB)O(AI—"B).
e (A0B)O(COB).
4. 3amnucaTh 33aHHbIE POPMYJIbI B BUJIE MPEJIOKEHUMN:

(4= B)v(CAB):
(4= B) o (CAB);

- _ Ecmu:

Bv(Co>(Bnrd)), A - CTYIeHT CHIOHT Ha Tape
(4—- B)v(CnB); B - 3aBTpa 3K3aMeH

(4= B) & (Cv B): C - oceHBIO XOpoNIag Ioroaa

5. CocraBuTh TaOIUITy HICTUHHOCTH TSI IOTUUECKUX (PYHKITHI:
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(XAZ)o (XvZ)o> (X o >2Z):
(YVZ)A(Y = X)A(Y & X)) oY,

(Zv(X o NVvX S V)AY o 2):

Xv((X o (Y5> Z)A(ZosT)) ol).

6. prOCTI/ITB BBIPAXKCHUSA U IIOCTPOUTH JTOTMYCCKUE CXEMBI JJIs1 IOJTYYCHHBIX JIOTUYCCKUX

byHKIM:

(X oY) (XvY))AX
(X >AY > X)o7Y
(X 5> V)A(X =5 (Y A X))
X A(Y = X)A(X oY)
(Y © X)A(X = (X AY))

7. YHpOCTI/ITB JIOTUYCCKUE BBIPAKCHUS, UCII0JIb3YS 3aKOHBI npeo6pa3013aHI/I}1 JJOITNMYCCKUX

BBIPAKECHUI

1. ((.‘T’(—))’WZ)AF; 3. ((XTT}')—)(TAZ);
2 ((_T,\}')_,}')_,(_\',\f); 4, (.\'/\Z)V(;:HZ);

5. (XeNa(Xvz): 18. (X >Y)> Z)> X:

6. (ZA)")V((Z—>-)—')A}:'); lQ.(.\'HZ)—»(.\'A)_');

7. (Z>Y)vX)> X, 20 (X AZ)v (Y > Z);

8. FaX)v(ZoY); 2. (X AY)V(ZoY);

9. XA(Y & Z); 2. X >(Y ©2);

10. ¥ > (X © 2); 23. X v(Y & 2);

1. (X AY)V(Z>T); U (X YV)v(YAZ);

12. (Y AZ) V(X - Z); 25 (Xv(Y>Z)->X;

13. (Yo X)> (Y AZ): 26. (X AY)V((X 5> Y)AZ);
4 (XY Y)>(XvZ),; 7. (X o)Al vZ);

15. (Ze&Y)vX)AY 28 (X AV)v(Y & 2);

16. (X > Z)>Y)— X; 29. (X & Y)vZ)aY;

17. (X ©Y)vZ)AY; 0. (X X)>(XvZ).

KoHnTposabHbIe BOpockl

Yr0 Takoe BhICKA3bIBAHME?
Kakue OpIBatoT BBICKA3bIBaHUSA?

Uto Ha3wIBatOT QyHKIMEH B anredpe JTOTUKU?

Uro takoe joruueckas GyHKIus?

Kak nmoctpouts Ta0auily HCTUHHOCTH I10 33JaHHOM JIOTUYeCKOi QpyHKkunn?

Kak nmoctpouTs norudeckyro (pyHKIUIO 10 331aHHON Ta0IuIle HCTUHHOCTH?

Uro Takoe Tabinila UCTUHHOCTH?

Kakyto ¢popmyity Ha3bIBalOT TOXKIECTBEHHO-UCTUHHOM (TOXKAECTBEHHO-JIOKHOMN)?
Kakyto popmyiy Ha3pIBalOT BBINOIHUMOMN (OMIPOBEPKUMOM)?

©CoNoR~wWNE
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IIpakTuyeckas padora Ned
«Buabl rpagos. I'padbl YMCI0BBIX MHOKECTB, XaPAKTEPUCTUKHU I'PadoB»

Heab: popMupoBaHuEe HABBIKOB BBIMOJHEHHUS OMEPAINil HAJl BEKTOpaMu U
BBIYHCIICHUS MOAYJIA U CKAISIPHOTO MPOU3BEAEHUSI BEKTOPOB.

TeoperuvecKkue cBeIeHUs

I'padh G — 3TO COBOKYITHOCTH JIBYX MHOXKECTB: HEMYCTOr0 MHOKecTBa BepiuH V = {V1, V2,
..., Vn} ¥ MHOXecTBa pedep (ayr) E = {e1, e2, ..., en}. Takum obpazom, G = (V, E), V=D, EcCV x
V.

Ecnu (v1, V2) — ynopsiioderHas mapa (T. €. ayra), To Vi Ha3bIBaeTCsl Ha4asioM, a V2 — KOHIIOM
nyru e. Eciu {1, V2} — HeynopsimoueHHas rapa, To pedpo e Ha3bIBaeTCs HEOPHUEHTHPOBAHHBIM.
Bcesikomy rpady G MOKHO MOCTaBUTH B COOTBETCTBHE COOTHECEHHBIN HEOPUEHTUPOBAHHBIN rpad
G c Temu xe MHOkecTBaMU V U E U MHUIMJCHTHOCTSIMH, HO BCE Taphbl HEYNOpsIoueHHbIe. Takoit
rpa¢ Ha3bIBAETCS ACCOLMUPOBAHHBIM. BepirHa, He HHIIUACHTHAs. HU OJJHOMY peOpy, Ha3bIBaeTCs
M30JIMPOBaHHON. BepilvHa, HHIIMACHTHAS POBHO OJIHOMY pedpy, U caMO 3TO pedpo Ha3bIBAIOTCS
KOHIIEBBIMM WJIM BHUCSYMUMHU. PeOpo ¢ coBmajgaromuMHu KOHIIAMU Ha3bIBaeTcs mnetiieh. [[Be
BEpILMHBI, WHIUJICHTHBIE OJHOMY M TOMY ke peOpy, Ha3bIBaloTCsi CMexHBIMU. J[Ba pebpa,
MHIUICHTHBIE OJHON U TOM K€ BepIlIMHE, Ha3bIBAIOTCS CMEKHBIMU. Pebpa, KOTOpBIM MoCTaBlIeHa
B COOTBETCTBUE OJ[HA U Ta >KE€ [apa BEPIINH, Ha3bIBAIOTCS KPATHBIMU WJIM NTAPAJUIEIbHBIMH.

I'pad, comepkamuii kpatHele pedpa, Ha3bIBaeTCs MyJabTHUrpadom. HeopueHTrupoBaHHOE
pebpo rpada SKBUBAJIEHTHO ABYM IPOTHUBOII0JIOKHO HAIIPaBJIEHHBIM AYT'aM, COEAMHSIIOIINM T€ K€
camble BepiiuHbl. ['pad ¢ kpaTHBIMU peOpaMu U NETISIMU Ha3bIBaeTCs MceBaAorpagom.

IIpumepsr:
vEe6
e V2
Vi \G
€2 €3
\Z €s
V5
€4 o
V3
V7
a) OPHEHTHPOBaHHbIN rpad 6) HEOpHEHTUPOBAHHBIIT rpad

Puc. 1

Ha puc. 1 n3o0paxkeHsl: OpueHTHPOBAHHBIN 1ceBOTpad, UMEIOLUN 7 BEpIIMH U 6 OyT, U
HEOPUEHTUPOBAHHBIA MynbTHTpad, uMeromuil 4 BepmuHbl U 5 pebdep. [Ipoummoctpupyem
HEKOTOPBIC BBEJICHHBIC TTOHSITHSI.

Jns oprpada (puc. la): Vi, Vo, V3, Va, Vs, Ve, V7 — BEpIIUHBI (y3JIb1); V5 — H30JIMPOBAHHAS
BEPINNHA; V1, V4 — KOHIIEBBIC (BHCSUYUE) BEPIIUHBI, V2 U V3, V2 U V1 — TIAphl COCETHUX BEPIINH; €1,
€2, e3, es, €5, es— OPUCHTUPOBAHHBIE pedpa (IYTH); e2 U e3 — MapajuieNbHble (KpaTHBIC) AYTH; €2 U
€1 — CMeXHBIE IYTH; es —TIeTIs A oprpada.

s rpada (puc. 16): Vi, Vo, V3, Va— BEpIIUHBI; V4 — KOHIIEBas (BUCSAYAs) BEPIIMHA; V2 U V3, V2
W V1 — TIapbl COCETHUX BEPIIIUH; €1, €2, €3, €4, es — pedpa (IyTn); es U es — mapajiebHbIe (KpaTHBIC)
pebpa; e2 u e3 — CMeKHBbIE pedpa; meTenb HeT.

Cnocobwi 3a0anus epagos

1. [Tepeuncnenue (cnmucok) pebep rpada ¢ ykazaHHeM UX KOHILIOB U J0OaBJIEHUEM
CIIUCKa U30JIMPOBAHHBIX BEPIIHH.
2. Marpuna cmexnoctd A = (@jj) orpeemnseTcsi OJJHHAKOBO Ui OPHEHTHPOBAHHOTO

1 HEOPUEHTHUPOBAHHOTO rpadoB. ITO KBaJApaTHAS MATPHUIIA TOPSAKA N, T/€ N — YUCIIO BEPIIUH, Y
KOTOPOU
ajj = 1, ecru (Vi,Vj) cE,
0, ecu (vi,ej) ¢ E.
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Marpureit uniaentaoctu B = (bjj) opuentupoBanHoro rpada HaspiBaeTcss MaTpuia (N x
m), Tae N — YKCiI0 BEPIIUH, M — 4ucio pebdep, y KOTopoit

1, ecniu BepimHa V, ABISETCS KOHLIOM JAyTH € i
bi=1" 1, eciin BepIMHa V; SABISIETCS HAYAJIOM JyTH € i

0, ecnn BepimHa V; He MHIIMJCHTHA JIyTe € i

Jis HeopueHTHpOBaHHOro rpada MaTpula WHIMASHTHOCTH B 3amaercs crnemyrounm
obOpazoM:
5 1, ecru BeplIMHA V; MHIMEHTHA PEOpY €;;

ij =
0, ecv BepuMHa V; HE UHIUIEHTHA PEOpY €;.

ITeTsie COOTBETCTBYET AJIEMEHT, PABHBIM 2.

IMpumep.

Martpuiisl CMEXHOCTH U MHIMICHTHOCTH Tpada, n300paXeHHOTO Ha puc. la, UMEIOT BUJ
(puc. 2):

0000O0O0O 1 0 0 0 00
1020000 -1-1-10 00
000O0O0T OO 0o 1 1 0 00
A=|0 0 0 0 0 01 B={0 0 0 -1 0 O
0000O0OTO0O 0 0 0 0 0O
00000O0T11 0 0 0 0 -12
0000O0OTO0O 0 0 0 1 1 0,
Puc. 2

3. Ans HarasaHocTu rpad NpeicTaBisiOT B BUIE NEOMETPUYECKOro 00BbEeKTa: BEpIIMHAM
COOTBETCTBYIOT pa3jIMuYHbI€ BbIIEJICHHBbIE TOYKM B NPOCTPAHCTBE (HAa IMJIOCKOCTH), pedpam —
OTPE3KU KPUBBIX, CBS3bIBAIOIINE BEPILUHBI.

PaccMoTpuM HEKOTOpBIE Pa3HOBUIHOCTH I'padoB.

Heopuentupoanusiii rpadp G = (V, E) — nBYZ0JIBHBIi, €CIIM MHOKECTBO ero BepiuuH V
MO>KHO pa30uTh Ha JIBa TaKKe MOAMHOXKecTBa V 1 1 V 2, UTO Kaxka0e peOpo uMeeT ofuH KoHel B V
1, a apyro#t B V2. Ecnu ke kaxkaas u3 BepIIuH kiacca Vi cBsi3aHa peOpoM C Kax10M BepLIIMHON
kJjacca V2, To rpad Ha3bIBaeTCs MOJHBIM JBYI0JIbHBIM U 0003HauaeTcss Kmn, Tae m =|V1|, n =|V2|.
Ha puc. 3a u3obpaxen nByno0abHbIN Tpad, Ha puc. 36 u 36 — MONHBIE IBY10JbHBIE Tpadbl K32 U

/RN RA D]

a 0 B
Puc. 3

IMoanbIM rpadom HazbiBaeTcs rpad 6e3 KpaTHBIX pedep (1 uHoraa 6e3 neTesb), B KOTOpOM
JTr00bIe JIBE€ BEPIIMHBI COEAMHEHBI peOpoM (OPHEHTHUPOBAHHBIM WM HEOPUEHTHPOBAHHBIM).
[TonHblA HeopueHTUPOBaHHBIA Tpad ¢ N BepmMHaMu ob6o3Hauyaercsi Kn. OueBuaHo, rpad Ki
coaepsxut N(N - 1)/2 pedep.

Ha puc. 4a, 46 u 46 nzo0paxens! rpapsl K3, Ki, Ks, coorBercTtBeHHO. Ha puc. 42 takxke
M300pakeH MOJTHBINA rpad.

Ipumep.
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A A &

a 0 B r
Puc. 4

Tlooepaghot

I'pad G’ = (V', E") naseiBactes moarpadom rpada G = (V, E), obo3naucuue: G’ < G, eciu
V'V, E' ¢ Ewn nyist mHO)kecTB V' 1 E' coxpansitores uniuaeHnmnu rpada G. [Ipu aToMm, oueBHIHO,
Kaxaoe pedpo u3 E' Bxogut B noarpad G’ Bmecre co ceommu konuamu. [loarpad HaspiBaercs
€cO00CTBEHHBIM, €CJIM OH OTJIMYEH OT caMmoro rpada.

IIpumep. ['padbr Ha puc. 56 u 56 sBis0TCs MoArpadamu rpada Ha puc. Sa.

AL

Puc. 5
Hzomopgusm epagos
JiBa rpada G1 = (Vi, E1) u G2 = (V2, E2) uzomopdHbI, ecii MEXAy UX BEPIIHHAMH
CYIIECTBYET B3aMMHO OJHO3HAYHOE CcOOTBeTCcTBHE . V1 — V2 Takoe, 4To IS JIFOOOM Mapsl
BepiuH U, V u3 V1 pedpo (U, V) € E1<> pedpo (p(u), o(Vv)) € Eo.
Ipumep. ['padsbl, n300paskeHHBIE HA pUC. 6, IBISIOTCS H30MOP(HHBIMU.

D OO

Puc. 6

N3omopdHbIe Tpadpl OTIMYAIOTCA TOJBKO Hymepalued BeplivH. MaTpullbl CMEXKHOCTH
JBYX M30MOPGHBIX rpadoB MOTYT OBITH MOJYYEHBI OJHA M3 JIPYroil MepecTaHOBKOM CTPOK U
cTon010B. UTOOB! y3HAThH, SABISAIOTCS JU JBa rpada HM30MOP(HBIMHU, HYKHO HPOU3BECTH BCE
BO3MOYKHBIE MEPECTAHOBKU CTPOK M CTOJIOIIOB MAaTpPHUIbl CMEXHOCTH OJHOro u3 rpagos. Eciu
1ocjae KakoW-HHOY/b MEePEeCTaHOBKH IONIYYUTCS MaTpPUIla CMEXHOCTH BTOpPOTro rpada, TO 3TH
rpadsl u3oMoppHbL. YToOBl yOenuTbes, 4To rpadbsl HEM30MOP(HBI, HAJO BBHINOIHUTH Bce N!
BO3MOXKHBIX MTEPECTAHOBOK CTPOK U CTOJIOIIOB.

Cmenenu eepuiun epaga

Crenenbto BepmHbl V rpada G HaszpBaercs uncio O(V) pedep rpada G, MHIMIECHTHBIX
BepiuHe V. BepmuHa rpada, nmeromias crenensb 0, Ha3pIBaeTCS H30JIUPOBAHHOM, a CTETICHb | —
BHCHYECH.

B crmydae HEOPHEHTHPOBAHHOTO IiceBAOTpada CUYUTACTCS, YTO BKJIAM KAXKIOW TETIIH,
WHIMACHTHOW HEKOTOpoil BepuinHe V, B O(V) paBeH 2 (Toraa Kak BKJIa[ JIF000ro apyroro pedpa,
WHIMJICHTHOTO BEPIIUHE V, paBeH 1).

IToaycrenenblo ucxoaa (3axoa) BepiunHsl V oprpada D HassBaercs uncio 87(v) (87(v))
ayr oprpada D, ncxoasiumx u3 BepUIHHbI V (BXOISIINX B BEPIINHY V).
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B ciiyyae opueHTHpOBaHHOTO IIceBaAOrpada BKIIA I KaX 01 METIN, UHIIUICHTHONH HEKOTOPOH
BepiuuHe V, B 8(V) paseH 1, kak B 87(V), Tak u B 5°(V).

IIpumep.

B rpade G (puc. 16) crenenp BepIIMHbBI V1 paBHa 4eThipeM, T. €. 6(V1) = 4; BepiumHa Va4 —
BHUCsYas, Tak Kak 0(V4) = 1. B opueHTHpoBanHOM riceBaorpade (puc. 1a) creneHs BepIIMHbI Ve paBHA
Tpem, T. €. 8(Ve) = 8 (Ve) + (5°(Ve) = 2 + 1 = 3; BepummHa V1 — Bucs4as, Tak kak 5(Vi) = 1, BepimHa Vs
— M30JMpOBaHHasi, Tak Kak o(Vs) = 0.

3aganusa
1. Hanmbl peanmsanuu tpadoB (puc. 7). Kakume 3to rpadei? OmucaTh WX OCHOBHBIC
xapakTtepucTuku. [IpuBectu nprumMepsl 21eMeHTOB rpadoB.

a) 6) B)
Puc. 7
2. 3anmcaTh MaTPUIIBI CMEKHOCTH U MHIIMJCHTHOCTH JUII HEOPUEHTHPOBAHHOTO Tpada (puc.
7a).
3. 3anucarb MaTpULIbl CMEXHOCTH U MHIMJIEHTHOCTH JUIsl OpPUEHTUPOBAaHHOTrO rpada (puc.
70).

4. N300pa3uTh acCOIMUpPOBaHHBIN rpad 11 3aganHoro rpada (puc. 76).

5. 306pa3uth Bce nonapHo HeM30oMop(dHbIe 4-BeplIMHHBIE rpadbl 6€3 neTeab U KpaTHbIX
pebep. 3anucaTh Il HUX MaTPULbl CMEXHOCTU ¥ MHIIUJIEHTHOCTH.

6. IlocTpouts Bce MonapHO HEU30MOpGHbBIE S-BepLIMHHbBIE Ipadbl, HE UMEIOLIUE METeNb,
KpaTHBIX pebep U U30JMPOBAHHBIX BEPILKH.

7. Kakoe u3 AByX yTBEp)KIEHMH BEpHO: a) OPUEHTUPOBAHHBIM Irpad sBISETCS YaCTHBIM
Clly4aeM HEOPHEHTUPOBAHHOIO rpada; 6) HEOPUEHTUPOBAHHBIN I'pad SIBIISIETCA YACTHBIM CIIy4aeM
OpPUEHTHPOBAHHOTO Tpada.

8. IlepeuniciuTh BCce BO3MOKHBIE CITOCOOBI 3a1aHus TpadoB.

9. Beceraa i MaTpuiia CMEXHOCTH CUMMETPUYHA OTHOCUTENBHO IJIaBHOM TuaroHamn?

10. Kak mo mMatpuiie CMEXHOCTH OINPEIEIUTh YUCIO0 pedep HEOPUEHTHUPOBAHHOTO rpada?

11. Kak mo MaTpuile HWHIMJIEHTHOCTH, HE pUCYd Tpad, ONpeneluTh €ro MaTpully
CMEXXHOCTH?

011
100

12. Moxert nu matpuna (0 1 0) ObITh MaTPUIIEH CMEKHOCTH HEOPUEHTUPOBAHHOTO rpada?

13. Kakue u3 cieayrouux YTBEp)KICHHM SBISIOTCS MPaBWIBHBIMHU: a) €CIIM MaTpHila
CMEXHOCTH HECUMMETPUYHAsA, TO Tpad OpHEHTUPOBAHHBIN; 0) ecinu rpad HEOPUEHTHPOBAHHBIMH,
TO MaTpHIla CMEXHOCTH CUMMETPUYHAS; B) €CIIH TUaroHaJIbHbIE 3JIEMEHThI MaTPULIbI CMEKHOCTH
— HYJIU, TO rpad) HEOPHUEHTUPOBAHHBII?

14. 3anicaTh MaTPUIIBI CMEXHOCTH M HHIIMJICHTHOCTH ISl OpUEHTHPOBaHHOTO rpada (puc.
78).

15. W300pa3uTh Bce TMONapHO HEU3OMOP(HBIE OpPUEHTHPOBAHHBIE TIceBAOrpadbl,
coJiepaKallye: a) 2 BepIIMHbI U 2 1yru; 0) 3 BepIuHbl ¥ 4 1yry; B) 4 BEPIIMHBI U 3 TyTH.

16. N300pa3uTh acCOMUPOBaHHBIN rpad a1 3aganHoro rpada (puc. 7s).

17. Uemy paBHBI CTENIEHH BEPILUH 11 OpPUEHTUPOBAHHOT'O U HEOPHEHTUPOBAHHOTO TpadoB?

18. Omnpenenuth crenenu BepminH oprpada (puc. la). Ecte nu B 3aganHOM Tpade
U30JIMPOBAHHbBIE U BUCSYNE BEPIIUHBI?

19. OnpenenuTh CTETIEHH BEPITUH B 331aHHBIX Tpadax (puc. 7).
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20. Jlanbr peanmmzaruu rpadoB (puc. 7). Kakue 3to rpadsi? [IpuBectrn mpuMepsl CMEKHBIX
BEPILIMH U CMEKHBIX pedep.

KoHTposbHbIE BONPOCHI
1. Yro HazwiBaetcs rpadpom? OpuentupoBanHbIM Tpadom? [IpuBenure mpumepsl.
2. Tlepeuncnute u chopMyIUPYyHTE OCHOBHBIE IOHSTHS, CBSI3aHHBIC C HECOPUECHTUPOBAHHBIMHU
rpadamu.
3. Ilepeuncnute OCHOBHBIC MOHATHSA, CBSI3aHHBIE C Oprpadamu.
4. Kakwue nBa rpada HazpiBaroTcs n3oMmophHeIMU?
5. Yro Ha3bIBaeTCS MAPIIPYTOM, IIUKIJIOM, IyTeM M LeTbio rpada?
6. CdopmynmupyiiTe MOHITHE CBI3HOCTHU Ipada.
7. Jlaiite onmpenenenue diteposa rpada.
8. Kakoii rpad Ha3pIBaIOT TaMHJIBTOHOBBIM?
9. JlaiiTe MOHATHE A€pPEBA U TIEPEUUCIINUTE €TO CBOWCTBA.
10. Ilepeuncnute onepanuu Hax rpadamu.
11. Tlepeuuncnute cnocoObl 3aaanus rpados.
12. B 4eM COCTOUT aHATMTHYECKUI crioco0 3amanus rpada?
13. B yem cocTout reoMeTpuuecKuii crocod 3amanus rpaga’?
14. B 4em cocTOUT MaTpUYHBIN crtoco0 3amanus rpada’?
15. Kakas maTpuiia Ha3bIBa€TCsl MaTpHUIEH cMexHOCTH rpada’?
16. Kakas matpunia Ha3pIBaeTCa MaTpUIIe HHIUACHTHOCTH rpada?

IpakTnueckas padora NeS
«ITotHas1 ¥ IPUBeIeHHAN CUCTEeMbI BbIYeTOB. BbIOOpP MOIY sl 11l KOHTPOJIS.
Koauposanue undopmanum»

Hean: dhopmupoBaHre BBIYUCIUTEIBHBIX HABBIKOB PaOOThI C BBHIYETAMH H
KOJMPOBaHHEM HH(GOPMAIIHH.

Teoperuyeckue cBeAeHUs
BYHGM paccMaTpuBaTh LEJIBIC YKCiIa B CBA3HM C OCTaTKaMH OT JCJICHHWA Ha HATypaJbHOC
YUCIIO M, HAa3BIBAEMOE MOOYIEM.
a = b(mod m) )
rae a=>Db+km mns Hekotoporo nemoro K.
Wuorna b Ha3piBarOT BHIYETOM @ MO MOAYJII0 M, & — KOHIPYIHTHBIM D 10 MOAym0 M

®opmyiny (1) Takke MOXKHO HHTEPIPETUPOBATH CIICAYIONIMM 00pa30M: €CJIH JIBa YHCia
UMEIOT OJIMHAKOBBIC OCTATKH OT JEJCHUS HAa M, TO OHM CPABHUMBI IO MOAYIII0 M (Hampumep,
8 = 5(mod 3)).

C
B ommune ot (1) omepammst © MOA U ospauaer ocratox or menenus ?e[O,m—l]

(manpumep, 5Mod3 = 2). Dra onepanus Ha3bIBACTCs MPUBEICHUEM 110 MOYIIO.
Jlanee mpuBeeHBI CBOMCTBA (DYHKIIMM CPABHEHUS:

1. CpaBHEHHSI TIO OJMHAKOBOMY MOIYJIIO MOXHO TIOWIEHHO CKJIAJBIBATh:
a, =b,(modm),a, =b,(modm)= a, +a, = (b, +b,)(modm).

2. Cnaraemoe, crosiiiee B KakoW-TMOO YacTH CpaBHEHUS, MOXKHO MEPEHOCUTH B
JIPYTYIO 9acTh, U3MEHHUB €r0 3HAaK Ha 00paTHBIN: a+b = C(mod m) —a=(c— b)(mod m).

3. K n1060i1 yacTu cpaBHEHHS] MOXKHO NMPHOABUTH JIF0O0E YUCIIO, KPATHOE MOAYIIIO:

a=b(modm)= a+mk =b(modm).
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4. CpaBHeHUSI 1O OJMHAKOBOMY MOJIYJII0O MOKHO TMOYJIEHHO TMEePEMHOKATh:

1
S) O06e yacTu cpaBHEHUSI MOYKHO BO3BECTU B OJIHY U TY K€ CTEIEHb.

6. Kak ciefcTBre U3 BBILIENEPEYMCIEHHBIX CBOMCTB, moiydaem: a8, =D, (mod m),
b

a, =b,(modm),...,a, =b,(modm),

x=y(modm)= ax"+ax" " +..+a, = (boyn +by"™ +...+anmodm)
1. O0e vacTu cpaBHEHHUS MOXXHO pa3[elUTh Ha WX OOMIMIA JETUTENlb, B3aUMHO
IIPOCTOM ¢ MOJTYJIEM.

8. O0e yacTu cpaBHEHUS U €r0 MOJYJb MOYXHO YMHOXKUTh Ha OJHO U TO XK€ LIEJI0e
YHCIIO WIN Pa3JIeIuTh Ha UX OOIIUI AETUTENb.

9. Ecnu cpaBHeHHe a=b uMeeT MECTO MO0 HECKOJIbKUM Pa3HbIM MOJIYJISIM, TO OHO
HMEET MECTO U [0 MOJYJII0, PABHOMY HaUMEHbLIEMY 001IeMYy KPaTHOMY 3TUX MOJYJIEH.

10.  Ecnm cpaBHEHHE UMEET MECTO 10 MOIYII0 M, TO OHO UMEET MECTO U IO MOYIIIO
d, paBHOMY JIFOOOMY JIENUTEIIO YKkciaa M.

11. Ecnu ogHa yacTh cpaBHEHHUS U MOAYJIb IEJIATCS HA HEKOTOPOE YUCIIO, TO U ApYyras
YacTh CPaBHEHHUS JOJDKHA JIEJIUTHCS HA TO )K€ YUCIIO.

12. K o0eum yacTsiM CpaBHEHHS MOXKHO MPHOABUTH OJHO M TOXKE YHCIIO; 00€ YacCTH
CPaBHEHMSI MO’KHO YMHOXKUTb HA OJTHO U TOKE YUCJIO.

CBolicTBO onepanuy NpUBEIEHUS 10 MOYIIIO:

(adb) mod m = [(a mod m)d(b mod m)] mod m ’

Mpumep 1.

[IpoBepum 7-oe CBOMCTBO (YHKIIMU CpaBHEHUS: 24 = 6(m0d 9), oOmiue nenutenu 24 u 6
— 2,3. Bzaumuo nipocroe ¢ 9 —ato 2: HOH(2,9) =1. Torna nenmum Ha 2 00€ 4acTH CPaBHCHHUS:
12 = 3(m0d 9), uHaue ObLJIO0 ObI HEBEPHO: 8;2(m0d 9).

IIpumep 2.

[TpoBepum CBOICTBO Omepaliy NPUBEACHHUS:

(24-5)mod 9 = {19 mod 9 =1} = ((24 mod 9)— (5mod 9))mod 9 = (6 —5)mod 9 =1mod 9

Haitnem a® mod n IOpH TIOMOIIM CBOMCTBA OIEpalMy TPUBEICHUAS 110 MOJIYJIIO:
a® modn = (a“ mod n - a* mod n) mod n =

e’ = SO

= [(a2 mod n - a* mod n) mod n - (a2 mod n - a* mod n) mod n] mod n =

= [(a2 mod n)2 mod n]z mod n

Takoil mpueM Ha3bIBaeTCs LENOYKOW Pa3JI0KEHUS, B OCHOBE KOTOPOU JIEKUT IBOMYHOE
MPEACTABIICHUE YUCIIA.

Uucna, cpaBHUMBIE 110 MOJYTI0 M, 00pa3yroT KJIacC BBIUETOB 1O MOAYyIt0 M . Bee uncna
W3 OJIHOI'O M TOT'O JK€ KJIacca MMEIOT OJMH U TOT e ocTtaTok I oT Aenenms Ha M . JIroboe dmcio
@ M3 Kj1acca BBIYETOB HA3bIBAETCS BBIYETOM I10 MOIYJIHO M.

Bcero mmeercss M KJaccoB BBIYETOB MO MOAYJII0 M (eciu Kiacchl 0003HAYaTh Kak 5):
0,L,...,m-1

CBOICTBA KIIACCOB BBIUCTOB:

1. a=b(modm)<a=b.

2. a=hb(modm)=anb=0.

3. Jro6ble M umceNn MONApHO He CPaBHUMBIE MO MoAyIo M 06pasyloT mosiHyo
CUCTCMY BBIYCTOB.

4, Ecmu HO/{(a,m)=1 u X «poberaer» MOTHYIO CHCTEMY BBIYETOB 10 MOLY/IIO M

, To ax+b, rae b — moboe guco, Takke MpoderaeT MOJHYI0 CHCTEMY BBIYETOB MO MOIYITIO
m.
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ITosHas cucTema BBIYETOB — 9TO COBOKYITHOCTB BBIYETOB, B3ATBIX IO OJHOMY M3 KaXKI0IO
KJIacCa DKBUBAJICHTHOCTH.

IIpuBeneHHas cucremMa BBIUETOB 110 MOAYIIO M — 3TO COBOKYIIHOCTH BCEX BBIYETOB U3
IIOJIHOM CHUCTEMBI, B3AUMHO IIPOCTHIX C MOAYyJIeM M.

IIpumep 3.
412 m=8
513 l 311
\\ Z
6,14— 2,10
7157 Mg
e
0.8 16 17 18

Puc. 1. Mnmroctpanus k 06pa3oBaHUIO KJIACCOB BHIYETOB 110 MOAYJIIO 8
Ha puc. 1 n3zo0paxeHn mpouecc «HaMaTbIBAaHUSA» LIETOYKHU LIEJBIX YHUCET Ha KOJIEYKO C

m =28 JICTICHUSIMH, TIPH TOM Ha OJTHO JICJICHHUE aBTOMATUYECCKH MOTAIAI0T CPABHUMBIE MEKITY
co0oii uncna.
CymrecTBYIOT 8 KJ1acCOB BBIUETOB 110 MO0 M =8 . B KaXkJ1IoM KJ1acce HaXOISATCS YUCIIA,
JAIONIHEC ITPU JICTICHUH Ha M OJUHAKOBBIC OCTATKH:
YneHsl 0,8,16, 19,17, 20,15, 3,11,19, 4,12,20, 5,13,21, 6,14,22, 7,15,23,
KJ1acca . .. . . . . .
Haspanwue 0 1 2 3 4 5 6 7
KJ1acca
Hampumep, oHa 13 OMHBIX cHUCTeM BbIueToB 1o Mmoayiro 8: 1200, 33, 42, 3, 12, 629, 22,

807.

[TpuBenennas cucrema Beraetos: 0, 1, 3, 5, 7.

KonnyectBo Ki1accoB BBHIYETOB B TNPUBEACHHOW CHUCTEME BBIUETOB MHUHYC OJUH
0003HavaroT Kak ¢(M) M Ha3biBalOT (QyHKUMEH Dinepa (UIu NpeAcTaBiseT co00M KOIUYECTBO

yucen psaa 1,2,...,m—1 B3aumMHO mpocThix ¢ M). Hanmpumep, ¢(2)=1, ¢(3) =2, ¢(4) =2,
p(B)=4, p(6)=2, p(7) =6, ¢(8) =4. Kpome Toro, ¢(1) =1

CaoiicTBa QpyHKIMM Dilnepa:

1. Ecnu P —mpocroe, To ¢(p) = p-1.

2. B P — mpoctoe, To o(p*) = p* — p*t.

3. MynpTUIIMKAaTUBHOCTH GYHKIMH Ditnepa: ecnu HO/J (a, b) =1= p(ab) = p(a)- p(b).

1
CrencTBue u3 3TOro cBoiicTea: ¢(a) =a | | (1- ;j
a

t  nmemur

IIpumep 4.
Hano a=15. Haitnem npocthie Bce uncia t < a, Ha KOTOpble AeUTcs a 0e3 ocTaTka: 3,

5. Torma ¢(15) =15-K1—%j-(1—%ﬂ =8. Ilocuntaem a1 MPOBEPKU KOJIUYECTBO KJIACCOB B

MPHUBEICHHOM cucTeMe BerueToB: 1, 2,4, 7, 8, 11, 13, 14. OnHo pasHo 8.
Teopema Oinepa. Ilyctre m>1, HOJ (a, m)=1, @(m) — ¢bynkuus Diinepa. Torma:

a®™ =1(modm).

Hanpumep, m=6,a=11, ¢(6) =2 =11% =121=1(mod6).

Teopema ®epma (manmas Teopema @Depma wunum Manas Teopema Oitnepa). Ecnm
HO,ZZ(a, p)=1, P —mpocToe, TO at El(mod p)
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Cnencrue u3 reopeMbl Depma: af = a(mod p), rae e obsizamenvho HOJJ (a, p) =1, Ho
P — mpocroe.

IIpumep S.

HCBHTaﬂ CTCIICHb OJJHO3HAYHOI'O YUCJIa OKAaHYNUBACTCs HH(l)pOfI 7 . Hatitu 3T0 4nciio.

a® =7(mod10). Monstro, uto HO(7,10)=1, HOA(a10)=1, p(10) = 4.

[To teopeme Oiinepa: a‘ = 1(mod 10) , BO3BelIeM B KBaapaT 00€ YacTH CpaBHEHUSA:

a= l(mod 10). [owieHHO noenuM a° = 7(mod 10) na a® = 1(m0d 10): a= 7(m0d10):> a=7.
IMpumep 6.

Jlokasatb, uro 1° + 2 + ...+ 6" =6(mod 7).
HOAL7)=1,HOA(2,7)=1,..,.HOH(6,7)=1. p=7 — mpoctoe. ITo Teopeme Depma:
a™ = 1(mod 7), rae a=12,...,6. [Tomydaem cucrem:

1° =1(mod 7)
2° =1(mod7)
6° =1(mod7)

BosBoauM  Kaxkmoe
1% +2% +..+6"° =6(mod7).
IIpumep 7.

CpaBHCHHUC IIOWICHHO B TpPETbIO CTCIICHbL MW CKJIaJAbIBaCM:

. 402
Haiitu octaTok ot JCICHUA 7 Ha 101

p =101 — mpocroe, HOZ(7,101)=1= no Teopeme Pepma 7' = 1(mod 101) . Bo3Benem
JIaHHOE CpaBHEHHE B 4-yl0 CTerieHb W ymMHOKHM Ha 7° =49(mod101): 7*” =49(mod101)=
OCTaTOK paBeH 49.
IIpumep 8.
Haiiti nBe mocneanue nudpsl yucia 243%%

JIBe mocnennue mudpsl 4uciaa — 3To octaTok ot aeneHus Ha 100.
243(mod100) = (200 + 43)mod100) = 43(mod100), 3Hauur:

243" (mod100) = 43" (Mod100). Tax xak HOJ(43100)=1, mo Teopeme Diinepa
43“’(1°°)El(m0d100). @(100) = (2> -5°) = @(2°)-@(5%?), 2 w 5 upOCTblC YHCIA, 3HAUMT:
@(100) = (2> -2")-(5° —5')=40. Torma: 43 =1(mod100); Boseemem B 100 cremens u

ymuoxuM Ha 43% = 49(mod100): 43*? = 49(mod100).

3Haunt, nocneaHue ase nudpst 4 u 9.
IIpumep 9.
[Moxasatp, uro 73% —1 memurcs Ha 105.
Pewenue.
105=3-5-7, HO/A(733)= HOA(73,5)= HO/J(73,7)=1. ITo Teopeme depma:
10c6—60
732 =1(mod3) g 1(mod105)
10c6-60
73* =1(mod5) = 1(mod105).

10c6—60

73° =1(mod7) = 1(mod105)

YMHOXUM 9TH CpPaBHEHUS u BBIYTEM 1= 1(m0d 105) :
73" —1=1-1(mod105) = 0(mod105).
IIpumep 10.
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Haiitu BoiueT unciaa 2°°%® mo mod13.

Pasnenum crenenp Ha p-1=13-1 ¢ ocratkom k=q(p-1)+r=452722-12+11;
a*(mod p)=a’"?*" (mod p)=(a**)*a" (mod p) = (a**)'(mod p)-a’(mod p). Tlo Teopeme
®epma (Tax Kak P — mpocroe): 8" = 1(mod p).

Torna a*(mod p)=a’"?*" (mod p)=(a**)*a’ (mod p). 3Havnr,
2% (mod13) = 2™ (mod13) = 7(mod13).

Paccmotrpum cpaBHeHue:
ax =b(modm) (2)
[Tox pemienneM 00OTO CpaBHEHUS MOHUMAETCS KJIAcC BBIYETOB MO MOAYIIO M, OAHH
3JIEMEHT KOTOPOTo (a 3HAUUT U BCE) YAOBIETBOPAIOT JAHHOMY CPaBHEHUIO. PemnTh cpaBHEHME —
3HAYUT HAMTHU Bce X, KOTOPbIE YAOBJIETBOPAIOT JAHHOMY CPAaBHEHMIO, NP 3TOM BECh KJIacc
BBIUETOB I10 MOJYJII0 M CUYUTAETCA 32 OJHO PELICHHUE.
IIpumep 11.

CpasHenne 5-0if crerern: X° + X+1=0(mod 7).

Krace BbraeroB s m=7:0,6. JIaHHOMY CPaBHEHUIO YIOBJIETBOPSIOT: X, = 2,X, =4, TaK
kak 35 =0(mod7) u 1029 = 0(mod 7). Takum 06pa3oM y JAHHOTO CPABHEHHUS €CTh JIBA PELICHHUSL:
35=0(mod7) u x, = 4(mod7).

EcrecTBenno, meron mepebopa 3aTpyaHuTeneH. B ciydae cpaBHeHHMs NEpBOH CTENeHH
ecimn HOJ/[(a,m) =1 pelnieHue o3HadaeT OThICKaHUE LENbIX U,V Takux, 94To: au+Mmy =1, To ecTh
au =1(modm). U —3To o6paTHBIil K & MO MOMYIIO M 3IEMEHT.

12c6—60

Ymuoxkum (2) Ha U: aux = bu(mod m). C yugerom au=1(modm) momydaem:.
x = bu(modm) ©)

3Ha4YnT, CpAaBHEHHE NIEPBOI CTETIEHN MMEET OJHO PEHICHHUE 110 MOAYIII0 M .

Ecmu s)xe HOJ{(a,m) =d, To as pelieHus cpaBHeHUs (2) HeoOXoauMo, 4yToObl d e
b 6e3 ocrarka. [Ipu 3TOM cpaBHeHue OyneT uMeTh O pemeHui: X, X, +M,..., X, +(d —1)m.

IIpumep 12.

Pemntes ypaBaenue 111x = 75(m0d 321).

HOHI (a, m) = HO/[(111,321) = 3. Tloatomy 1o cBoiicTBy 11,7,8 ¢yHKIIMU CpaBHEHHE:
37x = 25(mod107). Jlanee 151 peleHus cpaBHEHHS MOKHO HCTIONb30BaTh JIBA TIOIXOIA:
1. Anroputm EBknuaa (mpumMeHsieTcs Mpu HEOOMBIIUX M U HAXO0XAeHU U au = l(mod m))
2. Cnoco0 Ditnepa.

Paccmotpum anroputm EBKimMaa Ui HaXOXKACHHUS HaWOONBIIETO OOIIETro AeTUTeNs
HO/[(a,b).

BrimonHum criefyromniye AeIeHus C OCTaTKOM:

a=bg,+r,0<r<b

b=rg,+r,0<r, <1,

n=r0,+r0<r<r,

2 =laly + 1, 0< h <Tha

nn—l = rnqm—l'
Torna HO/(a,b)=HOHA(b,r,)=HO/A(r,,r,)=...=r,. To ect» HOJ/J(a,b) pasen
HOCTIEAHEMY OTJIMYHOMY OT HYJIs OCTaTKy B anroputMe EBkinupa.
IIpumep 13.
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Haiinem HOJJ(1234,54) .

Pewenue.

1234 = 54 . 22 4+ 46
M= 4614+ 8

d6 = 8.5+ 6
B=6.14+2
=2 -324+10

3uaunt, HO/[(1234,54)=2.
Ecny MBI XOTHM HalTH IMHENHOE pasnoxkenue HOJa: I, =au+bv , to mamo ocrarku T,

BBIPAXKaTh JAPYT YEPE3 APyra:
r,=2=8-6=8-(46-8-5)=(54—46)— (46— (54 —46)-5)=
— (54-[1234-54.22) (1234 - 54 22] (54 [1234 —54.22)) -5)=
_ _7.1234+160-54

IMpumep 14.
Pemum ypasuenue 111x = 75(mod 322).

HO/Z(111,322) =1.

Haitnem nuneiinoe paznoxxkenne HO/[’a: au+mv =1:

322 = 111 - 2 + 100

111 = 100 -1+ 11

W00 =119 +1

11 =111

r,=1=100-11-9=100-(111-100)-9=

-[22-111-2)-fua-fs22-111.2) 0

=10-322-29-111

3HauuT, v=10,u=-29. ITo dbopmye 3):
X = 75-(~32)mod 322) = —2175(mod 322) = 79(mod 322). TIposepuM, NeHCTBHTENBHO JH TaK:

111-79mod322=79.
IIpumep 15.
Pemnm ypaBHenue 111x = 75(mod 321).

Peuwenue.

HO/[(111,321) =3. Tlomywaem: 37X = 25(mod 107). Haiimem nuHeitHOe pa3iokKeHHE

HOMD’a: au+mv=1:

107=37-2+33

37=33-1+4

33=4-8+1

4=4-1

r =1=33-4.8=33-[37-33]-8=(107 -37-2)-[37 - (107-37-2)|- 8=
=9.107 - 26-37

3HaunT, U=-26,v=9.

TMomyqaercs, 4To X, = —26 - 25(mod107) = 99(mod107).

x, =99(mod 321), x, = (99 +107)(mod 321) = 206(mod 321),

" :
CXOJHOE pelLIeHne X, = (99+2 .107)(m0d 321)= 313(mod 321)

Teopema 1.
Iycts m>1, HO/(a,m) =1. Torna cpasuenue (2) umeer pemenue (3), rae u=a” ™™,
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Ilpumep 16.

Pemuth cpaBHEHUE 7X = 3(m0d 10).

HOJ/(7,10) =1, ¢(10)=4.

3uaunt: X = 3-7°(mod10) =1029(mod10) = 9(mod10).

OTtpunareTbHBIM MOMEHTOM 3TOTO METOJ[a ABJISETCS TO, YTO HEOOXOIMMO BO3BOJUTH & B
CTEIIEHb.

Yucrno a, B3auMHO Tipoctoe ¢ MmoayieM M (HOJ (a, m) =1), NpUHATEKUT MTOKA3ATEIIO

n _
N, eciu N Takoe HauMEHbIlIee HATYPaJIbHOE YHCII0, YTO BBIIOJIHIETCSA CpaBHEHUE: & = 1(mod m)

CBoiicTBa JaHHOIO YHCIIa a .
n-1

1. Yucrma a°,a',...,a MOITapHO HE CPaBHUMBI 110 MOAYIIO N.

2. a'=a'(modm)<t=t'(modn).

3. n pmemutr ¢(m) 6e3 ocraTka.

Yucno, mpuHaJIexkaliee nokasarento ¢(m), Ha3bIBaeTCs MepPBOOOPa3HBIM KOPHEM.

4, [To mro6oMy IpocTOMy MOJYJIIO P CyIIECTBYET NepBOOOPA3HBIA KOPEHb.

5. [Tycte ¢ =¢@(m), 0,,0,,...,0, — pa3Iu4HbIC MPOCTHIC AeNUTeIN yncia C. Yucmno a

, B3aHMHO IIPOCTOE C MOJyJIeM M, OyaeT mepBooOpa3HBIM KOPHEM TOTa U TOJIBKO TOTa, KOTAa

C C
HE BBINOJHEHO HH OJHO W3 CIEAYIONIMX CPABHEHMIA: aAl =1(modm), aA2 =1(modm),...,

2% = 1(modm).

Teopema 2.

Ecimu P —HedyeTHOE MPOCTOE YHUCIIO, TO 110 MOAYJIAM BHIA p“u2-p* (k=1) CYLIECTBYIOT
nepBOOOpa3HbIE KOPHH.

IIpumep 17.

m=7, c=¢(7)=7-1=6. IIpoctsie nenmurenu C: 2 u 3. 3HAYUT, IEPBOOOPA3HBII KOPEHB
d HC NOJKCH yHOBJICTBOPSTH CPABHCHHUSAM: a’= 1(m0d 7) ua’= 1(m0d 7). Uucna, B3aUMHO
mpocteie ¢ M: 1, m—1.

IIpoBepum ux:

2°(mod7)=1 -

3*(mod7)=6
=2

3%(mod 7)
4*(mod7)=1-
5%(mod7)=6
52(mod 7) = 4

3Ha4uT, NepBOOOPA3HBIMH KOPHSIMU IO MOAYIIO M =7 SBIAIOTCS 3 U 5.
Tposepum BhimonHenne cpasuerns: a’™ =1(modm). 3° =1(mod7), 5° =1(mod7) —
BEPHO.

Takum o6pa30M, 6blUEMOM YUucia a no ManJZiO M Ha3bIBACTCS OCTATOK OT ACJICHHUS a HAa M
s OMpeaACIICHNA BUAHO, YTO BBIYCTHI CBA3AHbI C ACJTICHUCM C OCTATKOM.
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Pa3nenuts HaTypaJibHOE YKCIIO @ Ha HATYPaJIbHOE YMCIIO D ¢ ocTaTKOM O3HAa4YaeT yHalTH

HCOTPULATCIILbHBIC YUCJIa [IBA YUCJIa U T, IPUYUCM I’ <b TAaKUC, YTO BBIIIOJIHACTCA paBCHCTBO

a=qb+r
Tak nyst unicen 187 1 12 cooTBeTCTBYIOT ABa umcia 15 u 7, rakue, uto 187=15-12+7. 310

PaBEHCTBO 4YacTo 3anuckiBaeTcs B Buae 187:12 = 15(ocrt. 7).

Hammmewm Ha3BaHUSI KOMIIOHEHTOB JACJICHHUA C OCTAaTKOM:
a — genumoe, b- 1enuTenb, - YaCTHOE, I — OCTATOK.
PaccmoTpum enie npuMepst:

a=-12, b=8 ® -12=(-2) - 8 +4, q=-2, r=4
a=-324,b=-15 ® —324=22-(-15)+6 q=22, r=6
a=4, b=10 ® 4=0-10+4 g=0, r=4
a=12, b=4 ® 12=4-3+0 qg=4, r=0

Yucno a genures Haneno Ha b, ecnu ocratok r =0 wmm, a = Qqb. .Ilpuuem oTHOMICHHE

«IEeNUTHCA Ha 1eJ0» 0003Hadaerc .

Hac.

NS

Teopema. Eciu @ u b nensarcs Ha ¢, To npu o0bix menbix K 1 j cymma ka + jb nenures

3aganue
Haiitu takoe umciao d /1, Ha kortopoe menarcs yucia 6n + 5u 91 + 2. Ilpu xakom
3HAUEHUU A. 3TO JIEJICHHE BO3ZMOKHO?
Jns cremenu  y=2n (N—HaTypaJibHOE YHCIO) YCTaHOBUTHh KJIACcChl CPAaBHHUMOCTH.
Y CTaHOBHTH 3aBUCHMOCTH TIOCTICIHEH UG PBI ITON CTEIICHU OT €€ TIOKa3aTells.

o 402
Haiitu octatok ot JCIICHUA 7 Ha 73.

KoHTpoJibHBbIE BOPOCHI
Yro Takoe BeIUCT?
Yro Takoe MOAYIb?
Kaxk maittu HOJI?
Kak naittu HOK?
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KPUTEPUU OLIEHKH PABOT

OueHKa «OTINYHO» BBICTABJISIETCS, €CIH

® [paKTUYecKas paboTa BBHINOJHEHA IOJHOCTHIO; B JIOTHUECKUX PACCYXKACHUSAX U
000CHOBaHUHU PEIICHUS HET MPOOEIIOB U OMIKOOK;

® B pCIICHUM HET MaTeMaTHYeCKUX OIIMOOK (AOMYyCTUMBI HEKOTOpbIE HETOYHOCTH,
OIMCKHU, KOTOpasi HE SIBJISETCS CICACTBUEM HE3HAHUS WM HETIOHUMAaHHS Yy4eOHOTO
Marepuana).

OTMeTKa «XOpOILI0» CTABUTCSH, €CIIN

e paboTa BBIOJHEHA MOJIHOCTHIO, HO 0OOCHOBAHUS IIATOB PELICHUS HEAOCTATOUHBI (€CIIN
yMeHHEe OOOCHOBBIBATH PACCYXKIEHUS HE SBISUIOCH CIEUUATbHBIM OOBEKTOM
IIPOBEPKN);

e JIOmNyIIEHA OJHA OIIMOKAa WJIM €CTh JBa — TPU HENO0YETa B BBIKJIAJAKAX, PUCYHKaXx,
yepTexxax Wwin rpadukax (eciu 3TH BUIbI padOT HE SIBISUTUCH CIEIHATbHBIM 00bEKTOM
IIPOBEPKH).

OTMeTKa «y/10BJIETBOPUTEIBHO» CTABUTCS, CCIIU:

e JOMyIEHO He Oojee MBYyX OMHUOOK uiu Ooyiee ABYX — TPEX HEIOYETOB B BBIKJIAJKAX,
yepTexkax Wiu rpadukax, Ho o0yyaroniuiicss obmamaer o0s3aTelbHBIMU YMEHUSMU 110
IIPOBEPSIEMON TEME.

OTMeTKa «HEYA0BJIETBOPUTEIHbHO)» CTABUTCSH, ECIIU:

e JIOMYILEHBI CYIIECTBEHHbBIE OUIMOKH, MOKa3aBIlINe, YTO 00yJaromuiics He o01asaer B
MOJTHON Mepe 00s3aTeIbHBIMI YMEHUSMHU 110 TAaHHOK TeMe.

[IpenogaBaTens MOET MOBBICUTH OTMETKY 32 OPUTMHANBHBI OTBET HAa BONPOC HIIU
OPUTHHAIBHOE pEIIeHHE 3aJaud, KOTOpble CBHICTEIBCTBYIOT O BBICOKOM  YpPOBHE
MaTeMaTUYECKOM MOJArOTOBKH 00YyYaroIIerocs; 3a penieHrue 6osee CIoxKHON 3ajauu WK OTBET Ha
0oJiee CIIOXKHBIM BOIIPOC, MPEATIOKEHHbIE 00YJalOMEMyCsl JONOTHUTEIBHO TOCIE BBIIOTHEHUS
UM KaKHX-TH0O0 IPYTUX 3aaHHi.
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HNuTepHeT-pecypcesl

http://www.ru.wikipedia.org CBoOoaHas YHUBEpCaIbHas SHIMUKIIOIIEIUA,
HAIlICaHHAs Ha PYCCKOM SI3BIKE.

http://www.Allmath.ru - 3TO MaTeMaTHUYECKUMN ITOPTajl, HA KOTOPOM Bbl HaWJETE
000 MaTepuall o MaTEeMAaTUYECKUM TUCITUTITMHAM.

http://www.math.ru/ Ha caiTe Bbl HalIET€ KHUTH, BUACO-JICKIIMH, 3aHUMATECIIbHbIC
MareMaTudyeckre (akThl, pa3iMYHbICE IO YPOBHIO W TEMAaTHKE 3aJlauH,
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OT/ICJIbHBbIE UCTOPUU U3 KU3HU YUEHBIX — BCE TO, YTO MOMOXKET OKYHYThCS B
YAUBUTEIIbHBIA U YBIIEKATEIbHBIA MUP MaTEMaTUKH.

http://www.bymath.net DTOT caliT — cpeHssI MaTeMaTUYecKasi MHTEPHET-IIKOJIa, B
KOTOPOM BBl MOYKETE YUYUTHCS, HE BBIXOS U3 IOMY. B OTIMume OT Ipyrux caiton
3leCh COJEpXkKaTcsi BCe HEOOXOAMMbIE MaTepualibl MO  AJIeMEHTapHOM
MaTeMaTHKe B TIOJTHOM O0BEME.

http:/free-math.ru/  JIrobute Marematuky! WMHTepecyliTech MaTeMaTHKOM!
VYBaxaiite maremaruky! Mbl cobupaeM [uisi Bac Toiapko camoe Mose3Hoe u
UHTEpPECHOE. YUUTECh C HAMHU!

www. window. edu. ru ExuHoe oKHO J0cTyIa K 00pa3oBaTeIbHBIM pecypcaM
Poccutickon ®@enepanumu.

http://www.school.edu.ru/catalog.asp Karamor oOpa3oBareibHBIN pecypcoB Ha
benepansaoM «Poccuiickom 00111e00pa30BaTeIbHOM MOPTAJIE.

50


http://www.bymath.net/
http://free-math.ru/
http://www.school.edu.ru/catalog.asp

