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HOACHUTEJBHASA 3AIINCKA

IIpakTryeckoe 3aHsTHe - 3T0 hopMa OpraHU3alUK y4eOHOro mpolecca, peanosararoias
BBINOJIHEHHE OOYYaIOUIMMHUCS MO 3aJaHUI0 M TOJ PYKOBOJICTBOM IPENOAaBaTeNs OJHON WU
HECKOJIbKUX IPAKTUYECKUX paboT.

JlumakTHdeckass Iellb MPaKTUYeCKHX paboT - ¢GopMHpOBaHHE Yy OOYyYarOLIUXCS
npoeCCHOHATBHBIX YMEHHMH, a TakKe MPAKTUYECKMX YMEHHUH, HEOOXOIMMBIX I HU3Yy4EHUs
NOCEAYIOMMX y4eOHBIX IUCIMIUIMH, a TaKXe MOJrOTOBKa K NMPUMEHEHHMIO ITHX YMEHHUU B
npo¢eCcCHOHATILHOM 1A TEIbHOCTH.

Tak, Ha MPaKTHUYECKUX 3aHATUAX 10 MaTeMaTHKE y 00ydarommxcsi GopMHUpPYyeTCs yMEHUE
pewath 3ajadyd, KOTOpPO€ B JajbHEHWIIEM JODKHO OBbIThb MCIIOJIB30BAHO JJISi PELICHUs
npodeCCHOHATBHBIX 33a4 O CIEUUATbHBIM JUCIUIUINHAM.

B xome mpaktuueckux paboT oOydaroliuecs OBJIAJAEBAIOT YMEHHSAMM IOJb30BaThCs
UHPOPMALIMOHHBIMH ~ UCTOYHHUKAaMH, paboTaTh C  HOPMATHBHBIMH  JOKYMEHTaMH H
UHCTPYKTUBHBIMU MaTepuallaMH, CIIPABOYHMKAMHU, BBINOJIHATh YEPTEKH, CXEMbl, TaOJIHULIBL,
pemaTh pasHoro poja 3aJaqu, 1ejaaTh BBIYACICHUS.

3azaun, KOTOpPbIE PEIIAIOTCS B X0J1€ IPAKTUUECKUX 3aHATHI 110 MaTEMaTUKE:

1) pacimupenue U 3aKperuieHue TeOpeTHUECKUX 3HAHUH 110 MaTeMaTHKe, NOJYyYEHHBIX B
XOJI¢ JICKIIMOHHBIX 3aHSITHH;

2) popMupoBaHue y 00ydaroUxcs IPAKTUYECKUX YMEHUI U HaBBIKOB, HEOOXOAUMBIX JJIs
YCIEIIHOTO peuIeHus 3a/1a4 110 MATEMATHKE;

3) pazButue y oOydaroumxcs HoTpeOHOCTH B caMOOOPa30BaHUM U COBEPILEHCTBOBAHUU
3HAaHUM U YMEHHI B IIPOLECCE U3YUECHUS MaTEMAaTUKH;

4) hbopMupoBaHie TBOPYECKOIO OTHOILIEHHS M UCCIIEOBATENILCKOrO MOAX0/1a B IIpoliecce
WU3Yy4EHUSI MaTEMAaTUKH;

5) ¢opmupoBanue mnpoeccuoHalIbHO-3HAUMMbIX KadecTB OyIyLIero creruagucra M
HABBIKOB MPUJIOKEHUS MOITYYEHHbIX 3HAaHUH B NpoeccuoHaIbHOM cdepe.



KAPTA TIPAKTUYECKHUX PABOT

Tema Kypca

IIpakTnyeckas pabora

Tema 2.1. Bextopsbi.
JIuHeiiHbIe onepanu Haj
BEKTOpaMHU

[TpakTiaeckast paborta Nel «JleiicTBHs HaJl BEKTOpaMI)»

[Tpaktrueckas padota No2 «JIuHeliHast 3aBUCUMOCTh
BEKTOPOB»

Tema 2.2.IIpsmas nuHus Ha
IIJIOCKOCTH

[Tpaktuueckas padota Ne3 «PaznuyHbie ypaBHEHUS MIPSAMON Ha
MJI0CKOCTH. B3anMHOE pacnosioxkeHue IBYX NPSIMBIX)»

[Ipaktuueckas pabora Ned «VYroam Mexay NOpSIMBIMH.
PaccTosiHHE OT TOYKH 10 IPSIMOM»

Tema 2.3 IIpsimast ¥ II0CKOCTh
B IIPOCTPAHCTBE

[Tpaktuyeckas padora Ne5 «I111ocKOCTh B TPOCTPAHCTBE

[Tpaktuueckas padota Ne6 «IIpsimast B mpocTpaHCTBE.
B3auMHoe pacnosnoxxeHue npsiMon u MmiI0CKOCTH B
IPOCTPAHCTBE»

Tema 2.4 Kpussie BToporo
nopsiika

[TpakTuyeckas padora No7 «Pemenne 3a1ad Ha HaXOXKJICHHE
KaHOHUYECKOI'0 YPaBHEHUS 3JUIMIICA, FUIIepOo0IIbl U Tapaboiibl U
UX MCCIIEIOBAHHUE)

Tema 3.1 Onpegenuren.

[TpakTiueckast pabota Ne§ «Brruncnenue onpenenurencit
TPETHETO MOPSAKA PA3TUIHBIMU CITOCOOAMI)

Tema 3.2 Matpuisl.
Onepanuu Haja MaTpULIAMHU, UX
CBOMCTBa

[Tpaktrueckas padora Ne9 «Omnepanuu Hal MaTPUIIAMHU, UX
CBOMCTBAY

Tema 3.3 Pemenue cucrem
JINHEMHBIX YPaBHEHUH

[TpakTuaeckast padota Nel() «PenreHne cuctem TUHEHHBIX
ypaBHeHUM MetooM ['aycca»

[TpakTaeckast pabora Nell «3amuce u penieHne CuCTeMBI N-
JTUHEHHBIX YpaBHEHUN B MaTpuuHOi popme. [IpaBuiio
Kpamepa»

[TpakTrueckast pabora Nel2 «BekTtopHoe u cMelIaHHOe
IIPOU3BENICHUS] BEKTOPOB)»

Tema 4.1 YnciieHHbIe METOIBI
ayreOpbl

[TpaxTiueckas padota Nel3 «tepaninoHHbIE METO/IBI PEIICHUS
HEJIMHENHBIX YPaBHECHUIN

Tema 4.2 YnciieHHbIE METOIBI
B TEOPUU MPUOIKEHUI

[TpakTrueckas padota Nel4 «Mcnonas3oBanue
MHTEPIOJSIIMOHHBIX MHOrOwIeHOB Jlarpanxka u HeroToHa npu
PELICHUH 3a7au»

Tema 5.1 Beenenue B
MaTEMATUYECKUN aHAJIN3

[TpakTnyeckas padora Nel5 «JlelicTBus HaJl KOMIIEKCHBIMH
YHCJIaMU B TPUTOHOMETPUYECKOM U MOKa3zaTeabHOU (hopMax»

[TpakTnyeckas pabora Nel6 «Pemienue 3a1a4 Ha BBIYMCICHHUE
npejena Mocje10BaTeIbHOCTU

Tema 5.2 I[Ipenen n
HENpPEepPBIBHOCTH QYHKITUH
JEHUCTBUTEIBLHON IEPEMEHHOU

[TpakTtuyeckas pabora Nel7 «Pemienue 3a1a4 Ha BBIYMCICHHUE
npenenoB. HenmpepbIBHOCTh QyHKIIMI

Tema 5.3 J[luddepennuanpHoe
WCYHCIICHUE

[TpaxTiueckas padota Nel8 «Brruucienne npou3BOJHBIX C
MCIOJIb30BaHUEM ITPaBUII U epeHITUPOBAHUS»

[Tpaktuyeckas padora Nel9 «IIpon3BoHbIE BBICIINX
nopskoB. OObIKHOBEHHbBIE U] epeHInaTbHbIe YPaBHEHUS»

[Tpaktuyeckas padora Ne20 «/luddepenunanbabie ypaBHEHHS
IIEPBOTO MOPSAIKA»

Tema 5.4 nTerpansHoe
HCUYHUCIICHUE

[TpakTuyeckas padora Ne21
«Pemenue 3a1a4y Ha BeIYHMCIIEHUE TIEPBOOOPa3HOM 1
HEONpeAeNEHHOr0 HHTErpaiay

[TpakTnueckast paborta No22




«Perenune 3a1a4 Ha BBIYHCICHUE ONPENEIIEHHOTO HHTErpaa.
[Tpumenenue popmyibl JIeOHUIIA IsT BEIYUCICHUS
ONpeeIEHHBIX HHTEIPAIOBY

Tema 6.1 DneMeHTEI

[TpakTuueckas padota No23

KOMOWHATOPUKH «Pemnienue 3a1a4 Ha npuMeHeHne GOPMYIT KOMOMHATOPHKIY
Tema 6.2 DneMeHThI TEOPUH [TpakTuueckas padora No24
BEPOSITHOCTEN «CnyyaiiHble coObITUS. MeTO/bl BEIUMCIIEHUS BEPOSITHOCTEN)

Tema 6.3 MeToanl
MaTEMATUYECKO CTaTUCTUKHA

[TpaxTrueckas padota No25
«Bp16opka u e€ npencrasinenue. CTaTHCTHYECKOE
OLICHUBaHHE»




COAEPKAHUE NIPAKTUYECKUX PABOT

IpakTnyeckas padora Nel
«JleficCTBUA HAl BEKTOPaMM»

ueﬂb: (bOpMHpOBaHI/Ie HaBBIKOB BBIITOJIHCHUA onepaunﬁ Haa BEKTOpaMH UM BBIYHCIICHHA
MOAYJIA U CKAJIAPHOTO IMPOU3BCACHUA BEKTOPOB.

TeoperuyecKkue cBeJAeHUA
OTpe30K Ha3bIBACTCS HANpAasleHHbIM, €CIU OJAUH M3 €ro KOHIIOB CUMUTAETCS HadyalloM
0Tpe3Ka, a APYroil — ero KOHIOM.
Bexmopom wa3bpiBaeTCs HampaBJICHHBIM OTpe30K. BekTop, 3agaHHON mapoit (A; B)

HECOBIAJIAIOIIUX TOYeK, 00o3HauaeTcsi cumBosioM AB . Touka A Ha3bIBaeTcsi Hauanom, a TOUYKa
B - konyom BexToOpa.

Paccrosinue | AB | HasbiBaeTcs auHO# (Moaysiem) BekTopa AB .

BCKTOp ATA\, KOHIIbI KOTOPOI'0 COBHAAAIOT, HA3LIBACTCA H)J1€6blM B6EKNOPOM. I[JII/IHa
HYJICBOI'O BECKTOPaAa paBHa HYJIIO.

,Z[Ba BCKTOpAa HA3BIBANOTCA KOJIJIUHEeApHbIMU, CCIIA OHM JICKAT Ha OJHOM WX Ha
mapaJuiCJIbHbIX IMPAMBbIX. HYHGBOﬁ BCKTOP CUHUTACTCS KOJJIMHCAPHBIM J'IIO6OMy BCKTODY.

CKCIJZflprlM np0u36eOeHueM JABYX HCHYJICBBIX BCKTOPOB HA3bIBACTCA 4YHCIIO, PAaBHOC

— — N
MPOM3BEACHUIO JUTMH ATHX BEKTOPOB Ha KOCUHYC yIila MEXJy HUMU: a-b = |é| . ‘b‘ . Cos(é, bj .

—

Cranspnoe npouseedenue sexmopos a =(x;y,) u b=(x,;y,) BeIpaxaercs uepes nx
koopounamul o popmyne a-b =X X, +VY,Y,.

Veon meacody osyms eexkmopamu a :(Xl; yl) u 5=(X2; y2) HaxoJuTcst o ¢opmyie

N X X, +
cos(a, bj: = = 22 yliz =
\/Xl +Y '\/Xz +Y,
Ecimu otpesok AB paspenen Toukoir C B ornHomennn AC:CB=A4, To xoopauHaThI
touku C HaxomsTcs mo hopmyiam
o XatMe o YatAYe
1+ 7Y 14
Eciu A =1, To nmonydarorcst opMyJIsl U HAXOXKIEHHUST KOOPIHHAT CEPEANHBI OTPE3Ka:
— XA + XB — yA + yB

¢ 2 ¢ 2
IIpumep
3aganue: Otpe3ok, koHIbl KoToporo A(-11;1) u B(9;11), pa3znenen B oTHomennu 2:3:5
(ot A x B). HaiiTu Touku nenenus.

Pemienne: O603naunm Touku aenenust or A k B wepe3 C u D. Ilo ycnosuio X, =—11,
Xg =9, y,=1, yg=11 u AC:CD:DB=2:3:5. Ttorma C pemur AB B oTHOmEHUH

goAc 2 2o b o sllu
CB 3+5 8 4 1+% 1+%

obpazom Touka C umeeT KoopauHathl (-7;3).

TaKMM



-11+9 _
2

Touka D cimyxut cepenunoit AB, nmosromy X, =

3aganusa
Haiinute koopaunaTel Bektopa AB , ecm A(— 2;—3), B(1;4).

Touxa C(2;3) nenut AB B otHomieHnuu 1:4 (ot A x B). Haiigute Touky A, eciu B(-6;-1).
Haiinure Touky M, paBHOYJaJICHHYIO OT OCEH KOOPJAMHAT M OT JaHHO# Touku A(4;-2).

Berumcute yron Mexay Bektopamu a = (—3;4) u b = (4;3).

Jlansr Bextopel @ =(2;3;-1), b =(014) u C=(L0,-3). Omnpenemure KOOpIMHATHI

BEKTOpA: a) 2a—b-2c;
0) a—b-3c.

Haiinure ckansipHoe mpou3BeieHue BEKTOPOB a = (2;4) ub= (4;1) .

Boraucnure K u |, ecu:
1) 3i+5j=ki+(2+1) j;
2) (k+1-2)-i=(2k-1)j;
3) (2k —1-1)-i—(3k +1+10)- j=0;
4) ki+lj :(I +1)-i—(k—1)- J.
Haiinure ckaisipHOE IpOM3BEACHUE BEKTOPOB:
1)i-2j+k u 21 +Kk;
2)2j+3k mi—j—2k;
3)2i—j—k m4i—-3j+5k;
4) 6i+4k u 2i—j.
Bomnpocel 11 CaMOKOHTPOJISA

Jaiite onpeneneHue BEKTOpa.

Uto moHMMaeTcs Mo ATMHON WM MOJTyJIeM BeKTopa?
Kakue BEKTOpBI Ha3bIBAIOTCS KOJUIMHEAPHBIMU?

Uro noHrMaeTcs o MPOU3BEIEHUEM BEKTOpA Ha YUCIIO?

D(-1;6).
1.
2.
3.
4,
5.
6.
1.
8.

1.

2.

3.

4,

5.

©ooNe

Uto Ha3bIBaeTCS CYMMOﬁ BeKTOPOB? Kakue ImpaBujia HaAXOXIACHUA CYMMBbI BCKTOPOB

CYILECTBYIOT?

Yto Ha3bIBaeTCA Pa3HOCTHIO IBYX BeKTOpOB? Kak MMOCTPOUTH PA3HOCTDb ABYX BeKTOPOB?

JatiTe onpeneneHne CKaIsIpHOTO MPOU3BEICHHUS IBYX BEKTOPOB?

ITo kakoit popmyiie BEIYUCISETCS CKATSIPHOE POM3BEICHUE B KOOpAMHATAaX ?
ITo xakoil popmysie BBIYUCIAETCS Yroil MEX/y JIByMsl BEKTOpaMU B KOOpJAUHaTax?

IpakTnueckasi padora Ne2

«JIuHelHas 3aBUCUMOCTH BEKTOPOB)

Hean: dopmupoBaHre HABBHIKOB HCCICIOBAHUS CHCTEMBI BEKTOPOB Ha JIMHEHHYIO
3aBUCHMOCTb, OTIpe/ieJIieHus 0a3rca CUCTEMBbl BEKTOPOB U Pa3lIOKEeHUS BEKTOpa 1o 6aswucy.

Teoperuyeckue cBeJACHUA

IlousaTrs TUHEHHON 3aBUCHMOCTH 1 HE3aBUCHMOCTH CHCTEMEI BCKTOPOB SABJIACTCA OYCHDb
BA>XKHBIMU IIPpU U3YYCHHUU am“e6p51 BCKTOPOB, TaK KaK Ha HUX 633pr10Tc;1 IMOHATHA pa3MCPHOCTU

u 6a3uca MpocTpaHCTBa.



PaccmotpuM Habop W3 P N-MEpPHBIX BEKTOPOB, 00O3HAYMM HMX CICAYIOIIMM 00pazoM

1 2
a }sﬂ{ }5”_5 a®’
. CocTtaBuM JIMHEHHYI0 KOMOMHAIIMIO STHX BEKTOPOB M MPOU3BOJIBHBIX YHCEI
7 1 7 (1 12) (z)
R I N A-at+ A4, -a +.,.+Ap-a
s £ (nefCTBUTENbHBIX WA KOMIUIEKCHBIX ):

OTTaNKuBasICh OT OIpeCaACIICHUA onepauﬂﬁ HaJ N-MEPHBIMU BEKTOpPAMH, a TaK XK€ CBOICTB
0H€p3,L[HI>i CJIOKCHHUA BCKTOPOB M YMHOXCHHS BCKTOpAa Ha 4YHCJIO, MOXHO YTBCPXKIAATb, 4YTO

3anvcaHHas JUHEHHas KOMOMHALUS MPEICTABIsIeT OO0 HEKOTOPBI N-MEpHBIH BEKTOP b , TO
9 1 q {2} q |
Aral+ a4 A, aft =b

eCThb, .

Tak Ml moaouuIn K OIpCACICHUIO JIMHEMHOW 3aBUCUMOCTH CHCTEMBI BEKTOPOB

al.a? . g

Ay -a{1}+2,2-a{2}+.,.+ﬂup-a{"}

Ecnu nuneinas KOM6I/IH8.I_II/I$I MOXKCT IIPCACTABIIATH

. . Ane e e A
CO6OI/I HyJ'IeBOI/I BCKTOp TOorga, Kkorga Cpe,I[I/I qucel - =" ) E C€CTh XOTHA 6BI OAHO, OTJIMYHOC

al.a? . g

OT HYJIA, TO CUCTEMA BEKTOPOB Ha3bIBACTCS JIMHEHHO 3aBHCHUMOI.
1) (2) ()
A-at+ A -at+ L+ A -a”
Ecnu nuneliHas xoMOuHALMS MPEJICTaBISICT COOOM
HYJICBOU BCKTOP TOJIBKO TOrAa, KOrJla BCC YHUCIIA B = ppaBHbI HYJIFO, TO CHUCTCMa

PNC

BEKTOPOB Ha3bIBACTCS JIMHEHHO He3aBHCUMOM.
Ha ocHOBaHMM aHHBIX OIpeneNeHu, chopMynupyeM U JOKaxeM CBOHCTBa JIMHEHHOH
3aBMCHMOCTH U JINHEHHON He3aBHCHUMOCTH CUCTEMBI BEKTOPOB:

av.a? . g

1. Ecim x IMHEHHO 3aBUCUMOM CHCTEME BCKTOPOB ,Z[O6aBI/ITB
HECKOJIBKO BEKTOPOB, TO IMOJYUCHHAs CUCTEMA 6y)1eT JINHEMHO 3aBUCHUMOM.
1y {2} (p)
! a—.P.

a.a ...
2. Ecmm w3 nuHEHHO HE3aBUCHMOM CHCTEMBI BEKTOPOB UCKITIOUYUTH
HECKOJIbKO BEKTOPOB, TO MOJyYEHHas cucTeMa Oy1eT TMHEHHO HEe3aBUCHMOIA.
{1 02 ir)
a:‘a:‘.,.:‘ap
3. Ecmu B cucreme BEKTOpPOB €CTb XOTsI Obl OJTUH HYJIEBOU BEKTOp, TO

Takas CUCTEMa JUHEWHO 3aBUCUMAas.

a{l},a{z}, a®!

4. Ecnm cucrema BEKTOPOB JUHEWHO 3aBUCHUMa, TO XOTs ObI OIMH U3
€€ BEKTOPOB JIMHEHMHO BBIPAXKAETCS 4Yepe3 OcTalbHble. EciM cucTteMa BEKTOPOB

av.a? . g

JIMHENHO HE3aBUCHUMA, TO HU OJHWH M3 BCKTOPOB HC BBIPAXKACTCA
4€pe3 OCTATIBHBIC.
a y-d 4
Takum o0pa3oM, eciu cucTeMa BEKTOPOB COJEPKUT BEKTOPbl U , rme ' —
IMMPOU3BOJIBHOC YUCII0, TO OHA JIMHEHHO 3aBHCHMA.
[Tycth TpeOyercst yCTaHOBUTH JIMHEWHYIO 3aBHCHUMOCTh WJIM JIMHEHHYIO HE3aBHCHUMOCTH

al.qa? . g®

CUCTCMbI BEKTOPOB



OHpCI{CJ’ICHI/Iﬂ M CBOMCTBA ITO3BOJISIOT YCTaAaHOBUTH HHHeﬁHy}O 3aBUCUMOCTh CHCTCMBbI
BCKTOPOB B CIICAYIOIHUX ClIydadX:

1. KOT/1a XOTS ObI OTMH U3 BEKTOPOB CUCTEMBI SIBIISICTCS HYJICBBIM;
2. KOTJ]a CUCTEMa BEKTOPOB COJICPXKHUT J[BA UJIM 00Jiee PaBHBIX BEKTOPA;
.
3. KOTJ]a CUCTEMa BEKTOPOB COJIEPKHUT MPONOPIIMOHAILHBIE BEKTOPHI (| );
4. KOTJa JOCTaTOYHO OYEBHIHO, YTO OJUH U3 BEKTOPOB CHCTEMBI JMHEHHO

BBIPAKAETCS YEPE3 HECKOIIBKO IPYrUX.
CoctraBuM Marpully A, cTpokamMu KOTOpOW OyIyT BEKTOPBI HCCIEIYEeMOH CHUCTEMBI

(1) (2} (r)
a’.a, ..., a*
r 0 "
a a, a’ |
J a a,”’ a,
s I
a’®’  alF a¥’ )

Hcnonp3yeM 151 UCCIIEOBAHUS CUCTEMBI BEKTOPOB Ha JINHEHHYIO 3aBUCUMOCTb TEOpeMy
0 paHre MaTpUIbl:

r < min (p, n)

IIycTs I — panr maTpuus! A opsaka p Ha n, . Ilycts M — 0a3ucHbIil MUHOD
matpuilsl A. Bee cTpoku (Bce cTonOubl) MaTpulibl A, KOTOpble HE Y4acTBYIOT B 00pa3oBaHUU
0a3ucHOro MuHopa M, TMHENHO BBIpa)KatoTCs Yepe3 CTPOKH (CTOIOLIBI) MAaTPULIbI, TOPOKAAIOIINE
0a3ucHBI MUHOD M.

N3  4gerBeproro  CBOMCTBA  JIMHEWHOW  HE3aBUCHMOCTH  CHCTEMBI  BEKTOPOB

Fe

as L a”
CIeNyeT, 4TO HU OJMH H3 BEKTOPOB CHUCTEMBI HE BBIPAXKACTCA 4Yepe3

OCTaJbHBIE, T.€. HU OJHA CTpOKa MaTpuipl A He OyJeT JMHEWHO BbIpa)XxaTbCsl yepe3 Apyrue

114 o
|_1_.' L)

.
e
ac L at

ad
CTPOKH, CIIeIOBATENILHO, JUHEHHAST He3aBHCHMOCTh CHCTEMbI BEKTOPOB
OyaeT paBHOCcHJIbHA yeaoBuio Rank(A)=p.
Ecnu xoTs ObI 0/1Ha CTpOKa MaTpHIlbl A OyIeT THHEWHO BBIPAXKATHCS Yepe3 OCTaIbHbIE,
1y A2

1, = _.'

a,a,....a
JUHEHHAs 3aBHCHMOCTH CHUCTEMBI BEKTOpPOB 6y11eT PAaBHOCHJIbHA

yeaoBuio Rank(A)<p.
WTak, 3amaua ucciae[0BaHusI CHCTEMBI BEKTOPOB Ha JIMHEWHYIO 3aBUCUMOCTH CBOJIUTCS K
3aj1aue HaXOXKJICHHSI PAHTa MAaTPHUIIbl, COCTABJICHHOW U3 BEKTOPOB TOM CHCTEMBI.

()

1y {2} ie)
a’.a,....a*
CJ'ICI[yeT 3aMCTHUTB, YTO HpI/I p>n cucremMa BCKTOpOB 6y,£[eT JIPIHCI>'IHO
3aBHUCHUMOIL.
1y {2} ¥
at . a? ... a®
SaMeanne: HpI/I COCTAaBJICHUN ManI/II_[BI A BCKTOpBI CUCTCMBbI MOKHO

6paTL HC B KaUCCTBEC CTPOK, a B KAUCCTBC CTOJ'IGI_IOB.
AJIFOpI/ITM HCCICI0BAHMSA CUCTEMbBI BEKTOPOB Ha ﬂHHCﬁHyIO 3aBUCHUMOCTD
1. Cuauana CJICayCT Y6C,I[I/ITBC}I, 4YTO YHCJIO BCKTOPOB I/ICCHeI[yCMOﬁ CUCTCMBI

i I
(1) 2

&

o
ey
as, L at

a
HE NPEBOCXOJIUT YHUCIa KOOPAMHAT BEKTOpoB. Ecim xe p>n, to

MO>KHO JI€1aTh BBIBOJI O IMHEHHOM 3aBUCUMOCTH.

10



2. IlpoBepsieM, HE COJIEPKUT JIU CUCTEMA BEKTOPOB HYJIEBOTO BEKTOPA, PABHBIX BEKTOPOB,

MIPONOPLUMOHAIBHBIX BEKTOPOB (":lr u 7 ). Ecau Takuie uMer0TCs, TO TakKe JeNaeTcst
BBIBOJ] O JIMHEHHOMN 3aBUCUMOCTH CUCTEMBI.

3. Ecnu aBa npeapaymux MyHKTa aJilfOPUTMA HE MPUBEIH K PE3YNIbTaTy, TO COCTABIISEM
Matpuiy A, cTpokaMHu KOTOPOM SIBIISIFOTCA BEKTOPBI UCCIIETYEMON CHCTEMbI BEKTOPOB

al a? . g

u Haxomaum ee panr. Eciu Rank(A)<p, To cuctema BEeKTOPOB

nuHelHo 3aBucuma. Ecimm Rank(A)=p, To cucremMa BEKTOPOB
JIMHEWHO HE3aBUCUMA.
IMpumepsbl
a=(1.,2.5). b=(4,0,-1). ¢=(0,0,0)
3apnanue 1: Jlana cucrema BEKTOPOB :

Hccnenyiite ee Ha TMHENHYIO 3aBUCUMOCTb.
Pemenue: Tak kak BEKTOp C HyJIEBOM, TO UCXO/IHAs CUCTEMA BEKTOPOB JIMHEMHO 3aBUCUMA

B CHJTy TpeThero cBoiicta. Cie0BaTebHO, CUCTEMA BEKTOPOB JIMHEHHO 3aBUCHMA.
3aganme 2: lccnepyiite cuctemMy BEKTOPOB Ha JIMHEMHYIO  3aBUCHUMOCTb.

a=0,-1.2,0). b={.5,-2.42] c=(3.-3.6.0)

Pemrenne: He cnoxHo 3aMCTUTh, UTO KOOPAMHATHEI BEKTOpA C paBHbI COOTBECTCTBYIOIIUM

a a=3-c
KOOpJAWHATaM BEKTOpa , YMHOKEHHBIM Ha 3, TO €CTb, . [ToaTomy, ucxonnasi cucrema
BEKTOPOB JIMHEHHO 3aBHCUMA.
3aganue 3: SABnsercs M cucTema BEKTOPOB

a=(1,2), bsz:y}: c=(0.e") d=[\/;,l_]

[
JIMHEIHO 3aBUCUMOI?

Pemenue: Ota cucremMa BEKTOPOB SIBISIETCS TUHEWHO 3aBUCHUMOM, TaK KaK KOJUYECTBO
BEKTOPOB B CHCTEME PaBHO 4, a CaMU BEKTOPHI IByMEPHEIE.

1 2 2

3 4 2

3a/1amle 4: JSBmsgercas M cucTeMa BCEKTOPOB JIMHENHO

HE3aBUCUMOI?
Pemenne: IlpuMeM 5TU BEKTOPHI CTOJNOIAMH MATPUIlBI A W HalJeM paHT MOTy4YeHHOU

Martpuilbl MeToioM ["aycca:

102 2y [ 1 2 20
-1 -1 0 ~| -1+1-1 —-1+1-2 0+1-2 =
3004 2) (3+(=3)1 4+(=3)-2 2+(-3)-2)
12 2% (1 2 2 ) {1 2 )
=0 1 2 |~|0 1 2 =0 1 2

0 -2 -4) (0 -2+21 -4+2-2) (0 0 0

CnemoBarenbHo, Rank(A)=2<3, mosTomMy, HCXOAHAs CHCTEMa BEKTOPOB JIMHEHHO
3aBHCHMA.
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3aganue 5: Jlokaxwure, qTO cucreMa BEKTOPOB

et =(1.2,-1,-2.0), e*'=(2.3.0.-2.1)
¢ =(1.2.14.2) &*=(13-1,0.-1)

JIMHENHO He3aBHUCHUMA.
Pemenune: CoctaBuM MaTpHILy, CTPOKaAMH KOTOPO# OYAyT BEKTOPHI JAHHOW CUCTEMBI:

1 2 -1 -2 0

2 3 0 -2 1
A:

1 2 1 4 2

1 3 -1 0 -1

HoxameM, 4TO paHr 3TOH MaTpulbl paBCH KOJINYCCTBY BEKTOPOB HCXO,Z[HOﬁ CHUCTCMBI, TO
€CTb, YCTBIPEM.

Panr naiizem MeT010M OKaWMIISIOIIIMX MUHOPOB.
B kauecTtBe MUHOpa MEpPBOTO MOPSAKA, OTIUYHOIO OT HYJISA, BO3bMEM JJIEMEHT ai1=1

1 2

. . 3
MaTpuibl A. OkalMJISIOIIMI €ro MHHOpP BTOpPOrO MOpsiiKa TaKxXe
OTJIMYEH OT HYJIA.

[TepexoauM K TOMCKY OKaNMJISIFOLIErO MUHOPA TPETHETO MOPSIKA:

1 2 -1
3 0(=13-1+2-0-1+(-1)-2-2-
1 2 1

—(=1)31-2-21-1.0-2=-2=0

Octanoce HaiiTh MHHODP 4YCTBEPTOro IIOPAJKa, OTJUYHBIA OT HYJIA. Brerauciaum
ONIpCACIINTECIIb

1 2 -1 -2
2 3 0 =2
1 2 1 4
1 3 -1 0

[TpubaBuM K mepBOoMy CTONOILY TPETUH, Jajee Pa3IoKUM ONpPEIeTUTeNb 10 dJIEMEHTaM
MEPBOro CTOJOMA:

12



1 2 -1 =2 fh+(=1) 2 -1 =2/ o 2 -1 -2
2 3 0 -2/ |20 3 0 -2 R 3 0 -2
12 1 4| |1«1 2 1 4] p 2 1 4|
1 3 -1 0| i+(-1) 3 =1 0] |0 3 -1 0
2 -1 -2 2 -1 -2
=22 1 4|+2:p 0 -2/=-26+2-8=4=0
3 -1 0 3 -1 0

Takum o00pa3zom, paHr MaTpullbl A paBeH YEThIpEM 4YTO JIOKa3bIBAaeT JIMHEHHYIO
HE3aBUCUMOCTb UCXOIHOM CHCTEMBbI BEKTOPOB.

3ananus
HCCJ’IGI{OB&TB Ha HHHeﬁHYIO 3aBUCUMOCTDb CUCTEMY BCKTOPOB
1) i—j—2k,i-2j+k u 2i+k;
2) 6i+4K,2j+3k mi—j—2k;
3)i—2j+k, 2i—j—ku4i—3j+5k;
4) 2i+k, 61+4K u 2i— j;
5) a=(23-1), b =(0;L4) u € = (1,0,-3).

Bomnpocel 11 caMOKOHTPOJIsSA
1. Chopmynupyiite onpeneieHne TMHEHHON 3aBUCUMOCTH BEKTOPOB.
2. HazoBure cBOWCTBa TUHEHHOW 3aBUCUMOCTH BEKTOPOB
3. KaxoB anroputm ucciaenoBaHusi CUICTEMbI BEKTOPOB Ha JTUHEHHYIO 3aBUCIMOCTh?

IIpakTnyeckas padora Ne3
«Pa3jn4HbIe ypaBHEHHS NMPSIMOM HA INIOCKOCTH. B3aumMHoe pacnoJioxxenune
ABYX NPSAMBIX»

Hean: popMupoBaHe HABBIKOB COCTABIICHHS YPABHEHU TPSMBIX U OMPEICIICHHS UX B3aUMHOTO
pacroIoXeHus

Teoperuveckue cBeieHUs

YpaBHeHHe NPSIMOM HA IJIOCKOCTH
a) Obwee ypaenenue npsamot Ha NIOCKOCMU
VYpaBHenue | creneHn OTHOCUTENBHO X U Y BHAA:

Ax+By+C =0,

rae A, B, C — aucna, mpuem A#0v B#0, HassiBaeTcs 06wum ypaBHEHHEM TIPSIMOi Ha
IJIOCKOCTH

1) Ecmu B=0, to AXx+C=0,rne 4#0 X = —%— ypaBHEHHUE TPSIMOi MapajieIbHOR

ocu OY

C
2) Ecmm A=0, o By+C=0,tne B#0 y= B ypaBHEHUE TIPSAMOM MapauIeIbHOM

ocu OX

13



- 3) Ecrm  C=0, 10 Ax+By=0-— ypaBHEeHHE NpPAMOW
A IPOXOASALIEeH 4epe3 Hayajlo KoOp/iMHAT
Bektop n= (A; B)— HOPMAJIBHBI BEKTOp WJIM HOpMalb
M, MIPSIMOMA.

0) Vpaenenue npsamot, npoxooswen uepe3 OAHHYIO MOYKY,
NepneHOUKYISAPHO OAHHOM) BEKMOPY

ITycts 3aman ﬁ=(A; B) u M, (X Y,), @ M(X;y) — TeKymas Touka npsamoil. Ilo ycimosuro
MoM Ln= MM -n=0. MM =(Xx—%,;y—Y,). Torma A(x—x,)+B(y—y,)=0.

8) YpasHnenue npamoti ¢ yenosvim Kodghguyuenmom
Paccmotpum of1iee ypaBHeHHE IPSIMON U BBIpa3uM Y-

=

Ax+By+C=0;
By =-C — Ax;
oA C
B B
[Tycts _é:k; —Ezb;
B B

Tornma ypaBHeHUE IPUMET BHI:
y =kx+b, rae k — yrnosoii koaddunment npsimoit K =tga , rae o — yron Mexay npsiMoin
¥ TIOJIOKUTENIbHBIM HarpaBieHuem ocu OX.
2) Ypasuenue npsamoii, npoxoosweti uepesz 0ge mouxu
¥ ITycte M. 1(X1; yl) uM, (Xz; y2) IIPUHAJUIEKAT MCKOMOM IIPSAMOM.
Paccmorpum npsimoyrosbHbiit TpeyronbHuk M, M,N. N(X,;Y,).
NM -
tga — 2 _ y2 yl — k
M,N Xx,-Xx

T.x. M, e, 1o Yy, =kx, +b—BepHoe paBeHcTBO. BBIuTeM U3

0 % OJIHOIO paBEHCTBA JIPYroe:
y=kx+b
-y, =kx +b
Y=y, =k(x-x)

— YpaBHEHHME MpPSAMOM, MPOXOIALIEH uepe3 3alaHHYI0 TOYKY IIOA
3a/IaHHBIM YTJIOM.

k Y-V y_y].:yZ_yl
X=X X=X Xy =X,

0) Ypaesuenue npsmoii «6 ompesxkax»
Paccmotpum obGmiee ypaBuenue npsimoid Ax+By+C =0

14



5 Ax+ By =-C|: (-C)
! -C -C
X Yy _
g——="— € '
a A-a B
X Yy .
—+ b =1 — ypaBHeHME NPSAMOI1 B OTpe3Kax
a

e) Kanonuueckoe ypasHnenue npamot

[Iycte m1000# BEKTOp, MapauIeIbHBIA JTAHHOW MPSMOW, HA3BIBACTCS HANPAGIAIOUUM
BEKTOPOM IIPSIMOM.

CocTaBUM ypaBHEHHE NPSIMON, MPOXOASAIIMI Yepe3 3amaHHy TOouky M, (X,;Y,)c
3aJJaHHBIM HaIPaBJISIFOIUM BEKTOPOM _p = (I ; m).
[Tycte M (X;y) — Texymas Touka npsiMoi, Torna MM || p; M M=(X=X;y—-Y,)
X=X —
- o _Y=Yo
I m

ac) llapamempuueckoe ypagnenue npsamoi
PaccmoTpum KaHOHHUYECKOE YpaBHEHHE MPSAMOI U BeAeM mnapamerp t:

X=X _ Y=Y

— KAHOHU4YeCKoe ypasHeHue I’lpflMOI/vl

=t.
I m
X=Xy _
T | t, X =tl+X,, .
oraga — I[MapaMeTpUICCKOC ABHCHUEC IIPSIMOU.
Y=Y ¢ y=tm+y,. P P P P
m

B3aI/IMH06 pacnonomenue l'lpﬂMbIX Ha IIJIOCKOCTHU

1. Iycts @, : AX +By+C,=0, n,=(A;B)
a,: AX+B,y+C, =0, n,=(A,;B,)

< (al’a2)=< (nl’ n,

R B
a) a1||a2©n1”n2<:'>i=_l
A, B,
6)alj_a2<3nlj_n2<:>AlA2+Blezo
X—X - -
2. ITycTh a1:—1=u, d, =(my; py)
m; i
_X_Xz y_yz ~ .
a, . = ) q =(m ap)
2 mz p2 2 2 2

< (al’ a2)=< (q_l’q_z)

15



Pt m P, .
Y a) a1||a2<:>q1||q2<:>—1=—1,

m, P,
0) oy La,<0q, Lg,<>m-m,+p,-p,=0;

3. [ycts o; Y=k Xx+b, Kk =tga

0 x a,: y=K,x+b,. k, =tgp
a) alla, <k, =k,
0) o, La, &k -k, =-1;

IIpumep
3apanue 1: Iloctpouts npsamyro 3x+4y—-12=0.
Pemenne: Haiinem Touku nepeceuenus npssmoii ¢ ocssmu OX u Oy .
Ilycts X=0=4y =12 =y =3= B(0, 3).
Iycts y=0=3x-12=0=3x=12=x=4= A(4,0).
N300pa3um HaliicHHbIE TOYKH HAa KOOPIWHATHOM IUIOCKOCTH M COEIUHUM HX, TaKUM
00pa3om, MoJIy4uM IPSIMYIO 3a/laHHyI0 ypaBHEHHEM 3X +4y —12 =0.

s Y

X
3aganme 2:  IlocTtpouTs npsiMyro > —% =1.
X
Pemenne:  IlepenumieMm ypaBHEHHE B BHUJIE: > + i3 =1, o ectb a=2 u b=-3.

Taxum 00pa3om, MoTydaeM TOUKH A(2; 0) u B(O; - 3), MpsiMast IIPOXOIsIIast uepe3 Touku A u B
ABJISIETCS. ICKOMOM.

w Y

3aganmne 3: CocTaBUTh ypaBHEHHE MPSAMOMU, MPOXOJAIICH Yepe3 Havyajao KOOPAWHAT U
Touky M (2; 3).
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Pemenune:  Bekrop OM = (2; 3) KOJUIMHEAPEeH HMCKOMOM TpsMoi. J[ns cocraBicHHS

(x=%) _(y=¥o)

YpaBHEHHUS MPSAMOI UCMOIb3YeM KAHOHUYECKOE ypaBHEHUE IPSIMOM: = . Takum
m n

obpa3oM, mojcTaBuB B jgaHHOe ypaBHeHnme M=2, N=3, X=0, y=0 mnoxy4uaM HCKOMOE

ypaBHEHHE NIPSIMOU MPOXOASIICH Yepe3 Hauallo KOOpAHHAT 1 Touky M (2; 3):

(x-0) (y_o)@g=%@3x—2y=o.

2 3
3aganue 4: CocTaBUTh ypaBHEHUE IMPSAMOM, NPOXOIAIIEH Yepe3 [aHHYI TOUYKY

M, (3; - 5) Y TICPIICHIUKYJIAPHON JAaHHOMY BEKTOpy N = (4; 2).

Pemienue: IMycte M (X; y) - TPOM3BOJIbHAS TOYKAa HMCKOMOW MpsaAMoil. Bekrtop
MM = (X -3, y+ 5) NCPICHANKYIIAPEH  BEKTOpy N = (4; 2). Tak Kak  BCKTOPBI
NEepPHEeHANKYIISIPHBL, TO MX CKaJSIPHOE MTPOM3BEACHNE PaBHO HYym0, To ecTh N - M M = 0. 3anucas
MIPOU3BE/ICHNE ITUX BEKTOPOB B KOOPAMHATHOU opMe, TOTyIUM:

(4,2)-(x-3, y+5)=0=4-(x-3)+2-(y+5)=0 =
& 4x-12+2y+10=0<=4x+2y-2=0<2X+y—-1=0. VYpaBHeHHE HCKOMOH HPSIMOM
uMeeT Bua 2X+Yy—-1=0.

3aganuna
1. TIpoBepuTh NpPUHAMISHKAT JIA TOUYKU A(3; 14), B(4; 13), C(— 3 0) 5 D(O; 7) psIMOU
7x—-3y+21=0.
2. Tloctpouts mpsimble:
1) x=4; 2) x=-3; 3) y=2;
4) 2x—5y+10=0; 5) 4x+6y—-3=0; 6) g+%=1;
7)§_X=1; 8) _£+X=1; 9) _i_lzl_
5 4 3 2 6 3

3. Tlocrpouth ¢urypy, orpanuuennyro muHusMu X=-2, X=0, y=-3 u y=0.
BbraucnauTs miuomaas 3Toi GUrypsi.
4. TlpeoOpa3yiiTe ypaBHEHUS CIEAYIOMINX MPSMBIX K YPaBHEHHSIM B OTPE3Kax Ha OCAX:
1) 3x—-4y+2=0; 2) X+y-3=0;
3) 2x+3y+1=0; 4) 2x+3y-6=0;
5) 3x—4y+12=0.
5. CocraBuTh ypaBHEHHE NPSIMOH, MPOXO/AIICH Yepe3 Hayauo KOOpIUHAT 1 Touky M (X; y)
1) M(-4; -1);
2) M(5; - 4).
6. CocTtaBUTh ypaBHEHHE TPSIMOW, TIPOXOJAIICH Yepe3 JdaHHYHO TOouky M, wu
HePIICH UK YISPHOM TaHHOMY BEeKTOpY M :
1) M,(-2;-3); ii=(4;5);
2) M, (L; -1); i =(-3;4).
7. Haiitu yron Mex1y NpsSMbIMHU:
1) 3x—4y+2=0u 2x+3y+1=0;
2) X+y—-3=0wu 2x+3y-6=0;

3) 3x—4y+12=0u — =+ =1.
3 2
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Bonpocsl 1y1si cCaMOKOHTPOJIS
Kakoe ypaBHeHHe Ha3bIBaeTCsl OOIUM YpaBHEHUEM IMPSIMO?
Kakoii Bug uMeeT BEKTOPHOE ypaBHEHUE IPSIMON?
Kakoe ypaBHeHUE Ha3bIBaeTCd KAHOHUYECKUM YpaBHEHUEM MIPSAMO?

arONE

HaIlpaBJICHUHU U TPSIMOM, MPOXOAAIICH Yepe3 1BE JaHHbBIC TOUKU?
6. Kaxk uccienoBarh B3auMHOE PACIIONIOKECHHIE MPSMBIX, 33JaHHBIX OOIUM ypaBHECHUEM?

IIpakTnueckas padora Ne4
«¥YT0J Mexkny npsMbIMU. PaccTosinne 0T TOUKH 10 NPAMOIN»

3anumure ypaBHEHHUE NPSIMO B OTpe3Kax M ypaBHEHUE NPSIMOM € YTIIOBBIM KO3(DPULIHEHTOM.
Kako#il BuJ HMMEIOT YpaBHEHHMs IPAMOM, MPOXOIAILIEH 4Yepe3 NaHHYH0 TOUKY B 3aJaHHOM

Lesb: popMupoBaHUE HABBIKOB OMPEACICHUS yIiIa MEXIY IPSIMBIMUA U PACCTOSHHS OT TOUKHU 10

MIPSIMOM.
Teopernveckue cBeIeHUS

Yroa Mexay npsaMbIMU
1. Tycrs o, i AX +By+C, =0, n,=(A;B,)
@, AX +B,y+C, =0, n, =(A,;B,)
<(a1,a2):<(n1,n2)
_ B
Q) alla, sl o
A, B,
6) o, La, <n Ln,<AA +BB,=0

8) cos<(a1;a2)=cos<(n_l;n_2): A-A +B,-B,
\/Aiz"'Bl2 '\/Azz"'Bz2

1 q_l :(ml; pl)

X=% _ Y-V,
m, P,
:X_Xz _Y=Y

2. Ilycts a

q_zz(mz; pz)

T m _p,.
a) o ||a, < o -Lt="
) alla, <, 4, m " p,
Y 0) oy La, <0, Lg,<m-m,+p,-p,=0;

m-m,+p, P,
2

6) cos<(al;a2)=cos<(q_l;@)= Ttro Joiss
1 1 2 2

3. [ycts ay; y=kXx+b, k =tga
a,:y=k,x+b,. k, =tgp

a) ajlla, <k =k,

0) a, La, <k -k, =-1;

tgf-tga _ k,—k
t =t — = =
) 07 =19(f~a) 1itga tgf  L+k, -k,
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Paccrosinue 0T TOUKH 10 NPAMOii
Iycts L:Ax+By+C=0, M,(X,;Y,)

Haiinem paccrostuue ot Touku Mo o L. Paccrosinue ot Touku Mo 110
npsaMoii L —3To JuiMHa neprnesauKyispHa, onyieHHoro u3 MoHa L.
obozHaunm ero d. Ilycte M 1(X1; yl) npou3BoaHas Touka L.

d= ‘”PHW‘-

np—mz Wﬁ _ A(Xo —X1)+ B(yo _yl): AX, + By, —Axl—Byll
” P Ny Yoy
Tx. M, elL, 10 A, +By, +C=0=C=-Ax, — By,
d- |Ax, + By, +C|

Torma d =
VA? + B2

IIpumep
3aganume: Haiitu paccrosinue ot M (— 2;3) 1o npsimord L:2x—-3y+7=0
|2(-2)-3-3+7] 6

Pewenue: d = = .
V22 +(-3) Vi3

3aganus
1. Ompenenuts B3aMMHOE paciiofioxkenue npsMuix |1 u 2, 3a1anubix ypaBHeHusMu. Eciu
IpsIMbIE TIEPECEKAIOTCS, HAWNTH KOOPAMHATBI UX TOYKH mepeceueHus Mo (Xo, y0) M YTOJI 0L MEXKIY
MPSIMBIMHU.

1. l:3x+y-1=0ulix-2y+2=0
2. liy=2x—-4ulxy=-05x+6
3 Il:x—1:y+lH|2:x+2:y—5
-10 4 5 -2
4, 11:2x—y-2=0wul2x—-6x+3y+9=0
5. hiy=x-3uly=x+6
6. l1:4x+5y—-1=0wul2x5x-4y+2=0
7 Il:x—11:y+13H|2:x—2:y—5
7 3 3 -7
8. liy=2x—4ulxx-2y+4=0
x-1 y+3
9. lii6x—4y-18=0wul—=—
1:6x—4y 2= 3
1O.|1:x—1:y+3H|2:x+2:y—4
2 3 5 -2
-1 y+3
11.|1:’CT=y3 ulyy=2x—14

2. Haiitu paccrostaue oT To9ku Mo (Xo; yo) A0 psimoii |:

1. M(=4-1) ul:3x+y-1=0
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2.
3.

=

M5 -4)ul:y=2x—4

M (5; —4) X2 _y=S

5 -2

BOHpOCLI AJIA CAMOKOHTPOJIA

Kak HaiiTu yron Mex11y NpsMbIMH, 3aIaHHBIMH OOILIUM ypaBHEHUSMU?

2. Kak HaiiTH yrosn Mexay npsiMoi, 3a1aHHOM OOLIMM ypaBHEHHEM, U TPSMOM, 3aaHHOM
KaHOHUYECKHM ypaBHEHHEM ?

w

Kak naiitu Yroj MExay npsaMbIMH, 3aJaHHBIMU KAHOHUYCCKUMU ypaBHeHI/IHMI/I?

4. Kak HaliTH yroia Mexay MpsSMbIMU, 3aJlaHHbBIMM YPaBHEHUSIMH C  YIJIOBBIM
ko3 urmenTOM?
5. Kak HaiiT paccTosiHUE OT TOUKH JI0 IPSMOMA, 3aJaHHOM OOIIIMM ypaBHEHUEM?

IpakTnueckas padora NeS
«Il;10cKOCTH B MPOCTPAHCTBE»

Heanb: QopmupoBaHHEe HABBIKOB COCTABIICHUS YpPAaBHEHUM IIJIOCKOCTEH M OIpENeleHMs] HX
B3aUMHOTI'0 PACIIOJIOKECHUSA

Teopernveckne CBeIeHUS

[ImoCcKOCTB sBIISETCA MPOCTEUIIEH TOBEPXHOCTHIO.

a) Obwee ypagHeHue n10CcKOCmu

Paccmorpum ypaaenwue | crenenu otHocuTenbHo X, Y u z2: AX+Bx+Cz+D =0,

rne A, B, C, D — uucna, npuueM A, B, C 0JHOBPEMEHHO HE PaBHBI HYIIO, HA3bIBACTCA
00WUM ypasHeHuem ni0CKOCmu.

1)

2)
3)
4)
5)
6)
7)

Ecmu D=0, to Ax+By+Cz=0 — ypaBHeHHE IMIOCKOCTH, MPOXOJSIICH 4epe3

HAYaJl0 KOOPJIWHAT.
Ecnn A=0, 1o 7:By+Cz+D =07 |OX

Ecmn B=0, 10 7: AX+Cz+D =0z ||OY
Ecmi C=0, 10 7: Ax+By+D =07 |0Z
Ecmt A=0 1 B=0, 10 7:Cz+D =07 ||XOY
Ecn A=0n C=0, 10 7:By+D=07|X0Z
Eciu B=0u C=0, 10 72':AX+D:0|7Z||YOZ

Bextop N = (A; B;C) — HOPMAJIBHBIN BEKTOP IUIOCKOCTH HUJIM HOPMAJIb IIIOCKOCTH

0) Ypasnenue niockocmu, npoxooswel uepe3 OaHHY0 MOYKY NEPREHOUKYIAPHO OAHHOMY

gexmopy

Iycts N=(AB;C) u My(Xy:Vo:2,) a M(Xy;z) — texymas
TOYKA UCKOMOM IIIOCKOCTH 7.

Ilo ycnosmio N Lz u MM ez=N LM,;M =M,M-N=0
MM :(X_Xo;y_YO;Z_Zo)’

¥ crenoBatensro, A(X—X,)+B(y—y,)C(z—2,)=0-

8) YPCZGHeHue njiockocmu «6 ompeskaxy,

Paccmotpum obmiee ypaBHeHue iockoctu: AX+By+Cz+D =0
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z Ax+By+Cz =-Df:(-D)
Ax By Cz 1
\ -D -D -D
“ x b z
& + + =1
D

Xy

z
—+=+—-=1 - YpPaBHCHHUE IINIOCKOCTHU «B OTPE3KAX»

a b c

2) Ypasnenue niockocmu, npoxoosaweii uepez mpu oanHvie mouxku
Iycts M,(X;Y1:Z) M,(X,:Y,:2,) m My(Xs; Y, 2, ) He nesxar ua oxmoit npamoii. ITycTs

M (X, Y; Z) — TCKyIlIas TOYKa HCKOMOM ITNIOCKOCTH.

Torna MM =(X—X;y—Y,;;2-2,);

MM, :(Xz =X Y, =Y g, _Zl);

MM, = (X=X Y5 — YiiZ5—2,)

C )<

Ot BCKTOPbI KOMIIJIAHAPHBI, CJICAOBATCIIbBHO,

MM -MM, MM, =0

U

X=X Y=Y -1,
X=X Yo=Y1 Z,—%|=0
Xg=X  Ys—=Y1 Z3—4

0) HopmanvHoe ypasnenue niockocmu

£

Y

fu =OM =(x;y;2)

[TonoxeHue IIOCKOCTHU T BIIOJIHC  OIPCACIIACTCA

€MHUYHBIM BEKTOPOM €, HAlpaBJIEHHBIM IO MEPIEHIUKYIAPY
OK , onymieHHOMY U3 Hayajga KOOPAUHAT HA 77, U [UIMHOH 3TOrO
NEPIEHIUKYIIApa P.

Ilycte OK = p, a, B,y - yriabsl o00pa3oBaHHbIE BEKTOPOM €
¢ ociamu koopauHar. Torma e= (COSa;COS 5, COS;/). ITycth
M (X; Y; Z) - TeKyIlasi TouKa 7 , TOrJia paguyc — BEKTOp Touku M

Ip-r=p=>r-e—p=0= XCOS@+YCOSS+2c08y—p=0

0611166 YpaBHCHUC IIJIOCKOCTU MOKHO IIPUBCCTH K HOPMAJIbBHOMY, YMHOKHWB C€Iro Ha

HOPMUPYIOLUI MHOXUTENb 4 =1

, BBI6I/Ipa$I 3HAK IPOTUBOIIOJIOKHBIM 3HAKY D.

1
VA% +B%?+C?

B3aumHoe pacnoJioikeHue IJI0CKoCTel
[ycte 7, : AX+By+C;z+D, =0
7w, AX+B,y+C,z+D, =0.

a) m, Lz, <N, LN, <A A +B,-B,+C,-C,=0

A_B _

_B_G
B,

C,

A,

6) 7|7, & N IN, &



Al Bl C Dl
=—=—, 7, COBIAJACT C T,.

COSa = El : N_2
N[N
cosq . MA BB, +CC,

JAZ +BZ+C2 /A2 +BZ +C?

3aganusa
1. CocraBuTh ypaBHEHHUE TUIOCKOCTH, TPOXO/ISIICH Yepe3 Hauall0 KOOPJAUHAT U TOUKH A (4;-
2;1) u B(2;4;-3).

2. CocraBUTh YpaBHEHHE IIOCKOCTU 77, mpoxopsmen yepe3 Touku A(3;0:;2), B(-2;1;-3) u
C(3;1;0), u mpuBecTu ero K BUAY ypaBHeHHUs "B oTpe3kax". HaliTu koopauHATBHI TOUEK

nepeceyCHUs MIOCKOCTU C KOOPAUWHATHBIMU OCAMM.

3. CocraBuTh ypaBHEHHE IUIOCKOCTH 77, , Ipoxoasieil yepe3 Touky M(3;-1;2) napaiensHo
IUIOCKOCTH 7T, : 2x—Y+2+1=0.

4. HccnenoBath B3aMMHOE PACIOJIOKEHUE TIIOCKOCTEH:

a 7 ix+y+4=0 r 7w 4x—-17y+3=0
7,:3x—32+1=0 7, y—=52-2=0

6 7 ix+2y—-52+3=0 il 7, :3x—9y+152+6=0
7, 2x+4y+22-7=0 7, —x+3y-52-2=0

B 7, 1 6x+2y—-42+6=0 e 7 3x—y+22+3=0
7, 3x+Yy-21-2=0 7, 2x-4y+7-2=0

PN E

o

5. Ilpm kakux 3HAYCHUSAX TMapamerpa a IUIocKocTH 7, .ax+2y—32+1=0 wu
7, 2x—2ay+2z—-7=0 Oynyr

a) MepPHEeHIUKYIISIPHBI?

0) mapanienbHbl?

Bomnpoce! 11 caMOKOHTPOJIsA
Kakoe ypaBHeHHE Ha3bIBAETCS OOIIUM YpaBHEHUEM IJIOCKOCTH?
Kakoe ypaBHeHME Ha3bIBAE€TCSI HOPMaJIbHBIM YPaBHEHHEM IIIOCKOCTH?
3anuiuuTe ypaBHEHHE MJIOCKOCTH B OTPE3Kax.
Kakoli BHMJI HMEET ypaBHEHHME IIJIOCKOCTH, TPOXOASIIEH 4Yepe3 JaHHY0 TOUKY
NEePIEeHIUKYISIPHO JaHHOMY BEKTOpY?
Kakoli BUJ1 ©MeeT ypaBHEHNE IUIOCKOCTH, TPOXOIALIEH Uepe3 TP JaHHbIE TOUKHU?
Kak nccnenoBats B3aMMHOE pacioio’KeHUe IIOCKOCTeH, 3alaHHBIX OOIIMM ypaBHEHHEM?
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IIpakTuyeckas padora Ne6
«[Ipsimas B mpocTpancTBe. B3anMHoe pacmosioskeHue NpAMOM U IJIOCKOCTH B
NPOCTPAHCTBE»

Heab: ¢dopMupoBaHre HABBIKOB COCTABJIICHHS YypaBHEHUN TNPSIMONH B MPOCTPAHCTBE U
OmpeieJICHUsI B3aUMHOT'0 PACTIONOKEHHS IPSIMOM U IJIOCKOCTH B TPOCTPAHCTBE

TeoperuvecKkue cBeIeHUs
YpaBHeHHe NPSIMOM B IPOCTPAHCTBE
a) Obwee ypasnenue npsamou

[Tpsimy o B IPOCTPAHCTBE MOXKHO 3aJ1aTh KaK JIMHUIO IIEPECEUEHH [BYX HeNapaieIbHbIX
IUIOCKOCTEN 77, U TT,.

- Ax+By+Ciz+D, =0,

"|Ax+B,y+C,z+D, =0.

N, M Tk. | LN, | LN,, To HampaBmsonmmM BekTopoM | MoxeT GbITH BEKTOp
BEKTOPHOTO TPom3BeeHHs BekTopoB N, x N,.

Bl Cl Al Cl A&. Bl

BZ CZ AQ CZ AQ BZ

6) Kanonuueckoe ypagneHrue npsamoii 8 NpoCmMpancmee

§:N_1XN_2:

IIycts S= (m; n; p)— HANpaBJSIIONIMA ~ BeKTOp mpsmMod | w
M, (Xy; Yo:Zo) €l Hycrs M(X;y;2) - Texymas Touxa mpsmoii, Toraa M M ||S.
X=Xo _ Y—Yo _ -1,
m n p

CJICAOBATEIBHO,

8) Ilapamempuueckoe ypasHenue npsamou 8 npOCMpaHcmee
PaccMOTpUM KaHOHHYECKOE YpPaBHEHUE IPSIMOU U BBEAEM mapamMerp t:
X=X — Y=Y — -1, =t

m n p

X=mt+ X,;
Torma < y=nt+y,;, —napamempuueckoe ypasnenue npamou
Z=pt+z,;

2) Ypaenenue npsamoii 6 npocmpancmee, npoxoosiweli yepes 0ge mouxku
Iycts M,(x;Y,;2,)el 1 My(X,;Y,:2,)el, a M(X;y;2) — Texymas Touka mpsvoi.
— ——  X—X - 1-1
MM | MM, = "% _Y=h _ 274
X% YYo=V 4,74
0) Bexmopnoe ypagnenue npsamoti 6 npocmpancmee

Z Ilycte mpsimas | 3agama  Toukoif MO(XO;yO;ZO) U
M, M

HAIIPABJIAIONAM BekTopoM S, a M(X;y;Z) — Texymas Touxa
% — HIPSMOH.

Iycts OM, =1,, OM =r.

/'3‘ Y OM =OM, + M,M
X

MM ||S= MM =t§,

Toraa I =r, +tS — eekmoproe ypasnenue npsamot

o
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B3aumHoe PacmojaoK€eHue NPAMBIX B IPOCTPAHCTBE

I .X_X1= y_ylzz_zl.
1° ’

m, n, P:
I X=X, _ Y-y, _ -1,
g = = .
m, n, P,
S c m, n, P, .
a) I |, 8,15, & —=—=—;
m, n, P,

0) |1|||2C>S_1||S_2<:>m1'm2+n1'n2+p1'p2:0
o) Ll =a A,l,)=(5;5,)

S,-S, m -m,+n-n,+p,-p,
‘SHS‘ \/m +n; +p1\/m +n5 + ps
e lerul,en

M,elu M, el, :>MM ernr

Tx. S,exuS,er,t0 MM,-S,-S,=0

X=X Yo=Y 2,77

Cosa =

B3aumHoe PACIIOJI0KCHUE l'lpﬂMOﬁ H IIJIOCKOCTHU B MMPOCTPAHCTBE

HYCTLI:X_XO:y_y°=Z_Z°,
m n p
7:AX+By+Cz+D=0

@)l resINaeR"_P
A B C

6) 1, |7<S|N< Am+Bn+Cp=0
8) L(I;n):a:L(ﬁ;g)zg—a

[ﬂ j : ‘NE‘ |Am+ Bn +Cp|
cos ——a |=sina = =

—
b VA T _g|=sing= -
’ S 2 ‘NHS‘ JAZ+B2+C% - \Jm* +n? + p?
- 2) Touka mepecedeHUs MPSIMOM W TUIOCKOCTH YTOOBI HAWTH
/

Touky M (X; Y; Z): | N7z, HEOOXOAUMO PENIUTL CHCTEMY YPaBHEHHIA:

X= X,+ mt
y= Y+ nt
z= 7,+ pt,

Ax+ By+ Cz+ D=0

J51g 5TOrO0 3HAUYEHUA X, Y U Z HEOOXOJMMO IOICTaBUTh B YpaBHEHHUE IIOCKOCTH M HAUTH
3Ha4YeHue t, 3aTeM HalWTH KoopauHaThl M. Eciiu npu moJcTaHOBKE MOJIYYaaoCh TOXIECTBO, TO
| € 7, eciu HeBepHOE paBencTBo, T0 | || 7.

3aganusa
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1. CocraBuTh ypaBHeHHE mpsiMoi L, mpoxoxsmei yepe3 Touky A(-3;1;-2) mapamienbHO
. . . |2x=5y+3z-1=0,
IPSIMOH, 33JJaHHOM IIEPECEUEHNEM IIIOCKOCTEN
X+3y—-4z+8=0.
2. CocraButh ypaBHeHue mnpsmoil L, mpoxomsmieir uepes touku A(3;0;2), B(-2;1;-3).
IIpuBectu ypaBHEHUE 3TOU NPSAMOM K BUY IAPAMETPUUYECKOIO YPABHEHUS.
3. HccnenoBarh B3aMHOE PACIOIOKEHUE MPSIMBIX !

a x—-3 +1 z+6 B x—-2 z+1
- 2 4 5 6 -1
L _x+4_y+3_z—3 L L X y+3_Z—1
S| -3 1 "2 -3 1
0 L x=1_y+2 2z r L x=2 y+2 z+1
T2 3 1 N2 -3 -1
L . X _y+3_1z2-2 L x+5 y+3 z-3
21 2 4 2" 3 -3 3

4. CocraBuTh ypaBHeHHe mpsimoii L, mpoxomsmedn depes Ttouky A (1;-2;3)
NEPIEHIUKYIISPHO IJIOCKOCTH 77 :2x—Y+2Z+1=0.
x-3 y+1 z+6

5. Haiftu TOuky mepeceueHuss mpsmoi L 1 > 2

u IIIIOCKOCTH

r:x—y+2-3=0

Bomnpocsl 1y1 cCaMOKOHTPOJIsA
Kakoe ypaBHeHMe Ha3bIBaeTCs OOIIUM YpaBHEHUEM MPSIMOI B POCTPAHCTBE?
Kakoe ypaBHeHHE Ha3bIBACTCSl KAHOHUYECKAM YPaBHEHHEM TIPSIMOU B TIPOCTPAHCTBE?
3anuIuuTe ypaBHEHHUE NTapaMeTPUUIECKOe IPSIMON B ITPOCTPAHCTBE.
Kaxo#l Bua nMeeT ypaBHEHUE IIPSMOM B MPOCTPAHCTBE, MPOXOIALIEH Yepe3 IBE JaHHBIC
TOYKU?
5. Kak uccnenoBarh B3aMMHOE PacloOkKEeHHE MPSIMBIX B IPOCTPAHCTBE, 3a/1aHHBIX OOIINM
ypaBHEHHEM?
6. Kak HaiiTi yron Mexay mpsSIMBIMU B TIPOCTPAHCTBE, 3aJaHHBIMH OOIIMM ypaBHEHUSIMU?
7. Kak HaliTu yroji Mexxay IMI0CKOCThIO, 3aJaHHOM 00IIMM ypaBHEHUEM, U IPSIMOIA, 3aJaHHOMH
KaHOHUYECKUM ypaBHEHHEM?

N

IIpakTnueckast padora Ne7
«PemieHue 32124 HA HAXO0KJACHUE KAHOHMYECKOI0 YPABHEHMS JJIJIUIICA,
runepoo0Jibl ¥ NapadoJibl M UX HCCIACA0BAHME

Henab: ®opmupoBaHHE HABBIKOB COCTABIEHUS YPAaBHEHMI KpPHUBBIX BTOPOrO IOPSAKAa U HX
UCCIIEI0BAHNS

Teoperuyeckue cBeAeHUA
OKpys#cHOCMbI0 HA3bIBACTCSI MHOYKECTBO TOUYEK IJIOCKOCTH, PaBHOYAAJIEHHBIX OT JaHHOU

TOYKH 3TOM IIJIOCKOCTH, Ha3bIBaEMOM LHCHTPOM.
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YpaBHEHUE OKPYXHOCTH C LIEHTPOM B Hadalle KOOPAWHAT M PAJUYCOM I HUMEET BHU]
2 2 .2
X“+y =r°,
YpaBHEHHE OKPYXHOCTH C ILIEHTPOM B TOYKE Ol(a; b) U paguycoM I HUMeEET BH]
(x—a) +(y—b)* =r2.
VpaBHEHHE OKPY)KHOCTH B 001IeM BHje 3aruchiBaetcs Tak: AX” + Ay? + Bx+Cy + D =0

,tne A, B, C u D - mocrosiuHbIe KO3()DHUIIUCHTHI.
Onnuncom Ha3bIBAETCS MHOXKECTBO TOYEK IUIOCKOCTH, CyMMa PAaCCTOSIHUH KOTOPBIX IO

JABYX HJAaHHBIX TOYECK, Ha3bIBA€MbIX (bOI(ycaMI/I, €CTh BCJIMYHMHA ITOCTOAHHAasA (28.), OoubIas

paccTosHus MeXIy HoKycamu (20).

X2

2
VpagHenue ssumrca, poKycsl KOToporo jexar Ha ocu OX, umeer Buz —+ Z—Z =1 (a > b)
a

,TI€ @ - JuIMHA 0obLIel monyocH; b - ajanHa Manoi moyocw.
DJUIUIIC - 3TO JIMHUS CUMMETPUYHAs OTHOCUTENBHO oceil Ox u Oy.

Touknu
A, (a,0), A, (~a;0), B,(0;b), B, (0;-b)
HAa3bIBAIOTCS BEPIIMHAMU SJUIUIICA.
W3 xaHOHMYECKOTO YpaBHEHUS SJUIUAIICA MBI MOKEM BBIBECTH (DOPMYJIBI AJi1 BBIYUCICHUS
Xuy:

B,

Funep60ﬂ0d Ha3bIBACTCs MHOXKCECTBO TOYCK ITIJIOCKOCTH, a0COJIIOTHAs BETMYMHA Pa3sHOCTH
paCCTOSIHI/Iﬁ KOTOPBIX 10 [ABYX HAaHHBIX TOYCK, HA3bIBACMBIX (I)OI(YCE[MI/I, €CTh BCIIMYHHA

MIOCTOSTHHAS (Za), MEHBIIAsT PACCTOSHHS MEXTY (DOKycaMu (ZC).
2 2
o) y _
VpaBHenue runepboibl, poKychl KOTOPOro Jexar Ha ocu OX, umeer Bua —; — bz L
a
rje a - JUIMHA JeHCTBUTEIBHOM MONyoCcH; 0 - InHa MHMMOM TOTyOCH.
W3 kaHOHWYECKOTO ypaBHEHUsI TUIIEPOOIIbl BHIBOJUM YPABHEHUS X U ).
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I'unep6osa coCTOUT U3 ABYX YacTell, Ha3bIBAEMbIX BETBSIMH.
[Mpu a=b runepbosa Ha3bpIBaeTCS PaBHOCTOPOHHEH (PaBHOOO4YHON) 1 € ypaBHEHHE
uMeeT BUJ

x*—y*=a* (a=z0).

2 2
XY 21 (a>0b>0)

T'unep6oina, 3a1aHHas ypaBHeHHeM Buga & D uMeeT BUJI:
)4
b
y ==X
a
b
-a % a >
-b
y=—=X
a
2 2
X
Y _X -1 (@@a>0b>0),
IunepGona, 3ajaHHas ypaBHeHHeM Buja D @ Ha3bIBACTCS

X2 y2
—2——2=1 (a>0,b>0)
conpsikéHHol runepbone a :

LlenTpoM rumnepOOBl SABJISETCS Hadalo KoopauHaT. TOukM mepecedeHus: TUnepoosibl ¢
OCSIMH CUMMETPHUH HA3bIBAIOTCS BEPIIMHAMHE THIIePO0JIbI, yKicia a ,b — mosyocsamu.
IIpsimMbIe

b b
y=—X u y=—X
a a

ABJIAIOTCS ACHMIITOTAMH TUIIEPOOJIbI.

Ilapabonoii Ha3bIBAa€TCS MHOXECTBO TOYEK Ha IIOCKOCTH, PAaBHOYJAJEHHBIX OT JaHHOU
TOYKH, Ha3bIBaeMOM (POKycOM, U OT JaHHOM MPSIMOM, Ha3bIBAEMOMN TUPEKTPHUCOM.

VYpaBHeHue mapaloiibl ¢ BEPIIMHONW B Hayaje KOOPAMHAT, OCbIO CHUMMETPHUH KOTOPOM

cmyxut ock OX W BeTBH HampaBleHBI BBEpX, MMeeT B X~ =2py, rae p >0 (mapamerp

napaboIibl) — paccTOsHUE OT OKyca 10 AUPEKTPUCHL. Y paBHEHUE €€ AUPEKTPUCHL Y = —g .

3axanusa
1. CocraBuTh ypaBHeHHE TUIIEpOOIBI ¢ GoKycaMu Ha ocu OX, €CIIM paCCTOSHHUE MEXIY ee

(oxycamu paBHo 20, a ypaBHEHHE €€ acUMNTOT V = T gx .

CocTaBHUTh ypaBHEHHE TUPEKTPHCH Tapabobl y2-4y-12x+16=0.
3. CocraButh ypaBHeHHE dumuiica ¢ ¢Gokycamu Ha ocu OX, €ClU pacCTOSHUE MEXTY
¢doxycamu paBHO16, a SKCLIEHTPUCUTET PaBEH V2.

N
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CoCTaBHUTh ypaBHEHHE OCH mapaboisl y>-6y-12x-15=0.

5. CocraButh ypaBHeHHE d3jumnrica ¢ (okycamu Ha ocu OX, €CIM pacCTOSIHHE MEXIy
doxycamu paBHO12, a s3kcrieHTpUCUTET paBeH 3/10.

6. CocraBuTh ypaBHEHHE dJUTHIICA C PoKycamu Ha ocu OX, IPOXOIAIIETo yepe3 TOUkH A(6;4)

u B(4;+/21).
7. Haii % + Y 2 1
. AUTHU DKCLHCHTPUCUTET IJIJIUIICA P
Herp 1600 1024
2 2
8. Haii 001BI L—L_l
. AUTHU DKCLHUCHTPUCUTECT I'UIIC -
Hep PO 81 63
2 y2
9. J[an smwmrc ?5 + ? =1, Haitru ero MOJTYOCH M PACCTOSIHUE MEXTYy POoKycaMHu.

10. HamucaTh ypaBHeHUE TUNIEpOOIIBI, TPOXOAIIEH Yyepe3 TOUKy (2;1) , aCHMOTOTHI KOTOPOI

3
y=*t—x.
4
52 2
11. Jlana runep6oma ? - ?5 =1, Haitru ee ocu u paccrosiaue Mexy Gokycamu.

12. HanucaTth ypaBHeHME MapaloJibl ¢ BEpUIMHON B Hayalle KOOPAMHAT, €CJIU KOOPAMHATHI
¢okyca pasubl F(0;-5).

13. HaiiTi 3KCIIEHTPUCUTET JJLIUIICA 4x2+9y2=180.

14. Hanucats ypaBHEHHE TUPEKTPUCH M HAWTH KOOpAHHATH (oKyca mapadomsl Y2=4x.

15. CoctaBuTh ypaBHEHUE OKPYKHOCTH, IPOXOIALIECH Yepe3 TOUKH

1) AE1), B(-2:6), C(-5-3);
2) A(2;8), B(4;-6), C(-12;-6);

16. CocraBbTe YpaBHCHUE 3JIIUIICA, €CJIN IBC €T0 BEPIINMHBI HAXOAATCA B TOYKaAX A(_ 5’ O) 151

B(5; 0) F(-3,0) F,(30)

B,a (hOKyCHI B TOUKAX , X

Bonpocsl 111 CaMOKOHTPOJIA:
Kakas kpuBast Ha3pIBa€TCs OKPYKHOCTBIO, JIJIUIICOM, TUIIEpOOIIOH, mapaboioi?
Kyna HarpaBiieHbl BETBU HapaOoibl, 3a[aHHOM ypaBHeHHeM X2 = —3y?

o o 2 X2
Bnosab kakoii ocu BBITSHYT 3JUIMIIC, 3a/IaHHBIN YpaBHEHHEM % t o= 1?
y2 X2
Kakyro ock nepecekaer runep0oa, 3aJjaHHasi ypaBHEHUEM TR 1?

UYeMy paBeH paauyc OKpPYKHOCTH, 3aJ1aHHOM ypaBHeHHeM (X + 4)? + (y — 2)% = 2567
Kax u3MeHUTCSl ypaBHEHHE OKPYKHOCTH, €CIIU €€ LIEHTP CMECTUTCS B HAYalI0 KOOPIUHAT?
IpakTnueckas padora Ne§

«BbIYHC/IeHUE ONPeAenTe el TPeThero NOpPsiAKa Pa3Jin4HbIMH CIIOCOOAMM)

o0~ W NE

He.m,: (bOpMI/IpOBaHI/IC HaBBIKOB BBIYUCJIICHUSA OHpCHCHHTCHCﬁ BTOPOT'O U TPETHETO IMOPAJAKOB.

Teoperuvyeckue cBeAeHUA
OmnpenenureneM BTOPOro MOPSAIKA HA3bIBAETCS YUCIIO, ONPEIEIIEMOE PAaBEHCTBOM

a, ap,
=ay -8y —ap a8y, (1)

a21 a22

28



Yucna a;;, a,,, a;,, @,, Ha3BIBAIOTCS d7eMeHmamu ONPENEIUTENS; IIPH STOM DIEMEHTHI ay;

U a, 00pa3yloT 21asHyI0 OuazoHalb, a IEMEHTbl &, U &, - nobouHylo ouazonans. Takum
00pa3oM, OIpeieNInuTelb BTOPOro MOPsIKa PaBEH IPOU3BEICHUIO 2JIEMEHTOB INIaBHOM JHaroHain
MUHYC [IPOU3BEIECHUE YIEMEHTOB I0OOYHOMN TUArOHaH.

Onpeoenumenem mpemve2o nopsi0Ka Ha3bIBAETCS YHUCIIO, ONIPEJEIIEMOE PABEHCTBOM

a‘11 a12 a13
a21 a22 a23 = alla22 a33 + alZ a23 a31 + al3 a21a32 - (2)
a31 a32 a‘33

— ;385,85 — 88585 — 8,8, 85.

Takum 00pa3oM, KaKIbIi YJIEH OINPEACIHUTEN TPEThEro MOpsIKa MPEACTABISIET COOOM
MPOU3BEJCHUE TPEX €0 JIEMEHTOB, B3STHIX MO OJHOMY M3 KaXKJI0H CTPOKH U KaXKJI0T0 croora.
DTH IPOU3BEICHUS OEPYTCS C ONPEACTICHHBIMH 3HAKAMU: CO 3HAKOM ILTIOC) — YJI€HA, COCTOSIIINE
Y3 3JIEMEHTOB IVIaBHOW IMArOHAJIA U U3 3JIEMEHTOB, PACIIOJIOKEHHBIX B BEPIIMHAX TPEYTOJbHUKOB
C OCHOBAHHUSIMH, NAPAUICIbHBIMU T[JIABHOM [MAaroHaiad; CO 3HAKOM «MHHYC» — TPHU YJIEHA,
PacCIoIOKEHHBIE AHAIIOTMYHBIM 00pa30M OTHOCUTENIHLHO MOOOYHOM TUaroHaIH.

Yka3zaHHOE IIPAaBUIIO, HA3bIBAETCS NPABULIOM MPEY2O0TbHUKOS.

Munopom M j OJeMeHTa aij Ha3bIBACTCs OIIPCACIUTCID Dn_l , TOJIyYEHHBIH W3 Dn

BBIYCPKHUBAHUEM | -0l CTPOKH U | -TO CTOJIONA.

Anre6pa14qec1<I/IM JOIMOJTHECHUEM Aij JJICMCHTA aij Ha3bIBACTCs €0 MUHODP, YMHO)KeHHHﬁ Ha
i+ .
(-2)":
_(_ i+] .
Aij _( 1) M ij "
OHpeI[eJ'II/ITeJ'IB n-ro opsAaKa paBCH CyMME HpOI/IBBe,Z[eHI/Iﬁ 3JIEMEHTOB KaKOM — JIn00 CTPOKHU
501040 CTOJ'I6I_Ia Ha ux anreraI/IquKI/Ie JOITOJIHCHUS:

D, =a;A; +a, A, +..+a, A,
(pa3okeHue ONpeAeTUTENS 10 3JIeMEHTaM | -0if CTPOKH) HITH
D, :a“AU +a2jA2j +...+anjAnj
(pazmoskeHue onpeneauTeNs Mo ANEMEHTaM | -T0 CTOJIOINA).
B wacTHOCTH, ISl OTIpEeIeTUTENS TPETHETO TOPSIKA TMEEM

a; 3, aj
a, adp adx|=ay A11 +a, A12 +ag;, A13 =
dy ap ag
a, Ay d, dy d, dy
=&y T + a5 -

32 a33 a‘31 33 a‘31 a32
=88y 833 — 88583 — 88y 8 T 8,858y +8138,85; — 83858y,

YTO COBIAJIAET C PE3YIbTATOM, MOIYUYEHHBIM 10 opmye (2).

CaoiicTBa onpenenuTesei

1.Onpenenutens HE MEHSETCS IPU TPAHCTIOHUPOBAHUU.

2.Ecnu oiHa U3 CTPOK ONPEETUTENS COCTOUT U3 HYJIEH, TO ONPEIEIUTENb PABEH HYJIIO.

3.Ecnu B onpenenuTene nepecTaBUTh IBE CTPOKU, ONIPEIECTUTENh TOMEHSIET 3HAK.

4.0npenenurenb, COAEpKaIUi 1B€ OJJMHAKOBBIE CTPOKH, PABEH HYIIIO.

5.Ecnu Bce 371eMEHTBl HEKOTOPOU CTPOKH ONPEAEIUTEN YMHOKUTH HA HEKOTOPOE YHCIIO
K, To caMm ompeaenuTess YMHOKHUThCS Ha K.

6. Onpenenurens, coAepkKallui ABE MPOMOPIIMOHATBHBIE CTPOKHU, PABEH HYIIIO.

7.Eciu Bce 3neMEHTHI | — i CTPOKHM OIPECTUTENs MPEACTABICHBI B BHIIE CYMMBI JIBYX
ciaraeMbix aij=b j+ Cj(j =1, n), To onpeneNuTeNb PaBeH CyMME OIPEICITUTENeH, Y KOTOPBIX BCE
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CTPOKH, KpOMeE | - Oif, - Takue e, Kak B 3aJaHHOM OIpECInuTelNe, a I- S CTpOKa B OJHOM H3
CJIaraeMbIX COCTOMT M3 JIEMEHTOB D j, B IPYrOM - U3 JIEMEHTOB Cj .

8. OnpenenHTenb HE MCHACTCs, €CJIN K 3JICMCHTaAM OI[HOI71 H3 €TI0 CTPOK HpI/I6aBJ'I5IIOTCH

COOTBETCTBYIOLIUE 3JIEMEHTHI APYIOM CTPOKU, YMHOKEHHBIE HA OJTHO U TO K€ YHUCJIO.

3ameuanue. Bce cBolicTBa OCTAalOTCSl CIPaBEUIMBBIMHU, €CIM BMECTO CTPOK B3SITh

CTOJIOLBL.
IIpumep
2 4 1
3aganmne: Breraucnuts onpenenurenu: 1) ‘_32 ;‘, 2) -1 3 5.
8 -2 6
Pemtenne: 1) [To popmyne (1) Haxoaum 2 ; =-2-8-7-3=-37.

2) Paznarast 1aHHBIN ONpEENINTENb, HAIPUMED, 10 JIEMEHTaM I1EPBOIl CTPOKH, HAXOIUM
2 4 1
-1 5
(~4)
8 6

-1 3

-1 3 5[=2. =
8 -2

8 -2 6
=2.28-4-(~46)+1-(-22)=218.

Tort e pe3ynbTaT MOIYyIUTCs, €CITH BOCIIOJIB30BaThes (hopmyInoi (2):
2 4 1

-1 3 5=2-36+(-1):(-2)-1+4.5-8-8-3-1-
8 -2 6
~2.5-(-2)-4-(-1)-6=218.

3 5
-2 6

+1-‘

3ananusa

1. BeluucanTh onpenenuTeny TPEThEro Nopsiika no TpeEM npaBuiIam

Ne 3amanue Ne 3amanue Ne 3amanue

n/a /o /o

1. 1 2 -1 2. -3 25 S. 2 -3 8
0o 2 7 0O 1 8 1 4 3
-1 1 -1 1 2 -5 -3 6

3. -1 2 -1 4. -2 01 6. 1 -1 1
1 0 4 2 3 -1 1 -
-1 3 -1 1 2 1 1 -

2. BoruucnuTh onpeneanTeny, coaepkaiiue nepeMeHHble U QyHKIUU

Ne 3amganue No 3aganue Ne /1t 3aganue
n/m 1/
1 x+1 x-— 2 cosa  Sina 3 2 -1 1
X x—i—j sina¢ —CoSa 2 x 0
-3 x -
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3. Pemuth ypaBHEeHUE

Ne 3amanue Ne 3aganue
n/n /o
1 2 -1 0| 2 x 1 3
x+2 x-1
=-1 7 - 5 3 x/=40
x+4 2x-
0O -1 1 1 4 3

BOHpOCLI AJIA CAMOKOHTPOJIA

1. Yro Ha3bIBaeTCs ompeneauTenem?
Kax BBIYHCIIAIOTCS ONPEIETUTENHN BTOPOTO U TPETHETO MOPSIKOB?
3. Urto Ha3pIBaeTCA MUHOPOM U alreOpanvecKuM JOMOJTHECHUEM JIJIsi TPOU3BOJIBHOTO dJIEMEHTA

ro

a; ompenenuTens?

IpakTnueckas padora Ne9
«Onepauuu HaJ MATPUIIAMH, UX CBOIMCTBA»

I_[e.m,: (bOpMI/IpOBaHI/IC HAaBBIKOB BBIIIOJTHCHH A onepaunﬁ HaJl MaTpHllaMU.

Teopernveckue cBeIeHUS
Ipsmoyeonvruas mampuya A pasmepa MxN (MxN-marpuia) UMEET BU TaOJIMIIBI,

COCTOSIIEH U3 M CTPOK U N CTOJIOIIOB:

a,; 4, ... q,

a21 a22 aZn
A=(a, )=

a‘ml am2 amn

OneMeHT MaTpulbl @; HAXOMMTCS HA NEPECEYEHHH -0 CTPOKM M j-ro cronbua,

i=12,...m; j=12,...,n.
VY nynesoti matpuipl 0 BCe 2J1EMEHTHI paBHbI HYIIO:

0O 0 .. O
0O 0 .. O
0=
0 0 .. O
Mampuua — Cm0ﬂ6€1/; (m Xl'ManI/IHa) COCTOHUT U3 OJHOTO CTOH6H3.:
all
A — azl ,
(mxl)
a

a mampuya — cmpoxa (1x N -maTpuiia) U3 0HON CTPOKH:

(16n)=(a11 Ay e aln)'

IIpoussedenuem osyx mampuy A u B HaswBaercs marpuma C, Kakaplii 3JeMEHT
KOTOPOU OMpeeNseTcs Mo MPaBuIy CmpoKa Ha cmonbey, TO €CTh AIEMEHT CTOKH MaTpHIibl A
YMHOKA€TCsl Ha 3JIEMEHT CTOJIONa MaTpuIlbl B cTosIIre Ha COOTBETCTBYIONINX MECTaX.

W3 ompenenenusi mpou3BeaeHUST MaTPUIl CIEAYET, UTO HE JIt0ObIe IBE MATPHUIBI MOXKHO
nepemMHokath. [IponsBenenne AB mMeeT CMBICT TOJTBKO TOTJA, KOTAA YUCIIO CTOJOIIOB IMEPBOM
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MaTpULBI-COMHOXHUTEIIA PABHO YUCITY CTPOK BTOpOﬁ MaTpUlbI-COMHOXHUTEIIA, YTO CUMBOJIMYECKHU
3aIIMCBhIBACTCA TaK:
(mxk)-(kxn)=(mxn).
Tpancnonuposanue M x N -MaTPUIIBI 3aKIHOYAETCS B 3aMEHE CTPOK CTOJIOIAMM, a CTOJIOIIOB
— CTpOKaMu € TCMH K€ HOMCpaMU:

a,; dy ... dy
A T _ a12 a22 amZ
(nxm)

aln a2n amn

Marpuna C = (Cij) pa3Mepa Mx N Ha3bIBaeTCs cymMmol ABYX MxN-matpun A= (aij) u
B :(bij), eci KaxIblid dyeMeHT matpuibl C paBeH CyMMe COOTBETCTBYIOLIMX JIICMEHTOB

Matpuil, A u B

C= (mxnI)B S c; =, +by.
IIpumep
2 -1 7 5
3aganue: Haiitu cymmy u pasnocte matpury A=| 3 0 |[uB=| 2 -3]|.
-5 -2 0 1
Pemrenne:  31€Ch JJaHBI MATPHIIBI OJJHOTO pa3Mepa 3X 2, CIIEA0BATEIbHO, CYIIECTBYIOT

UX cymMa U pazHocTb. COryiacHO ONpeeNIEHUI0 aNredpandecko CyMMbl MaTpULL UMEEM
2+7 -1+5 9 4

A+B=| 3+2 0-3 |=| 5 -3},
-5+0 -2+1 -5 -1

2-7 -1-5 -5 -6
A-B=| 3-2 0-(-3)|=| 1 3
-5-0 -2-1 -5 -3
3ananus
3 5 7 1 2 4
1. Haiitu cymmy matpungy A={2 -1 0O|luB=2 3 -2|.
4 3 2 -1 0 1
2 9 -5
2. TpancnonupoBatb Marpumy A=|—-7 5 1 |. Vkazare pa3mepsl JOaHHOH U
6 1 0

TPAHCTIOHUPOBAHHOW MAaTPHII.
-1
3. Jlaner marpurnpsl: A= (7 —6), B :( 5 j BrimonHauTh yKazaHHBIC MEWCTBHS, a B CiIydae,

KOI'Ia 3TO HEBO3MOXHO, YKa3aTh IPUYHHY: 1) 2A-B;
2) A" +4B.

32



0 -2 1 5
2 -3 1
4. JlaHbl MATPUIIBI A:{l L SJH B=|-1 -1 -3 1|.Haiitu marpunry C=A-B.
2 3 -50

5. Haiitn 3HaueHNe MaTpUUYHOro MHorowieHa 2AB + 5SB*+3BA, eciu:

3amanue 3amanue

= =

ot jus)

< <

= =

g &

as)] m
1 2 1 2 1 3 7 0 -1 5 1 4

1| 4=|2 -1 0 B=|3 -1 0 6 | 4=|1 -1 0 B=l0 -1 1
1 0 4 2 0 1 1 1 4 3 3 -1
2 2 1 2 10 2 2 1 1 1 1

2| 4=|1 -1 6 B=|0 -1 1 7 A=|3 -1 3 B=|2 -1 5
0 -1 2 2 3 1 2 0 2 8 0 3
0 -2 -1 2 4 3 1 -1 -1 0 -1 1

3 |4=|1 -1 1 B=-3 -1 0 8 |4=|-3 -1 4 B=|2 -1 1
Lo -2 0 -l -1 0 -1 3 4 2
-1 -2 -1 3 2 1 3 0 1 2 6 1

4 | A= 3 -1 4 B=|-3 -1 0 9 | 4=|3 -3 3 B=|1 -1 0
-1 0 4 -2 0 -1 2 4 2 8 1 2
1 0 1 2 -1 -3 0 2 1 3 2 4

51 4=l-2 -1 0 B=[3 -1 1 10 | 4-|1 -1 7 B=|0 -1 5
-5 1 1 3 2 1 -1 3 4 1 1 1

Bomnpocel 11 caMOKOHTPOJIsA
1. Yro Ha3zwiBaeTcst MaTpuIleii? Kak ycTaHOBUTH pa3MEPHOCTh MAaTPHUIIbI?
2. HaszoBwure nuHelHble onepaiuy Haja MaTpuiiamu. Kak onu npousBoastcs?
3. Kakue maTpuisr MoxHO iepeMHOkaTh? Kak 3To nemaercs?

IpakTnuyeckas padora NelQ
«PenieHue cucreM JMHEHHbIX ypaBHeHUl MeToaoM ["aycca»

Hean: dopmupoBanue HaBbikoB pemenus CJIAY metonom ["aycca

TeopeTuyeckue cBeIeHUA
3aaun, MOCBAILICHHBIC PEIICHUIO CUCTEM JTHHEWHBIX anreOpanueckux ypaBHeHu# (CJIAY)
METO/IOM MCKJIIOUEHHUS HEM3BECTHHIX I cirydasi, korma CJIAY nMmeer 6eCKOHEUHOE MHOKECTBO
pemenuii (coBmectHas HeompenenenHas CJIIAY). [lpu pemieHUM CUCTeMBl Mpeaiaraercs
HCIIOJIb30BaTh OJIHY U3 PABHOCUJIBHOCTEHN Memooa uckaouenus neuzgecmuvix — memoo Kopoana
— I'aycca nin Memooa noiHo20 UCKAIOYEHUSL.
B nporniecce pemenus cuctema npeoOpaszyercs B paBHOCUIIbHBIC (IKBUBAJICHTHBIE) CHCTEMBI,
10 ecTb CJIAY ¢ TeM ke MHOKECTBOM PELICHH.
K anemenmapnvim npeobpazosanusm, coxpanstomum paBHocHIbHOCTh CJIAY, oTHOCSTCS
CIeyroIIre MpeoOpa3oBaHuUs:
e cMeHa MecT ypaBHeHui CJIAY;
e oTOpackIBaHHE OJTHOTO U3 JABYX OJUHAKOBBIX ypaBHeHUI CJIIAY;
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® yYMHOXKEHHUE 00erX YacTeil Kakoro-mubo ypaBHEHHS Ha YUCIIO, OTIIMYHOE OT HYIIS;
e 3ameHa oaHoro u3 ypaBHeHuil CJIAY ypaBHeHHMEM, MOJYYEHHBIM €rO IOYWICHHBIM
cioxeHnueM ¢ apyrum ypasaenuem CJIAY.

Cywynocms  Mmemooa UCKIOYeHuss COCTOUT B TOM, UYTO C TIOMOHIIbIO YKa3aHHBIX
AJIEMEHTApHBIX MpeoOpa3oBaHuii, He Hapymawmux paBHocuabHOCTH CJIAY, BBIOpanHOE
HEU3BECTHOE (BEIyIIee) UCKII0YAETCs U3 BCEX YPAaBHEHUU CHUCTEMbI, KPOME OJHOTrO (BEAYyLIEro
ypaBHeHus1). MeToa ocymiectBisieTcst o maraM. Ha kaxaoM 1mare MCKIIo4aeTcs TOIbKO OJHO
HeusBecTHoe. lllaru 3akaHynBarOTCs, KOrJa Be1yIIUuM MOOBIBAIOT BCE YpaBHEHUS CUCTEMBI (100
OyJeT MOJIy4eHO OYEBUIHOE IPOTUBOpEUHE, ropopsiiee 00 orcyrcTBun pernienuii CJIAY).

IIpumep
3ananue: [Tonp3ysick METOAOM MCKJIIOYEHHUsI HEU3BECTHBIX HAUTH OOIIee pelieHue
CUCTEMBbI JINHEWHBIX YPaBHEHUH, a TAK)Ke /IBa YACTHBIX €€ PELICHUs, OHO U3 KOTOPBIX Oa3uCHOE:
2%, —3X, + X3 +5X, =7
4%, +16x, —7X, +3x, =1
— 2%, —19X, +8X, +2X, = -8
Pemenne:  Cucrema umeer pasmep 3x4 (Tpu ypaBHEHUs, YeThIpe HEM3BeCTHBIX). Ha
KaKIOM IIare BhIOMpaeM OJHO BeAyIlee YpaBHEHHE W B HEM OJHO BeIyllee HEU3BECTHOE.
Beoywum kaxcooe ypasnenue u xasxcooe Heuzgecmnoe mocym Ovlmb moJjbko 00uH pas. Ha
CJIETYIOIIEM II1are uX 3a Beaylue OpaTh HElb3sl.
[lTar mepBBIii. BeiOepeM B kauecTBE BEIYILErO YpaBHEHUs [IEPBOE, a B HEM Beyllee
HEU3BECTHOE X, TaK KaK KOA((UIMEHT NPU X, PABEH €AMHULIE, YTO YIPOLIAECT BHIUUCICHUS.

Benyuiee ypaBHeHue, TO €cTh IEpBOE, OCTaBisieM 0e3 m3MeHeHus. Mckimounm Benyiee
HEU3BECTHOE X; M3 BTOPOrO U TPEThEro ypaBHEHWMM. [l 3TOro Hy»HO IpeoOpazoBaTh 3TU

YpaBHCHUA K BUAY, KOT'Jd KOB(b(i)I/II_[I/IeHTLI IIpu X3 B HUX CTAHYT PaBHBIMH HYJIIO.

YMHO)HM 00€ 4acTu BEYLIEro YpaBHEHUs Ha YUCIIO 7 U MOWIEHHO CJII0)KUM CO BTOPBIM
ypaBHEHHEM. AHAJOTMYHO, YMHOXXUM 00€ YacTH BEIYLIEr0 YpPaBHEHHUS Ha «-8» M IMOUIEHHO
CJIOKUM C TPETHbUM ypaBHEHHEM. B UTOre nosry4nm cUCTeMy, paBHOCUIIBHYIO MCXOHOM:

2X, —3X, + X3 +5X, =7

Ax, +16x, = 7%, +3x, =1 |+1-7 =
— 2%, —19X, +8X; +2x, =8|+ 1 -(-8)
2X; —3X, + X3 +5%X, =7
18x, -5x, +38x,=-48 =
—18x, +5x, —38x, =48

Tenepr nepemeHHast X; COAEPKHUTCS TOJIBKO B IEPBOM YpPaBHEHHH. 3aMETUM TaKKe, YTO

JIBa TIOCJIEHUX YPAaBHEHHs CTaHYT OJMHAKOBBIMH, €CIM B OJHOM M3 HUX IIOMEHATH 3HAKH.
[ToaTomMy, OTOpPOCUM OJTHO U3 3TUX YpaBHEHUH, HAIPUMED, TPETHE.

[IIar BTOpO#. BhiOepeM B kauecTBe BelylIero BTopoe (Apyroe) ypaBHeHue. Tak kak
B HEM HET HEU3BECTHOTO ¢ Koaddurmentom 1, To 6epem m000e HEU3BECTHOE, ¢ KO DHUITHECHTOM,
OTJIMYHBIM OT HYJSI, MU JeNUM 00€ YaCTH HOBOTI'O BEAYIIETO YpaBHEHMs Ha ATOT KOA((UIIUEHT.
Hanpumep, BbiOepeM BO BTOPOM YypaBHEHHUM B KauyecTBE BEAYLIEr0 HEU3BECTHOE X,, C
KO3 PUIHEHTOM «-5», U ToAeIMM 00€ YaCTH ITOTO YPAaBHEHUS Ha «-5»:

2%, = 3%, + X3 +5x, ==7 |+11-3
-3,6x, +X, —7,6x,=96

YToObl HCKIIIOUUTH X, U3 IEPBOTO YpPaBHEHMSI, yMHOKUM 00€ 4acTH BeIyILIEro (BTOporo)
ypaBHEHHS Ha 3 U MOWIEHHO CJOXHUM C MepBbIM. Beaymiee ypaBHeHue mepenuiieM Oe3
U3MECHEHUS.
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{— 8,8x, +Xx;—-17,8x, =218
-3,6x, +X, —7,6X,=906

Benymias mepemMeHHast COEPKHUTCS TENEPh TOJILKO BO BTOPOM (BeAylleM) ypaBHeHHHU. Tak
KaK BCE YpaBHCHHs YK€ ObUIM BeIymIMMHU (KaXI0€ Ha CBOEM Imare), To mpeoOpa3oBaHUs
3aKOHYCHBI.

BbIpasum M3 KaxI0ro ypaBHEHHsI TO HEU3BECTHOE, KOTOpPOE ObUIO B HEM BEYILIUM, U
MIO3TOMY, HE COJEPKUTCS B APYTUX YPABHEHUSAX:

X, =21,8+8,8x, +17,8X,
X, =9,6+3,6X%, +7,6X,
[ToxyueHo obumiee perieHue AaHHOM cuctembl. IlepemeHHBIE X, M X;, KOTOPBIE MBI

BbIpa3njid, HA3bIBAIOTCA oazucnvimu. OcTalbHBIE IIEPEMEHHEBIC Xl nu X4 - Ha3bIBAIOTCA

€80000HbIMU, OHY 33/TAFOTCSI IPOU3BOJILHO (CBOOOIHO)

Oobwee pewenue CJIAY npencrasnser coboii Takywo 3amuch CJIAY, xorma yacth ee
MEPEMEHHBIX, HAa3bIBACMBIX O0a3UCHBIMU, BBIPAKEHBI Yepe3 OCTABIIMECS TIEPEMEHHBIC,
Ha3bIBacMble CBOOOHBIMHU.

Yacmnule pewenus CJIAY moryTt ObITh IOJIy4€HBI U3 O0IIETO pereHus. [ sToro 3agaem
MIPOM3BOJIBLHO CBOOOHBIC TIEPEMEHHBIC U BBIUUCIISIEM 0a3UCHBIE 110 00IIEeMY PEIICHHIO.

Hamnpumep, nycts X, =1; X, =—-2. Torma
X, =218+88-1+17,8-(-2)=30,6-356=-5
{ X, =9,6+36-1+7,6-(-2)=132-152=-2 "
Takum 00pa3oM, IMOJYYCHO YACTHOE PEIICHHE CHUCTEMBI: (1; -2;-5 - 2). [MpunaBas
CBOOOJHBIM HIEPEMEHHBIM X, M X, JAPYrHe 3HA4YCHUs, HaiiJieM, aHAIOTHYHBIM 00pa3oM, Jirdoe

KOJIMUECTBO yacTHbIX pemeHuid CJIAY.
basuchoe pemenne CJIAY, 310 Takoe 4acTHOE pellIeHne, KOrja CBOOOIHbIE TepeMEHHbIE

X, =218+88-0+17,8-0=218

. I[Homydeno
X, =9,6+36-0+76-0=9,6

paBHBI Hymo, T0 ectb X, =0; X, =0, Torma {

6asnucroe pemenne cuctemsr: (0; 9,6; 21,8; 0).
IIposepka: IIpoBepuM MpPaBUIBHOCTh HAXOXKAECHUS JABYX YaCTHBIX PEUICHUN, U3
KOTOPBIX 0a3MCHOE, OJJICTAHOBKOW B UCXOTHYIO CUCTEMY.
1) [IpoBepsiem perneHme (1; -2;-5; - 2):
2-1-3-(-2)+(-5)+5-(-2)=2+6-5-10=-7
4-1+16-(-2)-7-(-5)+3-(-2)=4-32+35-6=1 rtakuM  obpasom,  Bce
—2-1-19-(-2)+8-(-5)+2-(-2)=—2+38-40-4=-8
ypaBHeHus CJIAY BBINONHSIOTCS.
2) [IpoBepum pereHue (0; 9,6; 21,8; O):
2:0-3-96+218+5-0=-288+218=—7
4.0+16-96-7-218+3-0=153,6-152,6 =1
-2-0-19-96+8-21,8+2-0=-182,4+174,4 = -8
Pemenue ynosneTBopsieT BceM ypaBHeHHUsM ucxonHoil CIIAY.

X, = 21,8+8,8x, +17,8X,
OtBeT: - obmiee pemenue CJIAY,
X, =9,6+3,6x, +7,6X,
(1; —-2;-5, - 2) - yactHoe pemieHne CJIAY,

(0;9,6; 21,8; 0) - Gasnucroe pemenne CJIAY.
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3aganusa

HOJ'IBBYHCB METOAOM HUCKIKYCHUS HCU3BECTHBIX, HaUTH O6H_[CC PEIICHUEC CUCTEMBI JIMHEMHBIX

YPaBHEHUN:
Ne 3aganue Ne 3amanue
1/ /o
1 x+2y+3z2-13=0, 6 2x+3y+z=1
3X+2y+2z-16=0, 2X+3y+2z=1,
4x-2y-52+5=0. X+2y+4z=1.
2 —x+3y+5z=1, 7 4x-3y+22=09,
3X+y+3z2=2, 2X+5y -3z =4,
5x+3y—-z=-3. 5x+6y—2z=18.
3 2x+3y =1, 8 3x+8y =30,
X—22=-4, 2X+3y—12=38,
3X+y-z=3. X+5y+2z=22.
4 Ax-3y+2z =11, 9 3x+8y =30,
2x-15y+2z2=5)5, 2X+3y—1z=8,
6x—4,5y+3z=16,5. X+13y+2z=22.
5 x+y+z=3 10 2x -3y +4z =20,
2X—Y+12=2, 3x+4y -2z =-10,
X+4y+2z=5. 4x+2y+3z=0.

Bomnpocel 11 caMOKOHTPOJIA
1. Jlaiite onpeneneHue >KBUBaJIeHTHBIX (paBHOCWIBbHBIX) CJIAY.
HasoBure snemeHTapHble Ipeobpa3oBaHus, He Hapymaromue paBHocuibHocTH CIIAY.
B uem coctout cymHocTs MeTona ["aycca nnst pemenust CJIAY? Kak ocymiecTBisieTcst 3TOT
Meroa? Korna on npumeHum?
Urto HazwiBaeTcst oOuuM pemenne CIIAY?
Kakue nepemeHHble Ha3bIBalOTCS OA3MCHBIMHU, a KaKHe CBOOOIHBIMU?
Kak naiitu yactHoe pemenne CJIAY? Ckonbko yacTHbIX pemieHuil umeetr CJIAY?
Yro HazbiBaeTcs 0azucHbIM perienneM CJIIAY? Ckonbko 6azucHbIX pemennit umeer CJIAY?

wn

No gk

IIpakTnueckas padora Nell
«3anuch U pelieHHe CUCTEeMbI N-JINHEHHbIX YPABHEHUII B MATPUYHOM (hopme.
Ipasuio Kpamepa»

Heab: dopmupoBanue HaBbikoB pemieHuss CJIAY no npaBuny Kpamepa u MaTpuaHBIM METOIOM.
Teoperuyeckue cBeJAeHUA

IIpaBuiao Kpamepa pemenus CJIY
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Haiinem ompenenurens warpunbl koddduimentoB CJIY A, KOTOpbIA Ha3bIBaCTCS
riaBHbIM onpenenuteneM CJIY.

miaBHeId onpenenutens CJIY cymectByeT, ecau marpuna kodddummento CJIY A
ABJIAETCS KBaJpaTHOM, T.e. KounyecTBO IepeMeHHbIX CJIY paBHO KOIMYECTBY ypaBHEHUU
(m=n)

Ecmu A #0, ciuctema HEBBIPOXKICHA, T.€. COBMECTHA M ONPE/ICIICHA.

Haiinem nomonuurensHele onpenenurenu CJIY  AX,,AX,,...,AX,, 3aMeHss B IIaBHOM

onpeaenutene CJIY cronbupl ko3hGHUIMEHTOB Mepea COOTBETCTBYIOIIMMH ITEPEMEHHBIMHU
CTOJIOIIOM CBOOOJHBIX YJIEHOB, T.€.

bl a12 a'1n
b, a, .. a
AXl — 2 22 2n :
bn aZn ann
a, b &
a, b a
AXZ — 21 2 2n :
an bn ann
ay 8y b,
a, a b
AXn — 21 22 2
a, a, .. Db,
Haiinem 3Hauenue nepemennsix CJIY no ¢popmynam Kpamepa:
X:Axl_ :sz_ 'x :Axn
1 H 2 LR AT
A A A

Eciu A=0, to CJIY nubo HecoBMecTHa, MO0 MMeeT OECKOHEUHO MHOTO pelieHui. B
aTOM citydae popmyiel Kpamepa mpuMeHSTh Helb3s1, ITOCKOJIBKY JIeJICHUE Ha HOJTb HEBO3MOXKHO.

Martpuunblii metoj pemenus CJIY

CJIY u3 n ypaBHEHU# ¢ N NEPEMEHHBIMH MOXKET OBITh MPE/ICTaBlIeHa B BU/I€ MAaTPUYHOTO
ypaBHeHus: AX =B,

rne A — marpuna ko3ddurnuenton CIIY,

X — MaTpuIa-cToyder nepeMeHHbIX;
B — MaTpuna-cron6er cBOOOTHBIX YJIEHOB.

Pelenyie JaHHOTO ypaBHEHHs ONpejienseTcs paBeHcTBoM: X = A~ - B.

[Tockonbky oOpaTHass MaTpHlla CyIIECTBYET TOJBKO JJIsi HEBBIPOKICHHBIX MaTpHUI, TO
HEOOXOAMMO BBIYMCIUTH miaBHBI  ompenemurens CJIY. Ecom A#0, 10 wMarpuna
HeBbIpokeHHas 1 CJIY Oyzner nMeTh €IMHCTBEHHOE pelIeHHUE.

IIpumepsl

3aganue 1: Iloka3aTh, 4TO cCUCTEMa UMEET €AMHCTBEHHOE PEIICHHE U HAWTH ero
IByMs criocobamu:  a) o mpasmity Kpamepa;
0) MaTPUYHBIM METOJIOM.
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2Xx—-3y+1z=13
4x+7y =-13
—-X-2y+5z2=14

Pemenne:  Jlannas cucteMa uMeet pa3mep 3X 3 (TpH YpaBHEHHS U TPU HEM3BECTHBIX).
CocraBuM matpuny A 13 KO3QPHUIMEHTOB IPU HEU3BECTHBIX:

2 -3 1
A=| 4 7 0. Marpuna A xBagpaTtHas (3>< 3). Brruuciaum ornpeaenutesns MaTpHUILbI
-1 -2 5
A, ucrionb3ys (GOPMYITY €ro pas3JIoKEeHHUS 0 JICMEHTAM IIEPBOM CTPOKH:
2 -3 1
7 0 4 0 4 7
A=l4 7 0=2- +(-3)- +1. =
-2 5 -1 5 -1 -2
-1 -2 5

=2-35+(-3)-(-20)+1-(-1)=129.
Tak kak onpenenurens cuctembl A =129 0, To naHHas cucTeMa UMEET SIMHCTBEHHOE
A

. A A
penieHue. JTO pelleHre MOXHO HalTu 1o mpaBuiy Kpamepa: X = XX Py = Xy; Z= XZ’ riue

A =129 - rnapublii onpenenutens cuctemsl; A, A, A, - BCHOMOraTelbHbIE ONPEICTUTEIH,

KOTOPBIC NOJYYAOTCA U3 TJIABHOI'O0 IIYTEM 3aMCEHBI COOTBETCTBYROLICTO CTOJ'I6I_[a Ha CTOJ'I6€I_I
CBO6OI{HI)IX YICHOB, U BBIYHUCIAKOTCA aHAJIOTMYHO OIMPEACIIUTECIIIO A

13 -3 1
A =[-13 7 0=13-7-5+(-3)-0-4+1-(-13)-(-2)-
4 -2 5
~1-7-4-(~3)-(-13)-5-13-0-(—2) = 455+ 26 — 28 —195 = 258 ;
2 13 1
A, =4 -13 0=2-(-13)-5+13-0-(-1)+1-4-4-
-1 4 5
~1-(-13)-(-1)-13-4.5-2-0-4=-130+16 13- 260 = —387 ;
2 -3 13
A, =|4 7 -13=2.7-4+(-3)-(-13)-(-1)+13-4-(-2)—
-1 -2 4
~13-7-(-1)-(-3)-4-4-2-(-13)-(-2) =56 -39 -104 + 91+
+48-52=0.
Orcrona o npasmiry Kpamepa nmeem:
A, 258 A, 387
“A 1290 YT TT9 T
A, 0
= =g

Pemienue cucremMal CAUHCTBCHHO, 9TO COBOKYITHOCTb YHCECJI (2, -3 0)

IIpoBepka: IloacraBuM HaWJAEHHOE PEIICHHE BO BCE YPABHEHMS MCXOIHOW CHCTEMBI
JUHEHHBIX aNreOpandyecKux ypaBHEHHH.
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2.2-3-(-3)+1.0=13 13=13
4.2+7-(-3) =-13 = {-13=-13
~1-2-2-(-3)+5-0=4 4=4

Tak Kak Bce ypaBHCHHSI CHCTEMbI OOPAaTHUIIMCh B PABEHCTBA, TO PEIIEHUE HAWICHO BEPHO.
OTBerT: (2; —30).
PeriM 1aHHYIO0 CHCTEMY MAaTPUYHBIM CITIOCOO0M. PaccMOTpHUM MaTpHIIbL:

2 -3 1 X 13
A= 4 7 0|, X=|y|; B=|-13|;
-1 -2 5 X 4

A - marpuna ko3¢ (HUIMEHTOB MPH HEM3BECTHBIX, X - MaTPULA — CTOJIOC] HEM3BECTHBIX,
B - Marpurna — cronben cBOOOAHBIX WICHOB.
JIaHHYIO CUCTEMY MOXKHO 3alicaTh B BUJIE:

2 -3 1) (x 13
4 7 0|-|y|=|-13];
-1 -2 5) (X 4
[Tpu yMHOXKEHMM MaTpUI] KaKJast CTPOKa MaTpULlbl A YyMHOXKaeTcs Ha CTOJI0e] MaTpHULIbI
X U B pe3ynbTare MOIYy4aeTcs COOTBETCTBYIOLIMN 31eMeHT MaTpuubl B . Takum obOpazowm,

MOCJIE/IHSASI MaTpU4Has 3aluCh COAEPKUT BCE TPU YPABHEHHUS JAHHOW CHUCTEMBI JIMHEHHBIX
anreOpanveckux ypaBHeHH. KOopoTko ee MOKHO 3amucarh Tak:

A-X=B 1)
Paccmotpum maTpuiy A, o6paTHyio kK MaTpule A . DTo Takas MaTpula, KOTOpas IpH
YMHOKEHMH Ha JaHHYI0 MaTpuily A JaeT emuHumunyio matpuny E: A™-A=E, rze

1 00
E=0 1 0f.
0 01

YMHO%kas 00e 4acTH MaTpMYHOTO paBeHcTBa (2) Ha MaTpuily Al cieBa, HOTydUM:
A*-A-X=A".B,

E-X=A"-B
1 0 0)(x 1.x 0.y 0-z X
E-X=[0 1 0f|y|=|0-x 1.y 0-z|=|Yy|=X,H OKOHYATEIHLHO UMEEM:
0 0 1)\z O-x 0y 1.z Z
X=A"B 2

Q®opmyna (2) wucnonp3yercss Il HAXOXKIACHUS PEHIEHUS CHUCTEMbl JIMHEHHBIX
anreOpandyeckux ypaBHeHUW. [IpeaBapuTenbHO HYKHO BBIYHCIUTH OOpAaTHYI MAaTpPHILY.

Ar Ay Ay
OGpaTHast MaTpuia BeUmcasercs mo dopmyne: A~ =—-A, A, A, | (3), rme A -
A13 A23 A33

anredpanvecKkoe JOMOIHEHUE BCEX AIEMEHTOB MaTpullbl A,
A - TIIaBHBIN ONPEAEIIUTENb CUCTEMBI (A * O).
B mamem nmpumepe A =129#0.
Haiinem Teneps anredpandeckue JOMOTHEHUS IS BCEX AJIEMEHTOB MaTpHIlsl A !

7 0 4 0
O A e A W ]

-2 5 -1 5

39



4 7 -3 1
— (1) —_1- —(—1)**. -13:
A13 ( ) _1 _2‘ ’A21 ( ) _2 5‘ 3'
2 1 2 -3
:_12+2. -11 __12+3' =7
R W e Sl i B
-3 1 2 1
—(—1P*. —_ —(—1)P2. —4-
R I B Sl B
2 -3
=(-1)*°. =26.
CocraBUM MaTpuIly anreOpanvdecKux JTOMOJTHCHHN:
35 -20 -1
13 11 7
-7 4 26

Tpancnonupyem ee, TO €CTh IMOMEHSEM MECTaMHU CTOJIOUBI M CTPOKH C OJWHAKOBBIMU
HOMEpaMH:

35 13 -7
-20 11 4
-1 7 26

OOpaTtHyro Matpuily noyduM o ¢opmyiie (3), yMHOXKAsT KaXKJIbIH 3JIMEHT MOCIIEIHCH

MaTpuIbl HA YUCJI0, PABHOC —— .

129"
35 13 -7
At= L1 | 20 11 4
o -1 7 26

Pemienue cucremsl JTMHEHHBIX aiareOpanyecKux ypaBHEHHMH HaxoauMm 1o (opmyie (2)
YMHOXKEHHEM MaTpuilbl A™" Ha MaTpHIly CBOOOIHBIX YI€HOB B :
X 35 13 -7 13

Xzyzi-—ZO 11 4 || -13|=

129

-1 7 26)( 4
35-13+13-(-13)-7-4 258 2
=%- (-20)-13+11-(-13)+4-4 S R P
(-1)-13+7-(-13)+26-4 0 0

Orcrona cienyer, uto X=2, y=-3, z=0.
Haiinennoe pemrerne (2;—30) 6bUI0 IPOBEPEHO BBIIE, W COBIAAET C PE3YIHTATOM,

HOJTy4eHHBIM 110 rpaBuity Kpamepa.
Otset: (2; —30) - eAMHCTBEHHOE PEIICHHE CHCTEMBI.

3apanue 2: Perumm CJIY no npasuny Kpamepa u MaTpuaHbIM METOZIOM:
2x+ 3y+ z= 14,
3X— y+ 2z= 5,
X+ 2y—- z= 7

Pemenune:
1) CocraBum riaBuslii onpeaenutens CIIY.
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2 3 1
A=3 -1 2|=16#0= cucreMa uMeeT EAUHCTBEHHOEC PEIICHUE.
1 2 -

CocrtaBuMm nonoaHutenbubie onpenaenutenu CJIIY Ax, Ay, Az:

14 3 1 14 3 1 2 3 14
Ax=|5 -1 2|=32; Ax=|5 -1 2|=32; Az=|]3 -1 5|=16.
7T 2 - 7 2 - 1 2 7
Haiinem 3nauenue nepemennbix CJIV:
x:g=2; y:4—8=3; Z=E:l.
16 16 16
OtBert: (2; 3; 1).
2 3 1
2) Haitnem rnaBubiii ompenenurens CJIY: A=[3 -1 2|=16=#0= cucrema umeer
1 2 -

CANHCTBCHHOC PCIICHUC.

Boruucium A

1

At==4"
A
Haiinem anreOpanveckre TOTOTHEHUS JIEMEHTOB MaTPHUIIBI A
-1 2 _ 3 1 _ 3 4 _
All: 2 B :—3, A21:—2 B :5’ A3l:_1 2:7’
3 2 _ 2 1 _ 2 1 _
Alzz—l B :5’ A22:1 B :—3’ A32:—3 2:—1’
3 - 2 3 2 3
A16—1 5 =1, A23——1 2:—1, A33:3 _ =-11;
-3 5 7
4 1
A =—| 5 -3 -1
16
/7 -1 -11
Torpa
-3 5 7 \14 -42 +25 +49 32
X:i 5 -3 -1]5 :i 70 -15 -7 =i 48
16 6

1 16
7 =1 -11)\7 98 -5 -77 16
X=[3

Otser: (2; 3; 1).

3aganusa

41



IToka3arh, 4TO cUCTEMA JIMHEWHBIX YPABHEHUN UMEET €IMHCTBEHHOE PEIICHUE U HAWTH
€ro JByMs CIlIoco0amu:

a) o npasuiy Kpamepa;
0) MaTpUYHBIM METOJIOM.

No 3ananue No 3ananue
/1 /1
1 x+2y+3z-13=0, 4 4x-3y+22=09,
3X+2y+2z-16=0, 2X+5y -3z =4,
4x—-2y—-52+5=0. 5x+6y—2z=18.
2 —x+3y+5z=1, 5 x+2y+3z=1
3X+y+3z2=2, 2X+3y+1z=0,
9X+3y—-z=-3. 3X+y+2z=0.
3 2x+3y =1, 6 3x+8y =30,
X—22=-4, 2X+3y—1z=8,
3X+y-z=3. X+13y +z =22.

LN~ WNE

Bonpocs! 11st CAMOKOHTPOJIA:

Urto HazwiBaetcs pemenue CJIAY?

Kaxkue cinyuan moryT npencraButhes npu pemenun CJIAY?

Kakue CJIAY Ha3bIBaIOTCS COBMECTHBEIMH, HECOBMECTHEIMH ?
Hanumure dopmynsl Kpamepa. B kakom ciiydyae oHM TPUMEHUMBI?
ITpu xaxom ycioBuu CJIAY nmeer eAMHCTBEHHOE pelieHne?

Yro moxHO ckazath 0 CJIAY, ecnu ee onpeaenuTenb paBeH HYIO?
Kak 3amucars CJIAY B MmaTpuuHoM Buje?

B gyem coctout matpuunsiii Mmetof pemenust CJIAY?

IpakTnueckasi padora Nel2

«BeKTopHOE ¥ CMEIIAHHOE MPOU3BEACHUSI BEKTOPOB»

IIEJ'IB: q)OpMI/IpOBaHI/IC HAaBbBIKOB BBIYHCJIICHHUS BCKTOPHOIO W CMCIIAHHOI'O IIPOU3BEACHUA

BEKTOPOB.

TeopeTuvyeckue cBeIeHUA

BexTopHoe mpousBeieHne BEKTOPOB

npaaad wpolia

Tpu HexkomIIaHapHBIX BeKTOpa @, b, C, B3sATHIE B
yKa3aHHOM TOpsJIKe, 00pa3yloT npagyro mpouKy, ecii ¢ KOHLA
TPETHETO BEKTOPA ¢ MOBOPOT OT IIEPBOTO BEKTOPA @ IO BTOPOMY

BEKTOpPY D Ha MEHBIINI Yroi BHICH ITPOTHUB YaCOBOI CTPEIIKH,
W J1e8Y10, €CIIN 110 YaCOBOM CTPEJIKE.

BeKmoprlM npous'ee()eHueM BCKTOpAa d Ha BCKTOP b

HAa3bIBACTCA 6eKmop C , KOTOpI)IfI YAOBJICTBOPSCT YCIOBUAM!
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naecs Mpoli

b

[

1) cla, clb
2”&:@Hﬂgna=<6ﬁ)

3) Bektopsl a,bu ¢

BEKTOPOB.

00pa3yloT TMpaByl TPOUKY
Obosnauaemcs: E:_le, [5,6

Ceoticmea 6eKmopHO20 NPOU3BEOEHUS

1° AHTUKOMMYTaTHBHOCTB: axb = —(b X a) (TIPOTHBOIIOJIOKHO
HaIlpaBJICHBI)

2° axa=0
3° (aé)xB :a(e_lxﬁ):ax(aﬁ)
4° (a+b)xc=axc+bxc

5° lax 5‘ =S, p_na (NAPAIIETOTPAMM [IOCTPOCH HA BEKTOPAX au
b)
6° eciu al|b,To axb=0
— 2 =2 =2 [~ -\
7° axb‘ :‘a ‘b‘ —(a-b)

BexTopHOe npousBeaeHue B KOOPAMHATHOM popme
[ycts a=a,i+a, j+a,k,

b=bi+b, j+b,k.

Torna
— — (la, & [a, a,
D= b, b, b,
NN

i j k
axb=la, a, a,

b, b, b,

Hpuﬂomeﬂne BEKTOPHOI'O INIPOU3BECICHUSA

1) VYcTaHOBIIEHHE KOJUTMHEAPHOCTH BEKTOPOB
aljb<axb=0
i j ok
avh a _%& _a _ ik
axb=la, a, a, :0<:>b—:b—:b—<:>a||b
X y z
b, b, b,
2) Breruucnenne rmomaan mapaiienorpaMma (TpeyroiabHUKa), MOCTPOSHHOTO Ha
BEKTOpax:
Spap = ‘ax b‘ = ‘aHb‘sin a,rae a =< (5,5)
1 14 1o
Sy=7S,, = —‘a‘ -‘b‘sm a
2 2

43



3) OmnpeneneHnre MOMEHTA CUJIbl OTHOCUTEIBEHO TOUKH

IIycte B TOuke A mnpusoxeHa cuia F=AB u 1. O — mpousBoguTeNnbHas TOYKa
npocTpaHcTBa. M3 ¢GyHKUMM ~ M3BECTHO, YTO

A _
momenmom cwibl  F otHocuTenpHO TOukH O
HasbIBaeTCs BEKTOp OM , KOTOPBIN:
5 1) HepIEHAUKYIIApeH iockoctu (OAB)
7= AR / 2) YHCJICHHO PaBEH MPOU3BEICHUIO CHITBI
- & Ha Ieyo:
a L
SN # A — = = == .. === .. (===
- p [OM =[F]-ON =|F|{OAfsin & = [F|oAJsin < (F;0n)
. -
. ~ .
" - 3) o0pa3syer MpaByr TPOHKY BEKTOPOB C
- _ R
e sekropamu OAu AB
M

= OM =0AxF

CmemnaHHoOe POU3BeeHHE BEKTOPOB
CMmenianHbIM (BEKTOPHO-CKAJIIPHBIM) IIPOU3BEIEHUEM BEKTOPOB a, b u ¢ HaseiBaercs

CKaJISIpHOE MPOM3BEICHUE BEKTOPHOT'O IIPOU3BEACHUS BEKTOPOB a U b na BEKTOD c.

T'eomempuuecKkuti cmviCi CMEUAHHO20 NPOU3EEOEHUS BEKIOPO8
[Toctpoum nmapanenenumnesa Ha pedpax a,b,c.
Bektop d=axbh.
a

Torma a-b-c= x5-6=a~(_:=‘a‘-npa(_:

npaE =H , eciiu BEKTOpHI 00pa3yIOT MPaBYIO TPOUKY.
2 d| = ‘5 x 5‘ =
a-b-c=H- S,ap V,mp o

T.o., cMmemaHHOe MPOU3BECHUE Tpex BEKTOPOB DPaBHO 00bEMY Mapasiesenurea,
MIOCTPOCHHOTO Ha 3THUX BEKTOpax, B3ATOMY CO 3HAKOM «t», €Cli BEKTOphl 00pa3yloT IMpaBylo
TPOMKY, U CO 3HAKOM «-», €CIU JIEBYIO.

CBoJlicTBa CMEIIAHHOTO NPOM3BeIeHUs
1° CmenranHO€ TPOU3BEICHNE HE MEHSIETCSI MIPU IUKJIMYECKUX MePECTaHOBKAaX BEKTOPOB:

abc =hca=cab (ue mensiercst opuenTaMs TPOEK)
2° Tlpu mepecTaHOBKE MECTAMH JIByX COMHOXKHUTEIIEH CMEIIAHHOE TIPOM3BEICHUE MEHSIET
3HaK:

a-b-c
a-b-c=-ach (MeHseTCsl OpUEHTAIMS TPOEK)
a-b-c

X

o wld)

4° (a-+b)-cd =acd +bcd

5° Ecnu BeKTOpHI a,b,c- - KOMIUIaHApHBI, a-b-c= 0(V,0p0a=0)

Tl

CMemnaHHoe pou3Be/eHNe B KOOPAUHATHOM hopme
ITycte a = (ax;ay ; az)
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= (Cx iCysC, )
a a a
——— - ——la, & [ a] [ a S
Torma a-b-c=axb-c= C, — c, + c,=|b, b, b,
by z bX z bx y
¢, € ¢
IIpusioskeHnsi CMeIAHHOTO NPOU3BeleHNs] BEKTOPOB
1) Ornpezenienre B3aMMHOW OPUEHTALIMHM BEKTOPOB B MPOCTPAHCTBE:
-ecmm a-b-c>0, a, b, ¢ - mpaBas Tpoiika BEKTOPOB;
-ecmn a-b-c<0,a, b, ¢ - neBas Tpoiika BEKTOpOB.
2) [TpoBepka KOMIUTAPHOCTH BEKTOPOB &, b, C - KomMIutapusl <> a-b-c=0
3) Brruncnenre 06beMOB Mapasuieenune/ 0B U TPEYTrodbHBIX THPAMUL;:
mj‘abc‘
1 —
VWP=EVMP:—bbq
4) ITpoBepka pacnosnoxkenus yetbipex Touek A, B, C u D nexar B 0JTHOM IJIOCKOCTH:

eciit Bektopel AB, AC, AD kommnanaphsl, Touku A, B, C, D nexaT B 0HON TIOCKOCTH.

3a)1a}mﬂ

. Ilpy KakoM 3HAYEHWH BEKTOPBI =i+j+ok, b=(0L0) u C=(301)
KOMILJIaHAPHBI?

. BeluncauTte mnomaas napamienorpaMma, MOCTPOEHHOro Ha Bekropax a=3i—2K u
b=j-k

: HaI/ITI/I 00beM MapajUIeenIesa, IOCTPOCHHOTO Ha BEKTOPax & —3j+ 2k b= 2] -3k
- c=-3i+ j—2k

. Haiitn 00beM nupaMusl ¥ JUTMHY BBICOTHI, ONMyIieHHO#M Ha rpadb BCD, ecnu Bepumabl
umerot koopaunatel A(0; 0; 1), B(2; 3; 5), C(6; 2; 3), D(3; 7; 2).

. BbIsICHUTE B3aMMHOE PacTIONOKEHHE YETHIPEX TOUEK A (351), Ay(24,7), As(L53), Ay(4;45)

. OnpesienuTh, Kak COPUEHTHPOBAHBI B TPOCTPAHCTBE TPONKH BEKTOPOB:
a) a(35;7), b(-2;61),c=(-10;3)
6) a(3,0,;-6); b(2,-40), ¢ = (1,-2;0)
B) a(2;51); b(3-2:4), ¢ =(-2;-231)

. JlaHBI BEKTOPBI a=AB,reA (-1;1;3), B (2;-4;1), b=i-j+3K ¢ =(-4; 3; -1). Haiiru:
a) CMelaHHOE NPOU3BEACHUE BEKTOPOB
0) BexTopHOe mpou3BeieHne BEKTOPOB aub.
. Bepmmnaamu mupaMusl CiyKaT TOYKA A(1,2,3), B(O;—l;l), C(2;5;2) u D(3;0;—2). Haiitu
00BeM MUPaMU/IBL.
. IIpoBeputh, Ne)aT AM B OAHOH IJIOCKOCTH TOUYKH A(3;—2;0), B(l;—1;2), C(3;—1;1) "
D(2;,-2;0)
Bomnpocsl 111 caMOKOHTPOJIsSA
1. 3anummrte GOpPMYIIBI I BEIYUCICHHS KOOPAMHAT BEKTOPAa BEKTOPHOTO TIPOU3BEICHUSI.
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Kaxk onpenenuTs, 9T0 BEKTOPHI 00pa3yrOT MPaBYIO TPOUKY?

Kak BbIYMCINUTE CMELIaHHOE MTPOU3BEICHUE BEKTOPOB?

Kak ¢ momMoIpr0 BEeKTOPHOTO MPOU3BEICHHS YCTAHOBUTD KOJUTMHEAPHOCTh BEKTOPOB?
Kak ¢ IMOMOIIbI0 CMCIIAHHOI'O0 IMPOU3BCACHUSA BCKTOPOB YCTAHOBUTH NPHUHANJIC)KHOCTD
YeThIPeX TOUYCK OJJHOM IUIOCKOCTH?

arwN

IpakTnueckas: padora Nel3
«/TepannoHHbIEe METOAbI PellleHNsI HEeJIMHEHBIX YPABHEHUIN

Hesab: ¢opmMupoBaHHE HABBHIKOB BBIYHCICHHMS KOPHEW HEIMHEHHBIX ypaBHEHHMH C 3aJaHHOU
TOYHOCTBIO.

TeopeTuyeckue cBeJIeHUs
Metoa mosioBMHHOIO jAesieHusi (Meroa boibraHo MM METOJ OUXOTOMHUM) — OAMH U3
METO/IOB pEIICHUS] HEIMHEHWHBIX YpPaBHEHMH M OCHOBAaH Ha I0CJIEAOBATEIbHOM CY)XEHUU
. UtepaninoHHBbI TpoLiecc

fx)=0

BBIINTOJIHACTCA A0 TOI'O MOMCHTA, IIOKa HE 6y,I[eT JOCTUTHYTA 3aJaHHasA TOYHOCTD ~ .

JF(x)=0

WHTEpBaja, COJEpKallero €JMHCTBEHHbIN KOPEHb YPABHEHUS

(.5, y y
HYCTB AAaHO YpAaBHCHUC H OIIPCACICH OTpPE30K - *° ** TaKOH, 4YTO JaHHBIHN

y x. € [ay, by
OTPE30K COACPKUT OAWH CAWHCTBCHHBIM KOPCHb YPAaBHCHUS * 71 Torma mo KoHIIaM

3a/IaHHOTO OTpe3Ka byHKIUS MMEET 3HAYEHUS, MPOTUBOIIOJIOKHBIE o

sign | f(a.))=sign (£(5.)) .
3HAKYy: S < 2707 TIpOTUBOMONIOKHOCTH 3HAKOB 3HAUYEHUI (DYHKLIMKM HA KOHIIAX
OTpe3Ka MOXKHO ONPENEIMThH MHOXKECTBOM CHoc000B. OIMH M3 MHOKECTBA DTHX CIOCO0OB —
YMHOKEHHE 3HaYEeHUH (PYHKLUHM HAa KOHIAX OTPE3Ka U ONpPEeIeHHe 3HaKa IIPOU3BEICHHS IIyTEM
CpaBHEHHMS Pe3yNIbTaTa YMHOKEHHS C HYJIEM:

fla) f(B)<0

OTpe3ox [a_: "EJ':] Ha3bIBAETCSl HAYAJIbHBIM WHTEPBAIOM HEONPEAEICHHOCTH, IOTOMY UTO
U3BECTHO, YTO KOPEHb MY NPUHAJIEKHT, HO €r0 MECTOIOJIOKEHHE € TpeOyeMOol TOUHOCThIO He
OIIPENIENIEHO.

IIponienrypa  yTOUHEHHMs  NOJOXEHHUS  KOpPHS  3aKJIOYaeTcsi B IOCTPOCHUHU
MOCJIE0BATEIbHOCTH BJIOKEHHBIX JPYT B IPyra OTPE3KOB, KaXK/IbIi U3 KOTOPBIX COAEPKUT KOPEHB

ypaBHCHI/I}I. I[J'ISI 9TOTO HaxXOoIUTCsA Cepe,[[I/IHa TeKyLuero I/IHTepBaJ'Ia
a. +b.
C: =T 5 k=012
HeOHpeI[CJ'ICHHOCTI/I - , T , U B KayucCCTBEC CJ'IGI[}/'IOH_ICFO I/IHTepBaJ'Ia
HGOHpeILGJ'IeHHOCTI/I u3 JIBYX BO3MOXHBIX BI)I6I/Ipa€TC$I TOT, Ha KOHIOax KOTOpOFO
¥
byHKuus S () HMMEET Pa3HbIC 3HAKHU.

Hpouecc 3aBEPHIACTCA, KOrJa JJIWHA TCEKYIIETO HWHTEPpBajla HCONPEACICHHOCTHU
E
CTAHOBUTCS MEHBIIIE 3aJaHHOM BEIUUMHBI =, 3aJal0me TOYHOCTh HAaXO0XKJICHHS KOpHA. B

KauecTBEe MPUONIKEHHOTO 3HAYECHHS KOpPHS OepeTrcss cepelrHa TMOCJIEeIHEer0 WHTEepBajia
HCOIIPCACIICHHOCTHU.
Meroa nmeeT THHEHHYI0, HO 6€3yCIIOBHYIO CXOAMMOCTbD, M €T0 TTOTPEITHOCTH 33 KaXKIYIO
HUTCpali0 YMCHbIIACTCA B JIBa pa3a:
b. —a.|=[p, —a,|- 2
)4 JaHHOT'O COOTHOMICHUSA MOXHO OIICHUTH YU CJIO I/ITepaLlI/Iﬁ k,Z[J'ISI JOCTHIKCHHUA SaﬂaHHOﬁ

E
TOYHOCTHU ~ .
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|EJ, —a. | 2R

I
(1B, —a| |
ﬁ:Elog: — |
Y, i__ S
N3 nonyueHHOU ¢GOpMyIbl MOXHO CAENaTh BBIBOA, YTO IS JOCTH)KCHUS
Fx107 By —a, )
TOYHOCTH - OT JIMHBI NCPBOHAYAJIBHOI'O ITPOMCIKYTKA - - HGO6X0,HI/IMO BBIIIOJIHUTDH

MPUMEPHO JIECATh UTEepaIil.
K nocrouncTBam MeToja Takke CielyeT OTHECTH TO, YTO OH IO3BOJISIET HANTH MPOCTOU

x. €a; b

JIOOBIX  HEMPEpBIBHBIX  (YHKIUI f(x) npu  Jo6BIX
3HAYEHUAX ¢ by TaKHX, YTO Sflay)-f(b)<0 .

AJITOPUTM HAXO0:KAeHHUs KOPHS HeJIMHEIHOr0 ypaBHEHUsI 110 MeTO/1y M0JIOBUHHOIO
AeeHHsA

KOpPCHb YpaBHCHUA

y y L =|a;b)
1. Haiitm HavaIbHBIN HHTCpBAJI HCOIIPCACICHHOCTHU ~ < OJHUM H3 MCTOAOB

OTJeNIeHUs] KOpHEH. 3ajjaTh MOTPEeIHOCTh pacyera (Majoe IMOJIOKUTEIBbHOE YHCIIO i-E) u
HauanbHpIA mar urepamuu (K = 0).
2. HaiiTu cepeauHy TeKyIllero HHTepBajga HEONPEIEICHHOCTH:
@ +b
C.=——

-
.

. x a. b c.
3. HeoOxomuMo HaiiTh 3HadeHue (YHKIUU f(x) B Toukax -, -w®m °. Jlamee
HEOOXO0IMMO TIPOBEPUTH J1BA YCIOBUS:

- €CJIU BBIIOJTHSCTCS YCIIOBHE , TO HCKOMBIN KOPEHb HAXOJHUTCS BHYTPU
a.,=a b,=c.,
i)

£ fB)<0

- €CJIK BBITNIOJIHACTCA YCIOBUC , TO HCKOMBIM KOpPCHb HAXOJUTCA BHYTPU

ad,=0C; ‘b:;_l = E:l::

MPaBOro OTpe3Ka MPUHATH - ,
B pesynpraTe HaxXoOUTCS HOBBIM MHTEpPBal HEONPEACIEHHOCTH, Ha KOTOPOM
HAXOJUTCSI HICKOMBIX KOPEHb YPaBHEHUS:

JICBOI'O OTPE3Ka IMOJIOXKUTH

L, Z[ﬂ:;-l.: EJI::—1]

4. HpOBCpHCM HOBBIN OTPE30K Ha MPEAMET 3a,I[aHHOI‘/’I TOYHOCTH, B ClIyHdac:
L £8)

. b, —a
- €CJIIn JJINHAa HOBOI'O OTpe3Ka MCHbBIIC 3aJaHHOHW TOYHOCTH £l T -, TO

UTEPALMOHHBII Tpoliece 3aKaHuyMBaeTcs. [IpuONMKEHHOE 3HAYEHUE KOPHS OIMpPEIessieTcs] Mo
bopmye:

by —a, ><)

- €CJI JIJTMHA HOBOTO OTpPE3Ka HE JOCTUTAET HEOOXOAMMOW TOYHOCTH TO

HEOOXOIMMO  NPOJOJDKUTH  UTEPAllMOHHBI  mIpolecc k=k+1] u

paccMaTpruBacMOro alropuTMa.
Metona xopa (MeToa ceKylmMX) — OJIMH U3 METOJIOB PEUICHUS HEJIMHEHHBIX YPaBHCHUN U
OCHOBAaH Ha TIOCJIEJIOBATEIILHOM CY)KEHHH HMHTEpBaja, COJCPIKAINEro €IMHCTBEHHBIH KOPECHb

nepeutn Kk 1.2

YpaBHEHUSA S = D. WreparmoHHBINA TTPOIIECC BHITIOIHIETCS 10 TOTO MOMEHTA, MOKa He OyeT

AOCTUTHYTaA 3a/laHHAsA TOYHOCTH
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B ornmume oT Merona MOJIOBUHHOTO JEJIEHHS, METOJA XOpJ MNpearaer, yTo JeJIeHUe
paccMaTpuBaeMoOro WHTEpBasia Oy/AeT BBIMOIHITHCS HE B €T0 CEpPEelMHE, a B TOUKE IMepPECeUeHUs
xopasl ¢ ochlo abcuuce (ock - X). Crnenyer OTMETUTh, YTO O] XOPAOH MOHMMAETCs OTPE3OK,
KOTOPBI MPOBEIEH Yepe3 TOYKH pACCMATPUBAEMON (PYHKIIMH MO KOHIIAM PaccMaTPUBAEMOTO
uHTepBana. PaccmaTpuBaemblii MeTosn o0ecnieurBaeT Oosiee OBICTPOE HAXOXKICHHE KOPHS, YeM
METOJi TIOJIOBUHHOTO JIEJICHUs, MpU YCIOBUM 33JlaHUsl OJIMHAKOBOTO pPaccMaTpUBAEMOTro
MHTEpBaa.

['eomeTpuyeckn MeTOJ XOpA HSKBUBAJCHTEH 3aMEHE KPUBOHU y=r( XOpJIOH,

HpOXOI[SII.HCfI yepe3 TOYKHU | 2 fl:ﬂ) | u lb fl:b) |

VYpaBHeHue NpsaMoi (XOp/bl), KOTOpas MPOXOAUT uepe3 TOUkH A U B numeer cienyrommii
BU/I;
x=a__y=fla)
b—a f(B)-f(a)

JlaHHOE ypaBHEHHUE SBISETCS THUIIOBBIM YPAaBHEHUEM Ui ONHUCAHUS MPSMOH BBl
JIEKapTOBOM cucTeMe KoopauHat. HakoH KpuBoii 3a1aeTcs 10 OpANHATE U a0CLUCCE C TOMOILBIO

3Ha4YCHHUH B 3HAMEHAaTeJIe \b~al u |f|:bj _flf ﬂj | , COOTBCTCTBCHHO.

(x=x,,y=0

. |
I[J'IH TOYKH HPCCCUCHUA NpsAMOU C OCBIO 8.6CI_II/ICC 3allMCaHHOC BBIIIC

ypaBHEHHUE TIEPEMUIIECTCS B CJICYIONIEM BU/IE:
f)—fla)

B kagecTBe HOBOTO MHTEpBaja JJIsA MPOXOKICHUS UTEPAIMOHHOTO TPOIlecca BHIOMpaeM

-

OOVH U3 NBYX [ﬂ’ 'T':] 158105 ['T': ’b] , Ha KOHIIaX KOTOPOro (PYHKIIMS J &) NPUHUMAET 3HAYCHUS
pa3HbIX 3HAKOB. [IpOTHBOIOIOKHOCTh 3HAKOB 3HAYEHUW (YHKIIMU HA KOHIAX OTPE3Ka MOXKHO
OTPENIETUTh MHOXECTBOM CIOCO00B. OIWMH W3 MHOXECTBA 3THUX CIOCOOOB — YMHOXKEHUE
3HaueHU# (PyHKIMK HAa KOHIIAX OTpE3Ka W ompeeNieHUe 3HaKa MPOU3BENICHUS MYTEM CpaBHEHUS
pe3ysibTaTa yMHOKCHHUS C HYJIEM:

fl@-fe)<0 - flx)-f®)<0

WtepalinoHHBIA MpOLECC YTOUHEHUS KOPHS 3aKaHYMBAETCs, KOTJa YCJIOBHE OIM30CTH
JIBYX TOCIIEI0BATENbHBIX MPUOIMKEHUN CTaHET MEHBIIIE 3aJJaHHON TOYHOCTH, T.€.

|ﬁ::-1 _f|"":'—'
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AJIFOpI/ITM HaXO0KACHUS KOPHSHA HeJIMHEHHOro YPaBHECHUSA 110 METOAY XOPX

;5] OIHMM M3 METOJIOB

OT/IENIEHHS KOPHEH. 3aaTh MOTPEIIHOCTh pacuera (Malloe MOJIOKHUTEIBHOE YUCIIO 7 )
¥ HauanbHbI mar utepanuu (k = 0).
2. HaiiTu TOUKy nepeceueHust Xopibl ¢ OCbIO abcLuUCC:

1. HaliTu HauanbHbIN MHTEPBAI HEOIIPEIEIEHHOCTH

B fa)
=g T I-.bi.' -4 .l
f(b.)— fla;)
3. HeoOxomumo HaiiTh 3Ha4YeHHWE (QYHKIUU f (x) B TOYKax q:, b, u f Hanee

HGO6XO,I[I/IMO IIPOBCPUTH ABa YCJIOBHSA:

- €CJIM BBIMOJIHACTCS YCIOBHUE f(@)-fle)<0
A, =a, b, =c,.

fle) fB)<0

- €CJIK BBIIIOJIHACTCA YCIIOBUC

a..,=c¢ b ,=b

[IPaBOTO OTPE3Ka IPUHATL * 5
B pesyapraTe HaxXoOUTCA HOBBIM HWHTEpPBAJl HEONPEIACICHHOCTH, HAa KOTOPOM
HAaXOJUTCA UCKOMBIX KOPEHb YPaBHEHHUS:

, TO HCKOMBIHN KOpPCHb HAXOJUTCA BHYTPU
JICBOT'O OTPEC3Ka IT0JIOXKUTDb

, TO HCKOMBIHN KOpPCHb HAXOJUTCA BHYTPU

JE::—l = [ﬂ:;_1.: E:"—1]

4, HpOBep}IeM HpI/I6J'II/I)KCHHOC S3HAYCHUC KOpPHA YPAaBHCHUSA HA IIPEAMCT 3aJlaHHOM
TOYHOCTH, B Cliy4dac:
- CCJIM PA3HOCTb [ABYX IIOCJICAOBATCIIbHBIX HpI/I6J'II/I)I(eHI/II71 CTaHET MEHbBIIE 3aJaHHOM

TOYHOCTH | , TO UTE€pallMOHHBIN Npoliecc 3akaHuuBaercd. [[pubnnxeHHoe 3HaueHue
KOPHS oTpeiensercs no Gpopmyie:

_ fla:.) (B
fb ) —flay)

- €CIIM Pa3HOCTh JBYX MOCIEAOBATENbHBIX NPUOIIKCHAN HE JOCTHraeT HeoOXOMMMOM
Co—Ci|> £ \k=Fk+1]

Bl Ty |

Mo =iy

TOqHOCTH| , TO HEOOXOIWMO TMPOAOIIKUTH HTEPAMOHHBIN TMPOIECC
MIEPENTH K I1.2 pacCMaTpUBAEMOI0 aJIrOPUTMa.
Metoa mapadoa (merox Miojiepa) sBISETCS MTEPAllMOHHBIM YHCICHHBIM METOJOM

n

pELICHUs] HEJIMHEMHOTO YpaBHEHUS J0)=0 HernpepblBHONW QyHKIMK. OH OCHOBaH Ha 3aMEHE
UCXOIHOW (yHKIMU [ MHTEPHOJSIIMOHHBIM MHOTOWIEHOM BTOpOW cTerneHu (mapabosnoil),
KOTOPBI CTPOUTCS MO TPEM IMOCIEIOBATEIbHBIM TOYKaM (l’:-', Ty -1’:_-_;)_ B kauectBe
NpUOJIMKEHHOTO 3HAYEHUSI KOPHS (DYHKIMU J) UCIIOJIb3YeTCsl TOUKa MepeceyeHns napadoibl

1 ocH abcruce (X).
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napabona, npoeegeHHan
YEPes TOHKM: Xk, Xk-1, Xk-2

O \< — = 3 a .
S e T ) k1) de-2)
WNuTepnonsiuoHHBIi  MHOTOWJIEH 3amnuchiBaeTcsi B ¢opme HpioToHa, KOTOpBIii
MpUMEHSETCS JIUISl TOJIMHOMUAIILHOTO MHTEpNOJMpoBaHus. B oOiieM BHie UHTEPIIOISIIMOHHBIN
MHOTOYJICH 3alMChIBAETCS clieayromiel hopMyIioi:

|

P, [:‘f) =Ag+ 4y (_‘C - :] +4;- (.‘C—_‘C;_.) ; E.‘L' - Ii.'—l) .ty (—Y - IL‘) : (_‘C - _‘C;_._l)...(_‘f - .‘C;_._,,_j
e X- Touka B KOTOPOU (DYHKITUS 3aMEHSICTCS MHTEPIOJISIIMOHHBIM MHOTOWICHOM 4, , 4
: 4 s eee 4, . KO3 (HUIIMEHTHI yPABHEHUS, KOTOPBIC BEIUMCIISIFOTCS TI0 CIICTYIOIIHM (DOpMYyITaMm:
"'-i: = f(-'l’:_-j
F () = )
a4 = = f(-"’ 2 -"’:;_1)
Xeq T X
S Oey) —f(xy) _ Sy )= fx)
Xeq —X: Xz —X: Xeg-Xznl)— X: . X
4= 2 T X T X SO0 ) - 06 ) (e %)
T T Xis —X;
| SC )= O )
' Ko — %

Hanee Oyaem cuuTarth, 4TO Mapadoiia CTPOUTCS IO TPEM TOUKaM, KOTOPBIE PACHIOIOKEHBI

B 3aIaHHOM MHTCPBAJIC JIOKAJIN3allUN [d: b] .

o X.=a xX..=b
- 10 IBYM KpallHUM TOYKaM WHTEpBaja: = * , el ;
a+h
X 1= =

" £ 5
- TI0 CpeIHE TouKe -

c

B cootBeTcTBHH C YCJIOBUSIMU 3a1av4U HHTCpHOJ’IHHHOHHHﬁ MHOTOYJICH BTOpOI>’I CTCIICHU
6YI[6T 3aIMMCbIBATHCA B BUJIC CICAYIOUICTO YPABHCHUA!

Py(x)= fla)+ flac)-(x-a)+ flac.b)-(x—a)-(x—c)
[IpeoOpa3yeM naHHOE ypaBHEHHUE K KBaPATHOMY BUJY:
P(x)=fla)+ flac)-(x-a)+ flach)(x-a)(x—a+a-c)
P(0)=f@=+[fla.c)+ flach)-(a-)](x-a) + fla.c.b)-(x-a)’
P(xX)=A-(x—a)'+B-(x—a)=C
rzae Ko UIMEeHThl ypaBHEHUS BBIUMCIISIIOTCS CIEAYIOIUM 00pa3oM

f) —fle) _fle)—fla)

A= fla.c.b)=—2B=¢ c—a
b—a
f(&)—fle)  fle)— fla)
B:f(1’1=1’3)+f(.w.’l:x_::r:j-(J:l—x_:):f(c)_f(a)+ b-e €=a  (g-¢)

c—da b—a
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C=fla

o o FPix
WHTepronsIMOHHBI MHOTOYJICH BTOPOU CTENICHU :(0) nepecekaeT och abCIuce B ABYX
TOYKaX, KOTOPBIC ONPEACIAIOTCS U3 PEIICHUS KBaJIPATHOTO YPaBHEHUS:

. —B++/B°—4.4.C

2-4
B pesynpraTe pemeHus KBagpaTHOrO YpAaBHEHUs IONYYWIM J1Ba KOpHA. PaccMoTpum
NOAPOOHO KaXKAbIN U3 IPEICTABICHHBIX KOPHEH ypaBHEHHUS.
» [1epBbIif KOpEeHb YpaBHEHUS ONIPENIENACTCS 10 popMyIie:

_T.__T__:—3+J3:—4.ﬂ-1.c_—3— B'—4.4.C _
: 24 BB 4a4cC

_ B'-B'+4.4C -2-C
2. 4.(-B—+[B'—4.4.C) BB -4.4.C

» Bropoii kopeHb ypaBHeHUs onpezensercs no Gopmyne:

oy _—B-NB -4.4.C -B+B -4.4C_
; 24 _B+JE _44C

_ B'-B'+4.4C -2.C
_E-Ji-(—B+JB:—4-Ji-C)_B— B'-4.4.C

B pesynbrare mnomyuum oOmIyr0 3anuch (OpMyJibl, KOTOpask HCIOJb3YeTCs s
HAXO0XJICHUA JBYX TOYEK MepecedeHust napaboibl ¢ 0Chio abcuuce.
2.C
) 2.

X =x — =
B++B~-4-4-C

Janbiie u3 OByX HaWACHHBIX 3HAYEHMM HEOOXOIMMO BBIOPATH TOJBKO OIHO 3HAYCHUE,

KOTOPOC HaAXOIUTCA B pacCMATpUBACMOM MHHTCPBAJIC HCOIPEACICHHOCTH [ﬂ:ﬁi]. BH6paHHOC

3HaueHue Oy/eT ABIATHCS NPUOIMKEHHBIM 3HaY€HUEM KOPHS (YHKIIUN fla= 0

CkopocTh CXOAMMOCTM MeToja Mroiepa JIMOIb HEMHOTO IPEBBIIAET MOPALOK
CXOJMMOCTH MEeTOo/la XopA (METo/Aa CeKyluX). DTO 03HAYaeT, YTO, HECMOTPSl Ha MpUBJIECUYECHUE
JIOTIOJTHUTENBHON HMH(OpMaMK O (YHKUMHU, METOJ] Mapabojl HE YBEJIWYMBAET CYIIECTBEHHO
NOPSAJOK CXOAUMOCTH. BMecTe ¢ TeM BO3HMKAIOT 3aJaud pEIIeHHs KBaJpaTHOIO ypaBHEHUS,
BbIOOpa OJHOIO M3 JABYX KOpHEH MHOrodYjieHa M, caMO€ Ba)KHOE, OIpeleNeHus obiactu
rapaHTUPOBaHHOMN cxonumocTu MeTona. Ecnu Tpu npubnmxeHus Uisl IOCTPOSHHUS] MHOTOWJIeHa
BBIOpaHbl JalIeKO OT KOPHS M COJAEpKaT IMOTPEUIHOCTH, TO BO3MOXHO CaMO€ HEOXHJaHHOe
MOBE/ICHNE PELIEHUS.

AJITOPUTM HAXO0KICHHS KOPHS HEJIMHEITHOT0 ypaBHEHHUs 110 MeTO1y napadoJ

L, =|a,b.

1. HaiiTu HayanpHBI HHTEpPBaJ HEONPEICICHHOCTH OJHUM W3 METOIOB

OTJIEIEHUs] KOpHEH. 3ajaTh IOrPELIHOCTh pacueTa (Majloe€ IOJOXKUTEIBHOE YHUCIO =) U
HavaneHbI mar urepanun (K = 0).
2. OmnpenenuTh CPEeAHION TOYKY B pacCMaTpMBA€MOM HMHTEpBAJE€ U HAWUTH 3HA4YEHUs

GyHKIIMM B TpeX TOUYKax: MO KpasiM paccMaTpUBAaEMOro HHTEpBajia (a f fﬂ]]’ (5. £(5)) U B

cepe/inHe HHTEpBaja (c. fle)),
3. BBIMONHUTE pacdeT MPUOIMKEHHOTO 3HAYCHUS KOpPHS (PYHKIMH B COOTBETCTBUU C
dbopmyIoii:
2-C

B++B*—-4.4.C

Y. = —
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rae mapamerpa A,B u C onpeaensrores ciaeayomum 00pa3om

f@)-fle) _ fle)- fla)

4-_ b-c c—a
b—a
fb)=fle) fle)-fla)
B:flfff:l—flfﬂj_'_ b—c c—a -I:ﬁ{—ff)
c—a b—a
C=fla

B pesynprare pemeHus [aHHOIO YpaBHEHHs IIOJy4aeM JBa KOPHS, M3 KOTOPBIX
HEOOXOIMMO  BBIOpaTh TOT, KOTOPBIH HAXOAUTCS B  paccCMaTpUBacMOM  HHTEpBaJe
HEONPEIEIECHHOCTH:

2.C

Xe = — = )

; B++/B?—4.4.C oopy % e la?]
2-C

X =4 —

; B-B'—4-4.C oopy * ¢ |@?]
4. OnpenensieM HOBBIM MHTEPBAJI HEOMPEACICHHOCTH Ha KOTOPOM HAXOAMTCS MCKOMBIX

KOpPCHb YpaBHCHMU:I. HpI/I BBI60pe JAaHHOI'0O MHTCpBAJIa UCXOJAHUM U3 TOI'O, YTO Q)YHKHI/IH fl:’:f) Ha
KOHIIaxX MHTCpBAJIa JOJI’KHA IIPUHUMATL 3HAYCHUC PA3HbIX 3HAKOB.

B cooTBeTCTBUM C HAHHBIM METOJOM HaXOXKJICHHS KOpHS YpaBHCHUS IOJYYACTCA [ABa
BO3MOJHBIX HUHTCPBajla HCONMPECACICHHOCTU

- o
1 unTEepBaN: eciu Jla)- fle) = D, TO HOBBIM UHTEPBAII {11=l*1’

- - - - - ]
2 unreppan: ecmu J (6e) - (1) < [:', TO HOBBIH MHTEpBag F-*:+ 1/
P p
f) 00

5. TlpoBepsieM npuOIMKEHHOE 3HAUE€HUE KOPHS Ha NpeaMeT 3aJaHHOW TOYHOCTH, B
ciyyvae:

- €CJIM Pa3HOCTh JBYX MOCIEIOBATEIBHBIX MPUOIMKEHHM CTaHET MEHbIIE 3aJaHHOU
<< y
TOYHOCTH , TO UTEPALIMOHHBIN IIPOLIECC 3aKAHYNBAETCS.

- €CJIM Pa3HOCTh JIBYX IOCIIE€AOBATENbHBIX NMPHOMMKEHUNA HE JTOCTUTAaeT HEOOXOIUMOM
1 —L::_l|:=- £
TOYHOCTH ", TO HEOOXOAUMO MPOJODKUTh UTEPAIMOHHBIN IMpoliece
MIEPENTH K 1.2 pacCMaTPUBAEMOI0 aITOPUTMA.

Metox HbloTOHa (METOA KacaTeldbHBIX) — 3TO HUTEPALMOHHBINA YHMCICHHBIH METOJ
HAXO0X/ICHUS KOPHS (HYJsA) 3aJaHHON (QYHKIUH.

i-1
X, — X

Vk=k+1]

B cooTBeTcTBMM C JIaHHBIM METOJOM 3a/lauya MOUCKA KOPHS (PYHKIHH J ) CBOJUTCS K
3aJa4ye MOMCKAa TOYKHM MEPEeceYeHHs] C OChl0 abcuMcC KacaTeabHOM, MOCTPOEHHOM K Tpaduky

GyHKIMH f,
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[IpoBenenHas B Mr000W TOUYKE KacaTellbHAs JIMHUS K TpaduKy QYHKIHH OMpPEIesieTCs
NPOM3BOIHONW JAaHHOM (YHKIIMM B pPacCMaTpPUBAaeMOW TO4YKe, KOTOpas B CBOIO OdYepeb

ONpeleNsieTcs TaHI€HCOM yTJa o (rg (@)= 1 "(%) ). Touka mepeceueHus KacaTeIbHOH C OCBIO
abcuuce onpeaenseTcss UCX0As U3 CIEAYIOUIEro COOTHOLIEHUSI B IPSMOYTOJIbHOM TPEYTOJIbHUKE:
TaAHI'€HC yrna ¥ B TPSAMOYTOJIbHOM  TPEYrOJIbHUKE onpeensercs OTHOLLUEHUEM
MIPOTUBOJICKAIIETO KAaTeTa K MPHIICKAIIEMY KaTeTy TPEeYTrOJIbHUKY. TakuM 00pa3oM, Ha KaKIOM

X
mare CTporuTCiA KaCcaTCiibHasd K rpaq)I/IKy (1)YHKI_[I/II/I B TOYKC OUCPCAHOIO HpI/I6J'II/I)I(eHI/I$I ¢ Touka

nepeceueHus KacaresJbHOM ¢ ocbto OX OyIeT SBIATHCS CIEAYIOLEH TOUKOM NpHOIMKEeHHs il
. B cooTBeTcTBHU C paccMaTpHBaEMbIM METOJIOM pacueT MPUOIMKEHHOTO 3HAYCHUS] KOPHS Ha i-
UTepany Ipou3BOaUTCS 10 popmyie:
Xl = X _.; i f(."f_.)
S ()

HaxoH npsiMoil mojicTpanBaeTcst Ha KaXI0M I1are Hauly4iuuM 00pa3oM, OHAKO CIIeyeT
00paTuTh BHUMaHKE Ha TO, YTO AITOPUTM HE YUHUTHIBAET KPUBU3HY IpaduKka u, CJIeI0BATEIbHO, B
npoliecce pacyeTa OCTaeTCsl HEU3BECTHO B KAKyI0 CTOPOHY MOXKET OTKJIOHUTHCS I'paduK.

YcnoBueM OKOHYAHHs WTEPALMOHHOTO ITPOILIECCA SIBJIAETCS BBIITOJHEHHUE CIEAYIOIIETO
YCIJIOBHSL:
=€

,
rae € - TOImyCTUMAasi OTPEIIHOCTh ONPENEICHUS KOPHSI.
AJITOPUTM HAXO0KICHHS KOPHS HeJIMHEIHOro ypasHeHusi mo merony Herorona nis
YPABHEHHUS C OTHOM MepeMeHHOo

-

X,
1. 3amaTe HavaJdbHYIO TOYKY HMPHUOIMKEHHOTO 3HAUY€HHs KOpHS (QYHKIMH ~ ¢, a Takxke

E
TIOTPENIHOCTh pacueTa (Majloe MOJOKUTENFHOE YHCI0 - ) M HadasbHbI mar urepamun (b = 0).
2. BpINONHUTH pacyeT NpUONMKEHHOTO 3HAUYEHUsS KOpPHS (YHKIIMHM B COOTBETCTBUU C
bopmynoi:

Xeal =X _.#'f(x::j
S (x:)
3. HpOBepHeM HpH6HI/I)KCHHOC 3HAYCHUC KOPpHA Ha NpCAMCET 3a[[aHHOI7I TOYHOCTHU, B
ciydac:
- CCJIM PA3HOCTb [ABYX IOCJICAOBATCIBHBIX HpHGHH)KeHI/Iﬁ CTaHCT MCHbBIIC 3aI[aHHOfI

Bl o
wo—-x ‘ s .
TOYHOCTH , TO UTEPALITMOHHBIN ITPOLIECC 3AKAHUYUBAECTCA.

- €CIIH Pa3HOCTh JIBYX TOCJTEAOBATEIbHBIX MPHOIMKEHUN HE JOCTUTaeT HEOOXOIMMOM

-1 i
X, —X, |::=- & .
TOYHOCTH , TO HeO6XOJII/IMO MNPpOAOJIKUTE UTCPALMOHHBIN IPOLECC

HCpCﬁTH K 1.2 paccMaTpuBacMoOro ajJropurma.

= Fk+1]

n
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3aganusa

Flx)=x" —In(x)-2-cosfx) -1

1. Pemmmth ypaBHEHUE meTooM xopi. Koperb HeoOxomumo

. v, €[L4] £0,001
HAWTHU B IUaNa30He 'l ¢ TOUHOCTBIO - :
N S L
2. Pemmtes  ypaBHEHHE f(x) =x"—In(x)—2-cos(x) -1 MeronoM Herorona. Kopens
. £20001 x, =4
HEOOXOJMMO HAWTH C TOUHOCTBIO - B Ka4€CTBE IIEPBOr0 MPUOIMKECHUS ~ - .

3. Pemmts  ypaBHEHHE f)=x" —In(x)—2-cos(x) —1 meromoM  mapabon.  Kopenb

% & [14] £~ 000

HeO6XOI[I/IMO HaWTH B paccMaTpuBacMOM AHUAITIa30HE C TOYHOCTBIO

f(x)=x —In(x)—2-cosfx) -1

4. PemwuTthb YpaBHCHHE MCTOAOM IIOJIOBHHHOI'O JACJICHUA.

Kopeunb HE00X0IMMO HaWTH B paccMaTpuBaeMoM JHaTa3oHe ":[]'-4] C

£ 0,001
TOYHOCTBIO -

Bomnpocsl 1y1 cCaMOKOHTPOJIsA

1. OOmscHUTE CYyTh METOJ1A MIOJIOBUHHOI'O JI€JICHUS JJIs pEIIeHUs] HEJTMHENHBIX YPaBHECHHH.
2. CdopmynupyiiTe alrOpuT™M NMPUMEHEHHUS METOJa MOJOBHHHOTO ACTCHHS JJIS PEIICHHS
HEJIMHEHHBIX YPaBHEHUH.
OOBbsicHUTE CYTh METOJIAa XOP/1 AJIsl PELLICHUS] HEIMHENHBIX YPaBHEHUM.
Chopmynupyiite aaropuTM NpPUMEHEHHsS METoJa XOpJ A pPELIeHHUs HEIMHEHHBIX
YpaBHEHUM.
OOBscHUTE CYyTh METOJ1a KAacaTeIbHbIX AJIS PEIICHUS] HETMHEHHBIX YPaBHECHHM.
Chopmynupyiite anroputM NTpPUMEHEHHS METOAA KacaTeNbHBIX JUIS  PELICHHS
HEJIMHEHHBIX YPaBHEHUH.
OO®bsicHUTE CYTh METO/1a TapadOoJI 1JIs pEeLIeHNs] HETUHEHHBIX YPaBHEHUH.
8. CdopmynupyiiTe aaropuT™M NpPUMEHEHHUs MeToja Hapados Uil pelieHHs] HEeIMHEHHBIX

YpaBHEHUM.

oo o

~

IIpakTnueckas padora Nel4
«HAcnosib30BaHUE HHTEPNOJSIMOHHBIX MHOTOWIEeHOB Jlarpan:xka u HoroTona
MPH pelIeHud 3a1a9»

Heab: ¢GopMupoBaHHE HABBIKOB NPOBEIEHUS MNPUOIMKEHHBIX BBIUUCIEHUH C MOMOIIBIO
noyinHOMOB Jlarpanska u HeroToHa

Teoperuyeckue cBeIeHUA

a,b]

[Myctp GhyHKIMSA f {»I-J 3ajiaHa HabOpPOM TOYEK (.T{- = Vi ) Ha WHTEpBaJe [

Vi =f(-'{;')1 1= D,l,...,n, a<x;=h

Flx)

o X.
3agaya MHTEPNOASAUMHU — HalTH QyHKIUIO ~ Y/ MPUHUMAIONIYIO B TOUKAaX ~ ! Te XKe

v,
3Hadenus - [, Torga, ycJoBrHe HHTEPIOISIHAN:
Flx; )=, Lt
S P I[Tpu 5TOM MPEANOIaraeTcs, YTo CPeay 3HaAYE€HUH | HET OJUHAKOBBIX.
X,
Touku ! HaA3LIBAIOT y3JIaMI/I I/IHTeplIOJIﬂIII/II/I.
Eey F (%) a.b]
CJIIN ~ 4 HMHICTCA TOJIBKO Ha OTPE3KC h — TO 3TO 3aa4a I/IHTepHOHﬂHI/II/I, a €CJIN 3a
npeaciaMu NCPBOHAYAIIBHOT'O OTPE3KA, TO 3TO 3aaa4a IKCTPANIOJALIUA.
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Flx)

3amada HaX0XKJICHUS MHTEPIOJAIIMOHHON GyHKIMU ~ ' HMEeT MHOTO pelIeHuH, TaK KaK

.‘{-1' . -
qCpe3 3aJaHHBIC TOYKHU -~ ¢ MOKHO IIPOBECTU OECKOHEUYHO MHOTO KPHBBIX, Ka)Kaasd U3 KOTOPBIX
Oyaer rpadukoM GYHKIIHH, 7151 KOTOPOI BBITOJHEHBI BCE YCIOBUS HHTEPIOJISAIMN. J[J1s1 IpaKTHKH
Ba)KEH CITy4ail HHTEPIOJSAIUHN (DYHKIIMH MHOTOUYJICHAMH:
]
\ ) 2 Mmoo
Flx)=B,(x;)=ay+a-x+a,-x" +..+a, X i=01....m

HpI/I 3TOM MCKOMBIH ITOJIMHOM Ha3bIBACTCS HHTEPHNOJAINUOHHBIM MMOJIMHOMOM.
HpI/I IMOCTPOCHUN OJHOTO MHOI'OYWICHaA MIJid BCEro pacCMarpuBacMOro HMHTEpPBajla

a.5]

IIOCTPOCHHYI0 Ha OcHOBe mnonuHoMma (3.3). JlaHHas cucTeMa COAEpPKUT n+1 YpaBHEHUE,

JUTS HaX 0K JIeHUS! K03 (HUILIMEHTOB MHOTOUYIEHa HEOOX0AUMO PEIIUTh CUCTEMY YPaBHEHHIH,

CIENOBATENbFHO, C €€ IIOMOMIBI0 MOKHO ONpeNeauTs 1= 1 xkoopdunment. IlosTomy
MaKCHMaJIbHas CTENEHb UHTEPIOIAIMOHHOro MHorowiena " = 1y muorounen npunumaer Buj
3

) i ool
Px;)=ay+ay-x+ay-x"+..+a,-x" i=0l...n

'
H

MHorouJjien Jlarpan:axa

[Tpu rmo6anpHOI MHTEPIIONAIMN HA BCEM HHTEpBae [ﬂf E}] CTPOUTCS €IMHBIA MHOIOUJIEH.
OnHoil u3 (GopM 3amucyd MHTEPIOJSIIUOHHOTO MHOTOWIEHA Ui TJ00aJIbHOW WHTEPIONISINN
ABJIseTCs MHOrouwlIeH Jlarpanxa:

L,(x)= 2y 1:(x)
=10

[.(x
raec I ( )— 6a3I/ICHBIe MHOTI'O4YJIEHBI CTEIIEHU N.

B

o

To ecTb MHOTOUJIEH Harpacha MOXXHO 3a1ucaTb B BUAC:

i i .T - .T 5
LH{-TJ=Z}.I' J
j=l) =1 X X
: (1, i=j
[{(x;)=1 ..
[ (x) ’ 0, i#]
Mmuorowren ! YIIOBJIETBOPSIET  YCIOBHIO D10 ycnoBue

X, X
O3Ha4yaeT, 4YTO MHOIOYWIEH paBeH HYII0 IIpH KaKIOM < KpoMme I, TO ecThb

XipaXyaeeXi 12X 100K,
U=1z=ti=l=*i=1="""n — gopHM 3TOrO0 MHOrowieHa. Takum 0Gpa3oM, CTENEHb MHOTOUYJIEHA

i

I (x X=X,
1 |:- --:I paBHa N U IpH I oOpariaroTcsi B HOJIb BCE ClIaraeMble CyMMBbI, KDOME CJIaraeéMoro ¢
=7 Vi
HOMepOM , paBHOFO .
BBIpa)KeHI/Ie HpI/IMeHI/IMO KaK HJId paBHOOTCTOSIHII/IX, TaK U 1JIs1 HE paBHOOTCTOSIIHI/IX y3J'IOB.

[TorpemHocTh MHTEPHONALIMU MeTOJOM JlarpaHya 3aBUCHUT OT CBOMCTB (DyHKUUU f h) , OT
pacmosoXkeHus: y3JI0B HMHTepnoiasuuu U Touku X. [lommHom Jlarpamka wuMeer Maiyro
HOrPENIHOCTh MpH HeOOoNMbIuX 3HaueHUsX N (N<20). [Ipu OOMBIINX N MOTPENIHOCTh HAYUHACT
pacTu, 4To CBUAETEILCTBYET O TOM, YTO MeTo[ JIarpanxa He CXOAUTCS (TO €CTh €ro MOrPeIIHOCTh
He yOBIBAeT C pOCTOM N).
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Muorounen Jlarpamka B SBHOM BHJE COJCPXHUT 3HAYeHHUS QYHKIUHA B y3Jax
MHTEPIOJISILINY, TOITOMY OH y00€H, KOT1a 3HaYeHUs (DYHKIIMI MEHSIOTCS, a Y3716 HHTEPIOJISIIUN
Heu3MeHHbI. Yucno apudMeTHieckux orepanuu, HeOOXOAUMBIX IJI MOCTPOSHUS MHOTOYJIeHA

7

Jlarpamka, mpomopiuoHankHO ! W sBIAeTCs HAMMEHBIIMM JUIS BceX (opM 3amucu. K
HEJ0CTaTKaM ATOW (OPMBI 3alMCH MOXKHO OTHECTH TO, YTO C HM3MEHEHHWEM 4YHuCiIa Y3JIOB
HpI/IXOI[I/ITCSI BCC BBIYHUCIICHUA HpOBOI[I/ITB 3aHOBO.

KycouHo-nuHeliHass W KyCOYHO-KBaJpaTU4HAs JIOKAJIbHBIC HWHTEPIOJSAINN SBIISIOTCS
YaCTHBIMU CJIy‘IaSIMI/I I/IHTepHOJISILII/II/I MHOT'OYJICHOM Harpaana.

Mmuorounen Helotona

Hpyras ¢opma 3amucH HMHTEPIOIALMOHHOTO MHOTOWIEHAa — HMHTEPIOJISIUOHHBINA

MHOrouwIeH HploTOHa ¢ pas3aeneHHBIMU pasHoCcTsIMH. [lycTh (dyHKIUS f h) 3a7aHa  C
MIPOU3BOJILHBIM IIATOM, U TOYKU TaOJIUIIbI 3HAYCHHM IPOHYMEPOBAHBI B TPOU3BOJILHOM MOPSIKE.

Pa3nesieHHBIe Pa3HOCTH HYJICBOIO TOPSIKA COBMANAIOT CO 3HAYCHUSAMHU (PYHKIMH B
y3nax. Pa3zneneHHble pa3HOCTH MEPBOTO IMOPSAJKA ONPEACISIOTCS YePe3 pa3ieiCHHbIE PA3HOCTH
HYJIEBOTO MOPSAIKA:

flx,.x,. )= Fla )= 1lx;)

Yo — X

Paznenennnie PAa3HOCTH BTOPOTI'O IIOpsAAKa OIPCACIIAOTCA 4CPEC3 Pa3aCJICHHBIC PAa3HOCTH
IEPBOro nopsgaaKa:

f(-‘f,-, %o ieXsn )= f(-‘f:'—l: Xit2 }— f(r:‘: -T.r'—l_}

B Kie2 =

Pazgenennnie Pa3sHOCTH k-ro nopsagka OmnpeacidroTCd 4YC€pe3 pPasACICHHBIC PA3HOCTH

nopsaKa k - 1:

Xpor)= S re X)) = X X))

Flx.x e
Xiop — X,
k M 4
I/ICHOHB3Y$I ITOHATHUC pa3,[[eﬂeHHOI>i pa3HOCTU I/IHTepHOHHHI/IOHHBH\;I MHorowieH HeroToHa
MOKHO 3aIIMcaThb B CJICAYIONIEM BUC!

Pn(-‘i’)=f(-'fﬂ_}—f(l’n:l’1_}'(-\’—l’n}—f(fﬂ.--‘i’l:-‘f:_‘."(-‘i’— l’n_}'(-\’—-‘fﬂ—---—

+ flxg X, ) (x—xp ) (x —xg ) (x —x,2q)

321 TOYHOCTBIO pacu€Ta MOXHO CJIICAUTH I10 Y6I>IB3.HI/IIO YICHOB CYMMHUBI.. Ecim (bYHKLII/I}I
J0CTATOYHO rjiaakas, TO CIIpaBCJINBO HpI/I6J'II/I)KeHHO€ PaBCHCTBO
f(x)=P,(x)~ By (x)- B, (x)

nrl L 7\ 910 mpuOIMKEHHOE PaBEHCTBO MOKHO MCIIONB30BaTh JUIs

En = |E:r—1 {t} B P?{1)|

HpaKTHQCCKOﬁ OLICHKHU MOTPCHIHOCTHU MHTCPIIOJIAINUN: .

3aganusa

x
1. Haiitu wuHTEpNONALMOHHBIA MHOTOouJleH HproToHa i QyHKUIMK S(x)=2 I[To ee

(— 005)

==, x,=0, x,=1, x3=2, x,=3

X,
3HA4YCHUSM B TOUKaAX 0 U BBIYUCIIUTH f

2. Haiitu uHTEpHIONAIIMOHHBIN MHOTOWIEH HhoTOHA 1715t PyHKIIMH y= f (x )‘, €CJIM U3BECTHBI
S)=6, f(3)=24, f(4)=45.

3. IIpoBectu nHTEpHOIALMIO MHOTOWIeHOM Jlarpanxa (yHKIMH, 3alaHHON B Ta0JIuUIIE.

€€ 3HAUYCHMUA:
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; 0 1 2 3 4
X; -4 -3 -2 -1 0
flx;) 2 0 1 -1 -3

Bonpocsl 111 CaMOKOHTPOJIS
OOBbsicCHUTE CYyTh METOJ1a UHTEPIIOJISILIUH.
Urto Takoe y3es UHTEPHOJALu?
3anummre GopMyIly HHTEPIOISIHOHHOTO MHOTOWIeHa Jlarpanxa.
3anumure GopMyIly HHTEPIOIALMOHHOIO MHOroujaeHa HproToHa.

arONE

IIpakTnueckas padora NelS
«/leiicTBUSI HAJA KOMILJIEKCHBIMHU YU CJIAMHU B TPUTOHOMETPUYECKOM H
NoKa3arTeJbHOi popMax»

Hean: ¢opMupoBaHre HABBHIKOB BBIOJIHEHUS ACUCTBUN HaJ KOMIUIEKCHBIMH YHCJIAaMHU B
anredpanveckoil U TPUrOHOMETpUYECcKoi popmax

Teopernveckue cBeIeHUS
Komnaexcnvimu yucramu Ha3pIBaloTCs uncia Buaa a+Dbi, roe a u b - geiictBurensubie
YKCIIa, a YUCIO |, ONpe/eNseMoe PaBeHCTBOM i° = —1, Ha3bIBACTCA MHUMOTL eOuHUYel.
3anuch KOMILUIEKCHOTO uucia B BHAe Z=a+Dbi maseBaerca ancebpauueckoii popmoii
3aMMCcH KOMIUIEKCHOTO YHCIIA.

[IpencraBneHre KOMIUIEKCHOTO dYHClIa B Buae Z=1I- (COSgo +1isin go), rne >0,
HAa3BIBACTCS MPUCOHOMEMPULECKOU (OPMOTL 3AMTUCH KOMILUICKCHOTO YUCIIa.
[MpownsBenenne KOMIUICKCHBIX qrcen z, =1,-(cosg, +ising,) u
z, =T, -(Cos@, +isin ¢, ) maxomurcs mo hopmye:
r,(cosg, +isin g, )-r,(cosp, +ising,)=r, -r, -[cos(p, + @,)+isin(e, +¢,)] 10 ects
|2122| =h-n= |Z1|'|Zz|v arg(zlzz): P+ Q.
Takum o0pa3oM, npu YMHOMCEHUU O8YX KOMNIEKCHbIX Hucle, 300AHHbIX 6
MPULOHOMEMPULECKOLL hopme, UX MOOYIU NePEMHONCAIOMCSL, A aAPSYMEHMbL CKIAObI8AIOMCAL.
YacTHOe KOMILTEKCHBIX umcen Z, =T, -(Cosg, +ising) u 2z, =r,-(cose, +ising,)
HaXOAUTCSI TI0 (hopMyIie:
r,-(cosg, +ising,) 1,
r,-(cosg, +ising,) r,

: [COS(% ~— ¢, )+ i sin ((01 ) )] ,

TO €CTh

|Zl| Z
=T A= =0 —0,.
|Zz| , 1 2

TakuMm 00pazom, npu OenreHuu KOMNIEKCHbIX Yucel, 3a0aHHbIX 8 MPULOHOMEMPU4ecKou
Gopme, ux MoOyIU OenAMcsl, apeymMeHmol 8bIUUMAIOMCAL.

IIpu BO3BEIEHNH KOMIUIEKCHOTO 4ncia I -(COS(D +1sin (0) B N -y10 CTCNICHb UCIIOJIL3YCTCA

dopmyna
- . n n - .
[r(cosp+ising)]" =r"(cosnp+isinng), neZ,

KOTOpas Ha3bIBaeTcst opmysnoid MyaBpa.

Jis u3BneueHWs KOpPHA N-OM CTENEHM U3 KOMILIEKCHOro uwmcna I - (COS @ +isin (p)
ucrob3yeTcs hopmyra
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+isin

zk=§/r.(cos¢+isingp)=Q/F.(COSM (p+27zkj’
n n

rae Vr - apudmerrueckuii Kopens, kK =0,1, 2,...,n—1.

CTCHGHB ez C KOMIIJIEKCHBIM IIOKa3aTeJIeM Z = X + yl Ol'IpeI[eJ'IHeTCH paBeHCTBOM
Z n
el = Iim(1+—) )
n—oo n

e’ =e*(cosy +isin y),

MoxHO goKa3aTh, 4YTO

TO €CTh
e =cosy+isiny.
B wactaocty, ipu X =0 mosydaercs COOTHOIIEHHE
e¥ =cosy+isiny,
KOTOpOE Ha3bIBaeTCsI GOopMyJsio Dinepa.

IIpumep
3aganue: J|aHbI KOMILUICKCHBIC YKCIIA Z1=1+ H 22:\/§ + 1.
Boruncnouts: a) Ltiy, 0) L=l B) Lty r) 2+ 2y, J1) IpeICTaBUTh YUCIIO Z1 B
TPUTOHOMETPUYECKON (POPME; €) BHIUMCIUTD +/Z;.
Pemrenue:
a) z1+22 =(1+i)+(V/3 + i)=(1+V3)+2i=~2,7+2i
6) z1-22 =(1+i)-(V3 + i)=1-v3)+0i=~-0,7
B) z1*z2 =(1+)*(V3+i)=V3+iV3+1li+i?=v3+i(v3+1)-1=(V3-1)+
+i(vV3+1) =07 +27i
zy _ 14 (+D3-) _ V3+iV3-1i-i* _ (VB+1)+i(V3-1)  2,7+07i
z; Y3+ (B+)(WE-)  (y3)-iz 3+1 -
) IS TOrO, YTOOBI MpPEIACTAaBUTh YHMCIO Zi=1+i B TpUTOHOMETpUYECKoi (opme,
HEO0OXOMMO HAMTH MOJYJIb ATOTO YKCiia I' ¥ €r0 apryMeHT ¢ no popmyaam:

~ 0,675+ 0,175i

b
r=va’?+b% p=a= arctg - (¢ = a, T.X. BEKTOp KOMIIJIEKCHOTO YHCIIa Z1 JEKHT Bl

YETBEPTH).

IIpumeuanue. Ecau BEKTOp KOMIUIEKCHOTO YKCIA JIEKUT BO 2 YETBEPTH, TO ¢ = T — Q;
€CJIM BEKTOp KOMIUIEKCHOTO 4YHCJIAa JIEKUT BO 3 4YETBEPTH, TO (P = T + @; €CIH BEKTOP
KOMIUIEKCHOTO YHCJIA JIEKUT BO 4 UeTBEPTH, TO ¢ = 2T — Q,

2140 T 1 o r =V F 12 =2

I
(p:azarcth=Z

Taxk kak Tpuronomerpudeckas hopmMa KOMIUIEKCHOTO YHCIIa 3aUChIBaeTCsl GOPMYIIOi Z =
r(cos ¢ + i sin @), TO AN HALIETO YHCIIa MOyYaeM:Z = \/f(cos% + isin %).

€) HCToJIb3yeM (POPMYJIBI:

z" = (r(cose +isin @))" =r"(cosng +isin ng),

Yz =1/r(cose +isin ¢) = W(COSM+ i sin Mj
n

n
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T.x. B Hamem cnydae N=2, TO k=0;1;z=\/§(cos§+isin%), TO MONYYUM: Zg =

V2(cos

+isin*
2 2

+—+2n X1
z, = W(cos% + isin

§+2n0 +270

) = W(cosg +1i sing)

T
—+2n X1 91T 91
4#) = W(cos? + isin ?)

3aganusa
JlaHBI KOMIUIEKCHBIC YMCNA Z1 U Z2. Beranenuts: a) 2, +2,;0)2, —Z,;B)Z, - Z,;T) Z; ' Z,;
1) IPEJICTAaBUTh YMCJIO Z1 B TPUTOHOMETPUUYECKON hopMe; €)4/Z;.

. z,=3+3i ) 2, ==2+ 23 ; 2,=2-2i A le—\/é_—i ; z, =—1+i
22:—2+2\/§i z,=-1+i Zz=\/§—i Z,=1-1 Z, =—J3+i
2, =1—+/3i 21:\/§—i z,=1-i zlz—\/§+i 21:2_2‘/§i

6l z,=2-21 |7 z,=3+3 |®|z,=2-243|%] z,=-14i |1 NG

Bomnpocel 11 cCaMOKOHTPOJISA
Jaiite onpeneneHre KOMIUIEKCHOTO YHCIA.
Kakwue uucna Ha3bIBalOTCS KOMIUIEKCHO — CONPSKEHHBIMU?
Kakue koMIieKCHbIe YuCiia Ha3bIBAIOTCS paBHBIMU?
Kak n3o0pakaroTcs KOMIUIEKCHBIE YHCIIa TEOMETPUUECKH?
Jaiite onpeneneHre MoIyssl U apryMeHTa KOMIUIEKCHOTO YHCIa.
JaiiTe onpeneneHne TPUrOHOMETPUIECKON (OPMBI KOMIUIEKCHOTO YHUCIIa.
Kak ymMHOXaroTcs 1 A€ATCA KOMIUIEKCHBIE YNCIIa, 3aJaHHbIE B TPUTOHOMETpUYecKoil popme?
Kak Bo3BOUTCS B CTENEHb KOMILJIEKCHOE YHCIIO, 3aJaHHOE B TPUTOHOMETPUUECKOH opme?
ITo kakoit opmyse u3BIEeKaeTCcst KOpeHb N -0l CTENEeHU U3 KOMIUIEKCHOT'O YHCIIa, 3aJJaHHOTO
B TPUTOHOMETpUYecKoi popme?

CoNoak~wnE

IIpakTnuyeckas padora Nel6
«Pemienue 3a1a4 Ha BbIYUCJIEHHE TIPe/ieJia M0cJIe0BATEeJIbHOCTID)

Heab: popMupoBaHre HABBIKOB PELLICHUS 3a/1a4 Ha BBIYMCIIEHUE NIPeieNia OCIeJ0BaTeIbHOCTEN.

Teoperudyeckue cBeeHUA
Yucnoguvle nocredosamenbHOCHb — 3TO YUCIOBas PyHKINS HATYpabHOTO apryMeHTa, T.€.
MOCJIE0BATENbHOCTD, JIEMEHTAMU KOTOPOM SIBJIIOTCS YHUCIIA.
Hanpuwmep, {2;4;6;...} — MOCJIEI0BATEIbHOCTh YETHBIX MOJIOKUTEIBHBIX YUCEN — YACIOBAs

[IOCJIEI0BATEILHOCTb.
Cnocobul 3a0anus nociedo8ameibHoCmu

[TockOMBbKY TOCIIE0BATEIBHOCTD COACPKUT OECKOHEUYHO MHOTO 3JIEMEHTOB, €€ HENb3s
3aJaTh MEPEYUCICHUEM BCEX €€ DJIEMEHTOB. [IIs ee 3a1aHus ONpeIeIICHbI CISIYIOIINE CITOCOObI:

1. mabauunwi;

2. ananumuyeckuti (C TOMOIIBIO OOIIETO YJICHA)

Hanpumep, @, = (_r?) ;a, = (_12)n 1, x, = (=1 x, =1, x, =a+(n-1)-b—
apu()MeTHIECKas IPOrPECCUH
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3. peKyppeHmHblil, KOT/1a BCIKUN MOCIIEAYIOIIUH YIEH MOCJIeJ0BATEIbHOCTH BBIPAXKAETCS
Yyepe3 OJIMH WIIA HECKOJIBKO MPEIBIIYINX; IPH 3TOM 00s3aTEIIbHO 3a/1a€TCsl OJTUH HIIK HECKOIBKO
MEPBBIX €€ YWICHOB.

4. epaghuueckuil

X
n

5. crosecHulii

Hanpumep, mocie1oBaTeIbHOCTh MPOCTHIX YUCEI

IToanmocienoBaTeILHOCTEL

Ecnn u3 mocnegoBaTeibHOCTH BBIOPATh WICHBI C OMPEIEICHHBIMU HOMEpaMu, (Harpumep,
YETHBIMH), TOIYYUM HOONOCIe008amenbHOoCmsb. BakHO, 4TO MPH ATOM KaXKIbIM CIIETYIOIIUI
HOMeEp OOJIbIIE MPEABITYIIETO.

Hanpumep, J(X, }=n; X, ={2;4:6;..}; x,, = 1;35;..}; x, = {1;4,9,16;...}

Buasbl nociieoBaresibHOCTEH

Ozpanuuennvle nOc1e008amenrbHOCmu

[TocnenoBarenbHOCTD {Xn} Ha3bIBAETCSl OTPAaHUYEHHOM CBEPXY, €CIIU CYIIECTBYET TaKOe

uynciio M € R, uto Vne N BeimonHsiercst HepaBeHCTBO X, < M.

M— BCPXHA I'PAHb ITOCJICAOBATCIIbHOCTHU

[TocnenoBarenbHOCTD {Xn} Ha3bIBAETCSl OTPAaHUYEHHOM CHU3Y, €CIIU CYILECTBYET TaKOE

gpcno Me R, uro Vne N Bbimonusercst HepaBeHCTBO X, <M.

M — HIDKHSAS TPaHb NOCJIEA0BATEIIbHOCTH
[TocenoBaTenbHOCTh, OTPAHUYCHHAS CBEPXY U CHU3Y, HA3bIBAETCS OZPAHUYEHHOU.
Hamnpuwmep,

1) {Xn}z{n}={1,2,3,4,5...,n,...} — orpanuueHa cHuzy; m=1

2) {x,}={-n}={-1-2-3;...;-n,..} — orpasmuena; m=0; M =-1.
1 11010 | M0 M —

3) {X“}_{E}_{l’2’3’4’""n""} orpannyena; m=0; M =1.

4) {xn}:{nT_l}:{0;1;z;§;...;n7_1;..} — orpanmuena; M=0; M =1.

MoOHOTOHHBIE MOCJAEA0BATEIbHOCTH

[TocnenoBaTenbHOCTh  HA3BIBACTCS  gospacmarowjeli, ecii  VNen X, > X;;
o6osnauaemcs T {Xn} Hamnpuwmep, {Xn}= {1;2;3;4;5;...; n;...}
[TocienoBaTenbHOCTh — HA3BIBACTCS  HeyOwlgarowel, ecam  VNeN X, =X,

obo3znauaemcsi ]J/ {Xn} Hanpuwmep, {Xn}z {1;1;2;2;3;3;...;n; n;...}

[TocnmenoBaTeIbHOCTL HA3BIBACTCS VObIsalowell, eciia VN eN X

l {Xn} Hanpuwmep, {Xn}={l;%;§;%;...;%;..}

1 < X, 0bo3nauaemcs
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ITocnenoBaTelbHOCTE  HA3BIBACTCA  Hesospacmaiowjed, ecimm  VNnen X, <X,

n+l

obosnauaemcs —|T {xn} Hanpumep, {Xn } = {1;1;1;...;1;...}
Bce a1H moce10BaTeIbHOCTH Ha3bIBAIOTCS MOHOMOHHBIMU.
Hanpuwmep, {Xn } = (—l)n ‘n= {—1;2;—3;4;—5;...;(—1)n n;...} — HEMOHOTOHHas.
IIpenen uncsi0BoIi MOC/IET0BATETHLHOCTH

[TocTpoumM paBHOOEAPEHHBIN TPEYTOJILHUK U BIUIIIEM
B HEro OKpyxHOCTh paauyca d,. IIpoBemem KacaTenbHYIO K
BIIMCAaHHOM  OKPY)XHOCTH  MapajuieIbHO  OCHOBAHHIO
TPEYTroJbHUKA. B MOJTyYECHHBII paBHOOEAPEHHBIN
TPEYroJIbHUK CHOBa BIHMIIEM OKPY)XHOCTh paauyca d,.
Bbynem mpomomxarh 3TOT mpolecc, moiy4yas Bce Ooiee
MaJICHbKHE TPEYTOJIbHUKH U OKPYKHOCTH. TeopeTudyecku
MpoLIECC MOXKHO MPOJOJKAaTh A0 OeckoHeuHocTH. T.0.,
MOXHO MOCTPOUTH MIOCJIEZIOBATEIbHOCTh

{d,}={d,,d,,d;,..d,,..}

KakuM OBl TOHKHM KapaHaamoM HE I10JIb30BaTbCA,
YK€ uepe3 HECKONBKO IIAaroB OKPY)KHOCTH  OyayT
HCOTIIMYUMBI OT TOYKH: AUAMCTP BCC YMCHBLIIACTCH, HpI/I6JII/I)I(a$ICI) K 0. HpI/I 9TOM Ha KaXJO0M
1Iare AMamMeTp BIUCAHHOW OKPYKHOCTH HMEET BIIOJIHE OMPEIEICHHOE MTOI0KUTEIBHOE 3HAYCHHE.
ToBOpsIT, YTO MOCIIENOBATEILHOCT AUAMETPOB CTPEMHUTCS K HYIIO. B aHHOM ciydae mpenen
nocienoBarensHoct O, pasen 0.

HJ’IH CTpOroro onpeaCJICHUA Npeacia paCCMOTPUM ITOHATHE & — OKPEeCHHOCMU .
& — OKpeCmHOCmbI0 TOUYKN X, HaA3BIBAIOT OTKpBITBIﬁ HHTCpBAJI BHUAA (XO —&, XO +8),

>0

Ecin X npUHAUIEKUT & — OKPECTHOCTH TOUKH X, TO Xy —& < X< X, +& WIH |X - X0| <&

X —E g e *

Qiﬂla” = a)<:> (Vg >0 3, |Voen (N> ng) =2, -2 < g])

Ecnu a — npenen 4ncioBoi MOCie10BAaTENIbHOCTH @,, TO KaKyl Obl &— OKPECTHOCTb

n?»
YHCIIa a MBI HE B34JIU, BCE YIECHBI II0CIE€N0BATENbHOCTH, HAYUMHAA ¢ HEKOTOPOTO HOMEpPA, JIEXKAT
BHYTPU 3TOM OKPECTHOCTH, @ BHE & — OKPECTHOCTH MOJKET JIEKAaTh TOJBKO KOHEYHOE YHCIIO
YJICHOB ITOCJICJOBATECIIFHOCTH.
£ a+e
i b

+ + T 7
a,  dy Ao & dy Tl

iy gy

HOCJ’ICI[OB&TCJ'IBHOCTB, HMCIOIIAs MPCACII, HA3bIBACTCA CXO()}ZLL!BZZC}Z. ‘

T.0., «10Ka3aTh MO ONMPEIEIEHUIO», YTO a — MPEAEI NOCIeI0BATENbHOCTH {an }, O3HA4aeT
yKa3aTh Croco0 ompezeeHus mo arobomy gucity & >0Homepa N,, HaYMHAS C KOTOPOTO BCE

YJIICHBI MOCJICAOBATCIBHOCTU HE BBIXOIAT 3a MPEACIbl & — OKPECTHOCTH a, T.C. PCUINTH
HEPAaBCHCTBO |Cln —a| < & OTHOCHUTEJIBHO N.

CBoHCTBA CXOIAIIUXCA MOCJIeI0BATEeIHLHOCTEH
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1°Ecmm a, =cV _,10 lima, =c¢

n—oo

Hamnpumep, X, =1— nocnenoBarenbsHOCTb, cocTosmas u3 1.
Bce anemenThl 3TOM mOCIIeI0OBATELHOCTH COBIAJAIOT U JiekKAT B € — OKPEeCTHOCTH |

Ve >0.

(

= lim x, =1.

n—o0o

2° Ecnu nocneoBaTeIbHOCTh UMEET MPEJIE, TO OHA OIpaHUYECHa.
3° Ecnu nocnenoBaTebHOCTh UMEET MPeJIiesl, TO OH €IMHCTBEHHBIM.
JeiicTBUS HAJ YMCJIOBBIMH MOCJIE€10BATEILHOCTAMU

1) ¢ =const cfa, }={ca,};
2) {a,}x{b,}={a, b},
3) fa, }-{b, }=fa, -b,;

4) {an}:{z_n}, b, #0 V, N
IIpumep

3n*+2 3

3aganue: Jlokaszats, yto lim
nebn?—2 5

Pemenue: Jlokaszare, uto lim 3n° +2 _3
noe5n? -2

+2 3

-2 5

, T.¢. Haittn Takoe N(¢), HaumHas ¢ KOTOPOrO

n>N (8)) BBITIOJTHUTCS] HEPABEHCTBO

3n%+2 3
5072 5|
5(3° +2)-15n" +6| _

sn?_2) | °
4507 +10 250" +6| _
5(6n?-2) |
16

5‘5n2—2i<

16 2
+— |+1=9 = Bce wiIeHbI IOCIEI0BATENLHOCTH, HAYNHAS

25-0,01 5

IIpu £=0,01 N :{

3

¢ 10-ro, conep:kaTcsi B UHTEpBaje (g — 0,01;5 + 0,0lj.
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3aganusa
1. 3apaiite 1noOCIENOBATENBHOCTh AHAIUTUYECKM M HAWAMTE NATh IEPBBIX WIEHOB 3TOU
IIOCJICIOBATCIIBHOCTH .
a) KaKJIOMY HaTypaJIbHOMY YHCIly CTaBUTCS B COOTBETCTBUE IIPOTUBOIIOIOKHOE EMY YHUCIIO;
6) KaXXIO0MY HaTypaJlbHOMY YHUCITY CTaBUTCA B COOTBETCTBUC KBaI[paTHBIfI KOpPE€Hb U3 3TOro0
4uCIa;
B) K&KJIOMY HaTypaJIbHOMY YHCIIy CTABUTCS B COOTBETCTBUE YUCIIO -5;
I') KKJOMY HaTypaJlbHOMY YHMCITy CTAaBUTCS B COOTBETCTBUE IOJIOBHHA €r0 KBaJIpara.
2. ITo 3aganHOi#t (hopmysie N-TO YieHa BBIYMCIUTE MATh MEPBBIX WICHOB ITOCICI0BATEILHOCTH (Yn):
(-2)" 27
a) Y, =5} 6) Y, =3C0S—.
n°+1 n
5
n+3

__=n-5 o “0
4. SIBnsgeTcs M II0CIEI0BAaTECIbHOCTD Xn =7 yGI)IBaIOHleI/I WA BO3paCTaOIICH !

3. SIBnsieTcs I MOCNIEN0BATENBHOCTE X, = OTpaHUYEHHON?

5. 3anumuTe OKpeCTHOCTh TOUKH a=-3 paguyca r=0,5 B BuJie MHTEpBaa.

6. OKpeCTHOCTBIO KaKOW TOUKU U KaKOoro pajauyca siBisercs uarepsan (2,1;2,3)?

7. Beraucnute npeen nocie10BaTeIbHOCTH:
2n+1

a) X, = ——; 0) X, =

(L-n)(n* +1) + n?
" 3n-2 '

n®+2n

Bomnpocel 1y1si CAMOKOHTPOJIS
[aiite onpeneneHue nocie10BaTeIbHOCTH.
Kakas mocienoBaTenbHOCTh Ha3bIBAETCS yOBIBAIOIICH?
IIpuBenuTe npuMeEp MOCIEN0BATEIBHOCTH, OTPAHUYEHHON CHU3Y.
OOBbsiCHUTE, YTO TAKOE OKPECTHOCTH YHUCIIA.
Kaxkas mocienoBaTeIbHOCTE HA3bIBAETCS CXOISIIENCS?

arONE

IIpakTnueckas padora Nel7
«Pemrenue 3aga4 Ha BbIyucjaeHre npeaenos. HempepbiBHOCTH QyHKIMMW)

Heab: popmMupoBaHue HaBBIKOB BHIYUCICHUS MpeienoB QyHKIUI U uccienoBanus GQyHKIUN Ha
HEIPEPBIBHOCTD

Teoperuyeckue cBeACHUA
Yucno b massiBaercss mpenenom dymkmum f(X) mpe X, cTpeMsmemcss K @, ecli s
moboro unciaa £ >0 waiigercs Takoe yucino O >0, uro mpu Bcex X # @, YHAOBIETBOPSIOLIMX
HEPABEHCTBY |x — a| < 0, OyzeT BBITOJHEHO HEPABEHCTBO | f (X)— b| <&g.

Brruucnenune npeznena GyHKIUU f(X) ClleyeT HauMHaTh C MOACTAaHOBKU NPEACIBHOTO
3HAUCHHs aprymeHTa X =a, (@ - 4MCII0 WM OIMH U3 CHMBOJIOB 00, +00, —00) B BBIpOKECHHE,
onpezensonee 3Ty QyHknuio. [Ipy 3TOM NpUXOAUTCS CTaIKUBATHCA C JIBYMSI CYIIECTBEHHO
pa3IMYHBIMU TUIIAMU IPUMEPOB.

|. Eciiu ocHOBHast arieMeHTapHast QYHKIUS OMpeseieHa B MpeaeabHON Touke X =a, TO
lim £ (x)= f(lim x)= f(a).

X—a X—a

HNMeroT MecTo OCHOBHBIE TEOPEMBI, Ha KOTOPBIX OCHOBAaHO BBIYMCIICHHE IIPENEIIOB

AIIEMEHTApHbBIX (PYHKIIHH.
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1. Eciu C - mocrosunas Benuunna, 1o imC =C..
X—a

2. Eciu C - mocrosunas Bemuunna, To lim Cf (x)=C - lim f(x).
X—a X—a
3. Eciu cymectByloT koHeunbie npeaenst lim f,(x) u lim ,(x), To:
X—a X—a

lim (£,(x) = f,(x)) = lim f,(x)lim £, (x);

im (£,(x
im(1,(x)- £,() = m £,(x)-lim , (x);
fx

lim f
lim ) e ) lim f,(x)=0.

Hﬁf() I|mf()’ x->a

Il. Oyakums f(X) B MpENCNbHOM TOYKE X =a He ompeaeieHa. Torjga BBIYHCICHHE

npezena TpedyeT B KaXJOM Cllyyae MHAMBUAYAIBHOTO mojaxona. B oxnux ciyuasx (mauboiee
IPOCTBIX) BONPOC CBOAUTCA K TNPHUMEHEHHIO TEOPEM O CBOMCTBaX OECKOHEYHO MalbIX |
0ecKOHEeuHO 0OIBIINX (DYHKIHN U CBS3H MEXKIy HUMH.

boustee cnoxHBIMU ClydassMU HaxO0KACHUS IPEeiia BIIITCS TaKUe, KOTraa MOJICTaHOBKa
MPEAEIbHOrO 3HAYEHHS apryMEeHTa B BBIPAXKEHHE A f(X) MPUBOJUT K OJHOW U3
HeonpeoesleHHOCmel.

0 «
oo_oo,o.w,_’_,lw’oo,ooo
0 o
TOFILa BBIYUCIICHUC npeacia 3aKJIF0OYacTCA B PACKpPBITHHN ITOJIYUYCHHBIX
HGOHpeHeHeHHOCTeﬁ.

3/1ech MOTYT OKa3aThCs MOJIE3HBIMU:

sin X
nepevlil 3ameuamenbhbli npeoei |IrTgJ —— =1, (X - paguaHHas Mepa yria);
X—> X

, 0 . £
emopoti sameuamenvhuiii npeden lim|1+=| =Iim (1+ a)a =e.
X

X—>0 a—0

Kpome Toro, mpu pacKpbITHH HEOTIPEIACICHHOCTEN UCTIONIB3YIOT CIIEAYIONINE TPUEMBI:

1. COKpallleHHe JpoOu Ha KpUTHUECKUI MHOKUTENb (X - a)a npu X —>a,
2. n30aBJICHHE OT UPPALUOHATHFHOCTH B YHCIUTENE HIIM 3HAMEHaTeNe Ipoou;
3. Pa3JI0KEHUC MHOTI'OYJICHOB Ha JIMHENHEIE WIIN KBaJApaTUYHBIC MHOXKHTCIN IIPpU
x—a, (@azw»).
IIpumepsl
- 2xf—3x-5

3amanne 1. Berancimre npegen *7 2+
Pemenue:

Kak pemmrts BbIIEpaccMOTpeHHBIN npumep? HyXHO IpOCTO NOJACTaBUTH E€IUHUILY B
(GYHKIHIO, CTOSIIYIO MTOJ1 3HAKOM Ipeiena:

27 -3x-5 2 1P-31-5 -5%
=1 x4+l 141 2

Urak, nepoe mpaBwio: Korma nan j1000ii mpemes, cHayajla NpPoCTO NbITaeMcsl
NOACTABUTH YHMCJI0 B (PYHKIHIO.

=3

lim (x —2x- 3}
3aganue 2. Berauciure npenen ¥-+w

Pemenne:

I'py6o roBOpSI, COrNacHO HalIeMy EPBOMY MPABUILY, Mbl BMECTO «HKCay» MOJICTABISIEM B
GyHKIIMIO OECKOHEYHOCTH M TI0JTydaeM OTBET.

litny (;{ —2x—3 =00

F—*w
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0
IIpenennbl ¢ HeonmpeaeIeHHOCTHIO BUIA — M METO1 UX peuIeHust
- 2xt—3x—5

T o3I
3amanne 3. Beranciure npegen **° 1+ x+3x
Pemenune:

CHavana Mbl CMOTPHM HA 4YHCIMTENb M HAxXOAWM X B CTapuieil CTeleHu:
’ ‘.— 3x-5
Lim =

X =G 5
L+ x+3y° . Crapias cTeneHb B UUCIUTENIE PABHA JABYM.

Tenepb CMOTpUM Ha 3HAMCHATCIIb MW TOXE HAXO0AMM X B CTapmeﬁ CTCIICHU.

9] ’_)’\._;
lllll———~’~-
o |+ x4+ 3

. CTapH_IaSI CTCIICHb 3HAMCHATCJIAA paBHA ABYM.

3areM Mbl BBIOMpaeM CaMylO CTapIlyl0 CTENEHb YUCIUTENs M 3HAMEHaTells: B JaHHOM
IIPUMEPE OHU COBIIAJAIOT U PABHBI JIBOMKE.

Wrak, MeTon pelieHus CIeAyOUuil: AJdsl TOro, YTO0bl PACKPHITH HeoNpeaeleHHOCTh
w ~
- He00X0UMO pPa3leJuTh YNCJIANTEIb U 3HAMEHATe/Ib HAX B CTapllel cTeneHu.

2xt—3x-5
===

e 14+ x+3x°

2
PazgenuM uncianTenb U 3HAMEHATEIIh Ha &

2x—3x—75 2x° 3x 5 3 570
]ji‘ﬂ Xﬂ ]Jm xg _?__2 ]JI'ﬂ 2_; _? 2
(*)_ = 'l+:1;+3x2 _K—HD 1 X 3?(2 k= ] " 1—>IZI _g
— =2 =t Tt 7 — t+t— +3
x X X X & x

Y10 NpUHIHMNKAIBHO BasKHO B 0OpPMJICHUH pelieHus1?

Bo-niepBbIX, yKa3bIBaéM HEONPEAEICHHOCTD, €CIIU OHA €CTh.

Bo-BTOpBIX, KenaTenbHO NpepBaTh pELICHHE A MPOMEXKYTOUHBIX OOBACHEHUH. 51
OOBIYHO HCTIONIB3YIO 3HAK (*), OH HE HECeT HUKAKOr0 MaTeMaTHYeCKOro CMbICIa, a 0003Hayaer,
YTO pelleHUE NMPEepPBaHO AJI IPOMEKYTOUHOTO OOBSICHEHHUS.

B-Tperbux, B mpexaene kenaTeNbHO MOMeuYaTh, 4TO U Kyaa crpemutcs. Korma paborta
odopmIseTcs OT PyKH, YI00HEe 3TO clieaTh Tak:

3\ [A\ >
ey 3 [ong
2 |

AV WA
[ —H—13
AT S

J1y1st TOMETOK JTydIlie UCIOJIb30BaTh MTPOCTON KapaHall.

72 4+1522 +9x+1

7 7
3amanne 4. Haiitu npegen "2 2% +6x"=3x-4
Pemienne:

CHOBa B 4HCIHWTEIE MW 3HAMeEHATele HaxOIUM & B crapuie CTENeHu:
. 2
H15x"4+9x+1
llm

L300 ‘\\4 - ()\ o 3_\' it

4 . MakcuMmalibHag cTereHb B yuciutesiae: 3. MakcumalipHasg CTEIEHb B
3gaMeHarele: 4.

Bri6upaem HauboIb1Iee 3HaUEHNE, B JAHHOM CIIy4ae Ye€TBEPKY.

65



CornacHo HaImeMy ajiropuTMYy, JJIs PACKPBITHS HEONPEACICHHOCTH g JIETTUM YUCITUTETD
¥ 3HAMEHATelTh Hax".
[TostHOE OopMIICHHE 3aTaHHUST MOXKET BBITJISACTD TaK:
T 15t 4 0x+1 _w *
> S5x' +6xt —3x—4 00
Pa3/ieniM 4uCIuTeNb U 3HAMEHATENb Ha X*

724152 +9x +1 770 570t gt 20
(*:I ]J.t'ﬂ x" ].1.t'ﬂ ; +? ? +?
x4 xg x3 X
_04+0+0+0_0_
S+0-0-0 5
- 2xi—3x—5

3amanne 5. Haiitu npegen *2°  x+1
Pemenue:

MakcumanbHasi CTENEHb «UKCa» B uuciauTene: 2. MakcuManbHas CTENEeHb «HKCa» B
3HameHarejsie: 1 (x MOXKHO 3amucarh Kak xo).

[ee]
J1st packpbITUS HEOPEIETICHHOCTH— HEO0OXOMMO pa3AeIUTh YUCIUTENb U 3HAMEHATEIb
Hax?. YucToBoii BApUAHT PEIICHUS] MOXKET BBITJISAIETh TaK:
Co2x'-3x-5 w

tim = (9
H x+1 co
Pasie/TiM YHCITHTEh U 3HAMEHATEb Ha X°.
2xt—3x-=5 370 50
IS
= ]Jﬂl =i = — =0
(*:I P x+1 P 1_”:' 1 =1 0
3 - +—=
X x e

ITox 3aHI/ICBIO§ M0/Ipa3yMeBaeTcsl He JIeJIeHHE Ha HOJb (JEJIUTh Ha HOJIb HENb3s), a
neneHre Ha 0ECKOHEYHO Malloe YHUCIo.

Takum 00pazoM, MpHU PACKPBHITUU HEONPEIEICHHOCTH Bnnag Yy HAC MOXET MOJYYUThCS
KOHeuHOoe YUC10, HOJIb UIH OECKOHEUHOCTbD.

IIpenennl ¢ HeonpeaeaeHHOCTHIO BUAA % U METOJ UX pelleHUus

I'pynna cienyrolmux MpeaenroB 4eM-TO II0X0Ka Ha TOIBKO YTO PACCMOTPEHHBIE IIPEIEIIbL:
B YHUCJIMUTENIIE W 3HAMEHaTele HaXOJATCS MHOTOWIEHBI, HO «HKC» CTPEMHUTCA YXKe HE K
OECKOHEUHOCTH, a K KOHEYHOMY YUCTY.

po 2% 355
3amanne 6. Perts npegen " x+1
Pemenne:
2-1*-3.(-0D-5_0
Chavana  mompoOyeM  IOACTaBUTH -1 B Jpo0b: —1+1 0

0
B mannom cJIydac 1nmojiydcHa Tak Ha3bIBacMasi HeOHpeHeHeHHOCTBB .
Oﬁmee NpaBUJI0: €CJIM B YUCIIUTEIIC U BHAMEHATEIIC HAXOAATCA MHOT'OYJICHBI, 1 UMECTCA

0
HEOMPECACIICHHOCTHU BI/IJIaE , TO I €€ PpaCKpbhITHA HYXKHO Pa3jloKUTbh YUCIUTEINb H
JHAMCEHATEJIb HA MHOYKUTCJIN.
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Jljig 3TOrO 4alle BCero HY)KHO PEHIMTh KBaJpaTHOE ypaBHEHHE U (MJIM) KCIOJIb30BATh

bopMyIIBI COKpAaIllEeHHOT'O YMHOXKCHHUS. Uraxk, pemaeM HaII npenen
o 2x*—3x-5 0

i ————=—=

r=-1 x+1 0 ™

PaznoxxuM yucIuTEnh W 3HAMEHATENIh HAa MHOXKHTCIIH. I[HSI TOTO HYTOOBI PA3JI0KUTH

4 —
YUCIUTECIIb Ha MHOXHUTCIM, HYXHO PCIIUTH KBAaApPaTHOC YpPaBHCHHUE! 2x" -3x-5=0

e - _
Chayvana HaXOJIMM JUCKPUMHUHAHT: D=(=3"-4-2-(-5)=9+40=49 Y KBaJIpaTHbI KOPEHb U3

HEro: @:ﬁ:?.

Ecnu xopenv ne uzenexaemcs mayeno (nonyuaemcs OpooHOe 4UCNO C 3ansAmoll), OYeHb
8EPOSIMHO, YMO OUCKPUMUHAHM 8bIYUCTIEH HEGEPHO UOO 8 3a0aHUU ONeYamKd.

Jlanee HaxXOAUM KOPHH:
= =m-=7 37 -4

= —=-1
2.2 4 4

x_—(—3)+?_3+?_E_E

o224 42

Takum ob6pazom:
2xt —3x—5=2{x— (1) (x—g] = 2(x+1}. (x—g] ={x+1).{2x-5)

Bcé. Hucnurenb Ha MHOXKUTEIIN PA3JIOKEH.

3uamenatens. 3Hamenatens X1 yike sBIIsSETCS MPOCTEHIIIM MHOXKHUTENIEM, ¥ YIPOCTHT
€ro HUKaK HeJb3sl.

x+1) 12x=5

(9= lim T+ 2523)_ oy
r—-1 xr+1

Ou4eBUIHO, YTO MOYKHO COKPATUTh Ha (Xx+1) :

(*) = lim (2x—5)=(*)

r=-1

Teneps u moacrasisieM -1 B BEIpak€HHE, KOTOPOE OCTAJIOCH O] 3HAKOM IIpeiena:

=2 (-l1-5=-2-5=-7

EcrtecTBeHHO, B KOHTpOJBHOM paboTe, Ha 3adere, 3K3aMEHEe TaK IMOAPOOHO pelIeHHe
HUKOT/Ia HE paclMCchiBalOT. B uncToBOM BapuaHTe opOpMIIeHHE JAOIKHO BBIMIAAETh IPUMEPHO
TakK:

S 2x*—3x-5 0
i —————=—=(*)

r=-1 x+1 0

Paznoxum ynucnuTens, Ha MHOKUTEIU . 2x* —3x-5=0
D=(—3}2—4-2- = =9+40=4%

D =43 =7

_—(=3-7_3-7_-4

xn= —=-1
2.2 4 4
e T 347 105
Toz2 4 42
zxf‘—3x—5=2{x+1}-[x—§]=[x+1}-[2x—5}

P Gl 11 ST PP B

-1 x+1 r=-1
8- 2x°

(=

T . 1n
3aganue 7. Berauciaute npeaen =it +4x-12
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Pemnenmne:

CHayasia «4uCTOBOI» BapUaHT PELICHUS
g-2x* 0 o

mix +4z-12 0

PaznoxuM 4uCIUTEIb U 3HaMEHATEIh Ha MHOXKHUTCIIH.

Uncmrens: 5 2x' = 2(4-x)=2(2-x1)(2+7x)

3namenarens: X +4x—-12=0

D=16+48=864

JD =38

xl_ﬂz_g x2=_4+8=2
2 2

FHdxr-12=(x+6)x-2)
) = fim 22-R2+x) o R-x;2+x) . (k- 22+x)
2 (x4+6)x—2) o (x461x—2) =2 (x+6)x—2)

DV C k) S S
72 (x4 6) 8
o 2%+ 6 —f10x-21
3aganue 8. Haiitu npenen "7 x—15
Pemenue:

Hauunaem peuaThb.

Cuauana npoOyeM MOACTaBUTH 3 B BBIpAXKEHHUE MOJI 3HAKOM mpenena. JlanHHoe neficTBue
OOBIYHO MPOBOJIUTCS MBICJICHHO WJIM HA YEPHOBHKE.

SEe-afl0i-21 -5 0

5.3-15 C15-15 0
[Tonyuyena HEOIIPEAEIECHHOCTD BI/II[a% R KOTOPYIO HYXHO YCTPaHATh.
Jr+E=Jlox=21 0
lirry =—=(*
r 33 5x—15 0

Korma B umciutene (3HaMeHaTesle) HAXOAMTCSA PA3HOCTh KOpHEH (MM KOPEeHb MHHYC
0
KaKoe-HHGY/Ib HCIIO), TO U1 PACKPHITHS HEONPE/IENEHHOCTH - HCTIONB3YIOT METO YMHOKEHHSI
YHC/IMTEIs] M 3HAMEHATE/IS HA CONPSIKEHHOE BhIPaKeHHe.
_ 1,z
BeroMuHaeM Haury HeTiennyio hopMysty pasHocTH ksaaparos: ¢~ #la +E)=a” —&
x4+ —410x-21
lirny

U cMOTpMM Ha Ham mpejien: * 5x-15

Uro MoxHo ckazars? & &) y Hac B YUCIIUTEINIC yXKe eCTh. Ternepp A MPUMEHEHHUs! (POPMYIIbI

0CTajJI0Ch OPraHU30BaTh (a+2) (KOTOpOE B M HA3bIBACTCS CONPSIKEHHBIM BbIPAKEHHEM ).
YMHOKaeM YHCJIUTEIDL HA COleH)KeHHOG Bblpa)l(eHI/Ie:
e (fx+6—J10x—21) (fx+6 +.J10x - 21)
= 5x—15

O6paTI/ITe BHUMAHHCE, UTO IO KOPHAMU IIPU 3TOM Oorepanru Mbl HUYCTO HC TPOTracM.

Xopotto, @+a) OpPraHU30BaJIv, HO BEIPA)KEHUE-TO M0 3HAKOM ITpe/ies1a U3MEHIIIOCH!

A JJIs1 TOrO, YTOOBI OHO HE MCHAJIOCh, HY?KHO €TI0 pasACJIuTh Ha TO K€ CaMOC, T.C. HA I:ﬂ +b) .
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= (ﬁfx+6 L1002 =210 (fx+6 + 4102 - 21) .
o (52 =151 (Jx+6 +4/10x-21)
To ecTb, Mbl YMHOKMJIM YMCJIUTEIb U 3HAMEHATEIb HA CONPSKEHHOE BbIPA:KEHHeE.
B u3BecTHOM cTENeHu, 3TO UCKYCCTBEHHBIN MTPUEM.

_ .32
Ymuoxumu. Teneps camoe BpeMsi IPUMEHHUTh BBEPXY hopMyiry (@—b)a+b)=a®-&",

) = fim (x+6 —(f10x—212
23 (55— 15). (2 +6 +410x - 210
x+6—(10x—21) _

13 (52 —15). (Jx+6 +10x—21)

x+6-10x+ 21
= lim
73 (51 —15) (4246 + 4105 —21)
—9x427
= lim =

23 (57 —15) (Jx+6 +410x - 21

0 . .
HGOHpeIleJIeHHOCTLB He nponasa (onpoOyiTe MoACTaBUTh TPOHKY), 1a U KOPHH TOXKE HE

ucuesnu. Ho ¢ cymMmoii kopHel BCE 3HAUUTENILHO MPOILE, €€ MOKHO IPEBPATUThH B IOCTOSHHOE
ymcino. Kak 3to caenats? [la npocTo noacTaBUTh TPOMKY MO/ KOPHHU:

—9x+27
(*) = lim
73 (55 =151 (/346 +./10. 3 21)
—9x+27 . —9x 427

:]_1_'[11 =
73 (52— 15). (43 +49) 3 (52—-15). (3+3)
1. —9x+27

“ln —— — =

T Gri S5x—15 )

qI/ICJ'IO, KaK YK€ OTMECYAJIOCh PaHEC, YUY€ BBIHCCTHU 3a 3HAYOK IMPCaciia.
Tenepb OCTAJIOCh PA3JIOKUTH YHUCIHUTEIIb U 3HAMCHATCJIb HAa MHOXUTCIIN, CO6CTB€HHO, 9TO

cJI€10BajIo C)IGJ'IaTB PaHbLIC.

—9x-3% 1. -9 1 (-9} 3
(*}_Em S5(x—3) 6]i133?_6(5]

*x-2
3apanne 9. Haittu npegen "~ +x+6-2
Pemenne:

Cnauana nonp06y171Te PEIHUTD €T0 CAMOCTOATCIIBHO.
OKOHYATEILHOE pEIICHUC TPHUMEPA MOKET BBITTIAACTE TAK!:

P
. r+x=-2 0
fm 2T I = === ()
=2y h =2 0
Paznoxum YUCIIUTEID Ha MHOKUTEIU; X +x-2=0
D=1+8=4%
Jo=3
xlzﬁ:_g
2
x2=_1+3=1
2

FAr-2=(x+2(x-1
YMHOXUM YHUCIINUTEID U 3HAMEHATEIL Ha COIIPSAKECHHOC BBIPAKCHUC
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o (x+2Dx-Nilfx+6+2)
I?‘cj_r]rJ—Ij[Eﬂ(J;»:+6—2]Ilixf’x+6+2} B

—=2
=t (x+2(x-Dijx+6 +2}:4]jm (x+20(x=1 _
K=l r+6E—4 K-l x+2
=4x'_}]1n}2(x—1)=4-(—3j=—12

3ameuaresibHbIE MIPeeJIbl
sin x

3apanme 10. Haiitu mpenen " 3%

Pemenue:

Eciu Mbl 3aMedaeM B mpejesiec CHHYC, TO 3TO HAaC Cpa3y JA0JDKHO HATAIKHUBATh HA MBICIb O
BO3MOKHOCTH [IPUMEHEHHS IIEPBOI0 3aMEYaTENLHOrO Mpeera.

CHayvaina npobyem noactaBuTh O B BeIpaKEHHE 10J1 3HAK Ipeiena (Je1aeM 3TO MbICIEHHO
WM Ha YEPHOBHKE):

sin fx 0

=0 L 0

0
Wtak, a Hac ecTh HEONpPeAENEeHHOCTh BHJlas , ¢¢ 06s3amenbHO yKazvlgaem B 0HOpMIECHUN

pemienus. BelpakeHne noJ 3HaKOM IIpezieia y Hac IT0X0KEe Ha IIEPBBIM 3aMedaTeNIbHbIN Mpee,
HO 3TO HE COBCEM OH, I10J] CHHYCOM HaxXOAMTCs 7X, a B 3HAMEHATeNe 3X.

B momoOHBIX ciydasix TEpBBIH 3aMeYaTeNbHBIA Tpenenl HaM HYXKHO OpraHM30BaTh
CaMOCTOSITENIbHO, MCIIOJIb3YSl UCKYCCTBEHHBIH NpueM. X0J pacCyKIEHHH MOXET ObITb TaKUM:
«I0Jl CHUHYCOM Yy Hac 7x, 3HAa4uT, B 3HAMEHATEJIE HaM TOXKE HYKHO IIOIYYUTb 7X».
A nemaeTcs 3T0 04eHb IIPOCTO:

ainJx 0 =nix

¥=0 Sy 0 x—}liljll.?x
=

To ecTp, 3HaMeHATENb UCKYCCTBEHHO YMHOKA€TCS B JAHHOM CJly4ae Ha 7 U JEJIUTCS HA Ty
JKE  CEMEpKY. Tenepp  3amwch y  HAaC  TPUHSUIA  3HAKOMBIE ouepTaHUsI.

Korz[a 3aJaHuc O(l)OpMJ'ISICTCSI OT pYKH, TO HepBLIﬁ 3aMevaTeIbHbIN MMpeaciI ’KEJIATCIbHO ITIOMCTUTD
IMPOCTBIM KapaHaallloM:

sm7x 0 s 7x)
him——=—=lm————
x=0 3y 0 =0 )

Yro HpOI/I3OI_HJ'IO? IIo CyTH, O6B€I[6HHOC BBIPpAXKCHUC Yy HAC NIPCBPATUIIOCH B CANHULY U
HCYEC3JI0 B IPOU3BECACHNU:

AT e TpegRi)

sm7x 0 sm 7 |

hm——=—=lm——— =—

x-»0 3y () =0 1 P | A

R = X —

Tenepn TOJILKO 0CTajI0Ch n30aBUTHCS oT TPEXATAKHOCTH apoou:
1.8 3eaa TemaeM NRee)

sm7x 0 s 7 1 7
Iim =—=llmM— == ==
x=>0 3y 0 x=0 3 15 ) 3 3
3.—472, = -~
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T'oroBo. OKOHYATEIBHBIIA OTBET:

. 55
itp ———
=0 a X
sin < —
3apanue 11. Haiitu npenen 2
Pemenune:
Onate MBI BHAMM B Tipezesie ApoOb u cuHyc. [IpoOyeM mMOACTaBUTh B UYMUCIUTENbh U
3HaMEHAaTEb HOJIb:
.50
lim =—
=0 4 X 0
gin < —
2

o 0
HGI/ICTBI/ITeHBHO, Yy Hac HeOHpeHeHCHHOCTLE H, 3HAYUT, HY’)KHO IIOIIbITAaThCS OPIraHn30BaTh

NIepBBIi 3amedarenbHbIi npezen. CTerneHu Mbl IPEICTaBUM B BUJIE MPOU3BEICHUS (MHOXKHUTEIEH):
3
Sx oo Sx.x
lirmy

¥=0 . 4 X B n o x=0  x . X
il — Bl — - 51 —
2 2 2
Haﬂee, 110 YK€ 3HAKOMOH CXeMe OPraHru30BbBIBACM IICPBLIC 3aMCUYATCIbHBIC ITPCACIIbI. HO)I
X X

CHUHYCaMH Yy HAaC 2 , BHAYUT, B YACIUTECIIC TOKEC HYXKHO IMOJIYYUTh 2 .

X X

5 Loon.
]jm—j:Jr :E:]jrn o X =lim 2 2
¥=0 . 4 X N x»=0  x . X x=0 . x . X
fim — 51 — - 51l — it — - 51 —

2 2 2

AHaNOrMYHO MpeAbIAyIIeMy IpUMepy, 0OBOIUM KapaHJAIIoOM 3aMedaTebHbIe Mpeiesbl
(31ech uX /1Ba), U YKa3bIBaEM, YTO OHU CTPEMATCS K €IUHUIIE:

. s.22 R
Sx 0 Sxy-x Vi et
lim————=—=hm = lim —= =}f=]
x>0 . 3 X () x-0 X X x0/ ., X/ ~/x|
31| S — - {11 — S —F e — |
S l ) \ “ 2 |
Co0OCTBEHHO, OTBET I'OTOB:
3 5.9.92451%)
5%° 0 Sx-x i’ Z1 1B ,
lim———=—=lm = Jun —= == -5.2.2=20
x—10 2 X 0 =0 X X x—-30/ N7~ X
S — SN — - SUL— sm—‘r B —
o) 5 o) \ o 1Y 5
- - - N —
. fgix
litry £ =
3aganue 12. Haliti npemen "0 2x
Pemenune:
[TocraBnsieM HOJIb B BBIPAXKCHHE 1101 3HAKOM IIepeiena:
. fgiZxo 0
iy 22% _

¥—=0 2;{2 E
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[onyueHa HeonpeeieHHOCTh U, KOTOPYIO HyXHO pacKpbiBaTh. Eciu B Tpesiene ecTh
TAQHF€HC, TO IIOYTHM BCEerJa €ro NpeBpallalocT B CHHYC M KOCHHYC 10 H3BECTHOM

st &
g =
TPUTOHOMETPUIECKOH hopmMyIe Losd
B nanHowMm ciyuae:
. tglx 0 SifL 2%
iy 2=t X

w20 272 0 #=02x% cosZx

Kocunyc Hyns paBeH eAMHMIIE, M OT HETO JIETKO N30aBUTHCS (HE 3a0bIBaEM TOMETUTH, UYTO
OH CTPEMHTCS K CTUHUIIC):
.o igdx 0 s 2% . s 2%
£eX _ litnn

20 2x% 0 rs02x% (cos2zx)! T a0 2y

Takum 00pa3om, eciiu B Ipejiesie KOCHHYC SIBISIETCS MHOKHTEIEM, TO €ro, YCIOBHO
TOBOPSI, HY’KHO [IPEBPATHUTD B €IMHHUILY, KOTOPas KCYE3aET B IPOU3BEICHUU.

JlasbIe 1Mo HakaTaHHOM CXeMe, OpraHu3yeM MEPBBIA 3aMeyaTeIbHbIN PeIe:

. fgdx 0 sth 2x . sn2x
50 2x% (1 x02x% (cos2x)7t 220 2x0
3 sin 2x
R0 0x.x

371ech Bce BBIILIO MPOILE, 0€3 BCAKUX JOMHOXKEHUN U AeneHuil. [lepBolil 3ameuarenbHbIi
IIpeJieN TOKE IPEBPALACTCs B €AUHUILY U MCUE3aeT B IPOU3BEICHUU!

. fgdx 0 sth 2x . sn2x
=0 2x° 0 #02x% (cos2x)Tt we0 277
=]J_'[nsmzx=]_'|n]l=l=m

¥=0 Dy ¥ =0 ¥ ]
B utore momy4yena 6eCKOHEUYHOCTh, OBIBAET M TAKOE.

. 1—cosdx

i ———— —
3ananme 13. Haiitu npenen #20 Ox
Pemenue:
[TpoOyem moICTaBUTh HOJIb B YHCIUTEh U 3HAMEHATEIIb:

. l—cesdx 0
g ——— = =—
=0 ax ]
g

Honyqua HCOMPCACIICHHOCTD 0 (KOCI/IHyC HYJIS, KaK MbI IOMHUM, PaBCH CI[I/IHI/II_IC)

Y
VICIIONB3yeM TPHTOHOMETPHYIECKYIO hopMyiTy 1= 082 = Zsin™ &
Bo3sbmute Ha 3amerky! Ilpenensl ¢ mnpuMeHEHHWEM OJTOH (HOPMYNIBI TOYEMY-TO
BCTPEUYAKOTCS OYEHB YacTo.

firn 1 n::osdlx:E:h.m 2an* 2x

¥—=0 ax 0 w0 qx

HOCTOHHHHe MHOX>XHUTECJIN BBIHCCEM 3a 3HAYOK Hpenena:
o l-cosdx 0 . 2an’Zx 2. sn’2x
i ——— = =l S T o - =

x—=0 S 0 x—=0 S B 5 50 ¥

Opranu3zyem NepBblil 3aMeyaTeNIbHbIN Mpeei:
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1—cosdx . Zsmnizx 2 singEx_

]_'i_'['_[]_—:—:]j_‘[]]—:—. =
x—0 ax 0 x=0 qx 5 x=0 x
2. smnZx-sin 2x
4 w0 12;;
2

371ech y HacC TOJIbKO OJIMH 3aMeyaTesIbHbIN Npesiesl, KOTOPBIH NPEBPALLAETCs B EAUHUILY U
UCYe3aeT B IPOU3BEIACHUM:

_ .2 .2
]jml cos4x:E:]jm 231 Ex:E. 5itl 2x:
¥—=0 Sx ] x—0 qx 5 w0 x
_2. sinEx-sinE;{_E. s 2x
5 k=0 lzx 5 k=0 l
2 2

W36aBuMCS OT TPEX3TaXKHOCTH:

_ .3 .
]jml cos4x:E ]J.m251n 2x_2]jm g1t Ex:

¥—=0 ax 0 wx=0 qx _EK—}U x
=E. sm2x-sm2x=3. sm2x=3-2]j1n(si112xj
5 k=0 1 Sra0 1 5 x—0
e —
2 2

[Ipenen paxTHUECKH pelIeH, yKa3bIBaeM, YTO OCTABIIUICS CHHYC CTPEMHUTCS K HYIIIO:
o l-cosdx 0 . Zsin?2x 2. sin‘Zx
firn ——— " — = —lim e

x—=1 Sx [ ==0 Sx _Ex—}lil x
=E]j_m sth 2% - sin zng]j_m st Ex:E-Eljm (smExj"Dzi-Dzlﬂl
5 x=0 1 Sxs0 1 5 x=0 5
2oy -
2 2

Bropoii 3ameyaTenbHBINA Npeae
B Teopun MaTeMaTH4YECKOro aHaIM3a AOKA3aHO, 4TO:

lin [l+l] =g
o o

JlaHHbIM (aKT HOCUT Ha3BaHUE BTOPOI0 3aMevaTeIbHOI0 npe/ea.
g=2,7182ul628.

Cnpaesxa: — 3MO UPPAYUOHATLHOE YUCTIO.
B kauectBe mapameTpa “ MOXKET BBICTYNAaTh HE TOJBKO MEPEMEHHAs + , HO M CIIO)KHAs
¢byHkuus. BaskHo anb, YTO0BI O0HA CTPEMHJIACH K 0€CKOHEYHOCTH.

1 4y
i | 14+—
o E—w £y
3ananue 14. Haiitu npenen
Pemenune:
Korga BeIipaskeHre 1o 3HaKOM TIpeziesia HaXOAWTCS B CTETIEHH — 9TO TEPBBIM MPU3HAK
TOTO, YTO HY)KHO MONBITAThCSI IPUMEHUTH BTOPOI 3aMeyaTeNIbHbIN Mpee.

1+

[1+5) 1
HetpymHo 3aMeTHTB, 4TO TIpu * % 0cHOBaHME CTENEHH X , a II0Ka3areb —

4x — o , TO €CTb UMECTCA, HCONIPECACICHHOCTb BUJa 1 .
1 4x
lity [1 + —] =1

¥—w Sx
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JlaHHass HEONpEeNENeHHOCTh Kak pa3 M PacKpbIBaeTCsi C IOMOIIBI  BTOPOrO
3aMeyvarenbHoro npezaena. Ho, kak gacto ObIBaeT, BTOpOil 3aMevaTeNIbHBINA Mpee He JIeKUT Ha
OJr01euKe ¢ roiry0oi KaeMOUKOH, ¥ ero Hy’kKHO HCKYCCTBEHHO OpraHM30BaTh. PaccyxaaTh MOXKHO

ClIeyIomHM 00pa3oM: B JAHHOM IpUMepe mapamerp & =X 3HaunT, B MOKa3aTeIe HaM TOXKE

HY>KHO OpraHU30BaTh 3x J1y1s1 5TOr0 BO3BOJIMM OCHOBAHUE B CTEIICHb 3%, 1, 4TOOBI BBIpaKEHUE
1

HC NU3MCHHUJIOCHh — BO3BOJHM B CTCIICHDb 3x .

1 % 1 3 %’”

o Sx ¥ £

Korna 3ananmne opopmisieTcst OT pykd, KapaHAalIoM IIOMEYaeM:

: § Oy ‘}/}.’ enge 4
lim| 14+ — | :l“’:hm.]’|1+—- ]
X 0| 3x = || 3x/f

N /

5t

Tt NEeaen)

[IpakTuecku BCE€ roTOBO, CTpAILIHAS CTENIEHb [IPEBPATUIIACH B CUMIIATUYHYIO OYKBY £ !
IIpu 5TOM caM 3HA4YOK IpeJelia IepeMeNiacM B II0Ka3aTellb.

~. 1 4%

]

luni 1+L :l“’:hm;!“ 1+L |

x| 3x x> || 3x)/

N
\
-

Jlanee, OTMETKY KapaHAIIoOM s HE JIeJIat0, IPUHIUI 0pOPMIICHUS, TyMaro, TIOHSATEH.
3aganue 15. Haiitu npenen

I +3
()
rwy x+1
Pemenue:

Brumanue! Ilpeden nooobnoeo muna ecmpeyaemcs ouensb 4acmo, nONCanyiucma, o4eHd
BHUMAMENLHO U3YUUMeE OAHHBLI NPUMED.

ITpobyem moacTaBUTh OECKOHEYHO OOJIBIIOE YHMCIIO B BBIPAXKEHUE, CTOSAIIEE MO 3HAKOM
npezena:

]jﬂl (x_ 2]23‘+3 _ (E]m
rsol x+1 o

B pesynbTraTe nonydyeHa HeonpeaeneHHOCTh (o::

oo

]m

. Ho BTOpO# 3ameuaTenbHBbIi npenen
w

PUMEHHM K HeompedeneHHocTn Buaa 1 . Uto menars? HyxHO TpeoGpa3oBaTh OCHOBaHME

crenenn. PaccyxmaeM Tak: B 3HameHarene y Hac X 11 smaunr, B umcimrene Toxe HYXHO

opranmsosath *+1:

e [x_2]2x+3 _[E]m e (I+1_3]2:¥+3
rwl x+1 sl rswl o x+1

Tenepb MOKHO ITOYJICHHO pa3acIuTh YUCINUTCIIb HA 3HAMCHATCIIb:

x+3 w 2x+3 x5
firn x—2 _[® ~ i T+1-3 i 1 3
roey x+1 €0 ¥swl x+1] rw x+1
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1
1+—
& , HO ¥ HaC 3HAK «MHUHYC» Oa U TpOfIKa

Bposie Ob1 0cHOBaHUE CTaIO HAIOMUHATH (
Kakas-To BMeCTO equHMIBL. [loMokeT cnenyroee yxuipeHue, aeaaeM Apo0b TPEeXdTaKHOM:

2x+3 w 243 243
lirn -2 _[® i T+1-3 i |12 3 _
x+1 £ r=wl x4 ¥ x+1

2x+3

K=+

=lm | 1+ ! =1
+1

¥ x

1
1+—
&/ u, Gonee TOTO, MOSBUIIACH HYXKHAS

1+1]
o

Taxum 06pa30M, OCHOBAHHC IIPUHAIIO BUJ [

w v (v}
HaM HCOIIPCACICHHOCTDb 1 . OpraHH3yeM BTOPOM 3aMCUYATCIIbHbIK IIPCACIT

x+1
0=
—3 . CHOBa MCHONHSEM HAII

YTO B JAHHOM MpUMEpE
x+1

-3 , ¥, 4TOOBI BBIpKEHUE HE

Jlerko 3aMeTHUTh,

I/ICKYCCTBGHHBH\/JI npueMm: BO3BOAMM OCHOBAHHUC CTCIICHU B
-3

M3MEHHJIOCH — BO3BOJMM B 00paTHyI0 1pobs + T 1.

2E+3 w 2E+3 2E+3
x+1 oo rwl x4 K x+1

=
-3

R L P

:r+1|: w43

2x+3

. 1 .
—tm |1+ |  =1"=lm|[1+
. r+1 ¥—w r+1
-3 -3
1 =]
HakoHeI-TO J0IroKIaHHOe <%/ ycTpoeHo, ¢ 9MCTOH COBECTHIO MPEBPAIIAEM €r0 B

OyKkBY ¥ :
]jﬂl(x_2]2?6'+3_(E]m_mn[x+l_3]23+3_]jnl(l_ 3 ]2?6‘+3_
- Creel ox+1) T

r+1 Lo ol x4

=
-3

——2x+3

:r+1|: w3

2x+3
. w43 w

i | 1| =1 =l || 1+ e
= [x+l] E—m [I+1]
=3 =3

Ho na 3TOM MYUYCHHUA HE 3aKOHYCHBI, B ITOKA3aTCJIC Y HAC IMOABUIIACH HEOMPCACICHHOCTD

co
I[eJ'II/IM YUCIHUTECIIb H

BUaa DD’ PAaCKpBIBATh TAaKYH0 HCOIPCACICHHOCTh MblI HAYYUIIUCH.

3HaMeHaTelb Ha *
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2x+3

2x+3 2x+3
-2 x+1-3 . E
¥l x+1 €0 ¥rel x4+ ¥ x+1
=3
— 2% 43
Ix+3 AL
-3
1 1 _3Hm2x+3 w
=hm |1+ =1" =1 1+ =g = e o
K= x‘4—] K= 3'4—1
-4 -3
243 3+§ﬂn
= lm —3lim —F
3_111—11; ¥+l =-3'1+l
— o CR— ® — -2 -6

Paccmorpum MoauduKkaiuioo BTOPOTo 3aMedyaTeaIbHOro npeaena. Hamomuio, yTo BTOpOit

1

lin (1 +—
v —
3aMedaTeNbHbIN [TPejies] BBIIIAIUT CIEAYIOIMM 00pasoM:

.
] p

a . OJ1HaKo Ha [TpaKTUKE
BpEMs OT BPEMEHHU MOKHO BCTPETHTB €TI0 «IIePEBEPTHILI», KOTOPBIN B 00IIEM BHU/IE 3aITUCHIBACTCS
TaK:

1
lim (1+ a)* =g

1

. lim (14 2z 4
3apanue 16. Haiitu npegen =0
Pemenne:

CHayvana (MBICJICHHO WJIM Ha YEPHOBUKE) MPOOyeM MOJCTaBUTH HOJb (OECKOHEYHO Majoe
YHCII0) B BRIPAXKEHHE, CTOSIIEE 1101 3HAKOM TIpeJiena:

1 1

(14+£g0)20 = 1+ M7 =1

w
B pe3ynbTaTe MONydeHa 3HAKOMAs HEONPEENeHHOCTh | . OYeBHIHO, Y4TO B JAHHOM
npumepe & = 8%

. C moMonIp0 3HaKOMOTI'O HUCKYCCTBCHHOI'O ITPpUEMA OPraHU3yEM B IMOKA3aTCIIC
1

CTEIIEHN KOHCTPYKIUIO & !

1 1P
]jmu(1+.tgx)3" =1"= ]jmu (1+tgx)™F

1
(=4
Beipaxxenue +a) CO CITOKOIHOM AyIION mpeBpaiaeM B OyKBy ¥ :
1
1 1 ey

= 2 l]mrﬂ
i, (1+2%) % =1 =1

— 0
=litn | (1+2gx) = gd=it ¥ 0
x—=0

=g

0

Elne He BCE, B OKA3aTeNe y HAC MOSBHIIACH HEONPEIENCHHOCTh Biaa U . PackmajsiBacm
TAHT'€HC Ha CUHYC ¥ KOCUHYC (HUYero He HallOMHHAeT?):
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1 Ry Ix 1.
tirn (1+£gx)% =1° =lim | (1+:gx)F =gl
¥—=0 x—=0

=1E=

l].im sihx
= iy o5

Kocunyc Hyns ctpeMuTcs K eluHuULE (He 3a0bIBaeM IIOMeYaTh KapaHalioM), I0O3TOMY OH
IPOCTO MPOIAAAET B IPOU3BEICHUU:

1
1 1 i

2x 1. ¢ 0
. T e v ISy _ 0
im (1+:gx)?* =1%° =lim | (1+:gx) =g =g =
Py x—=0
Tup B L sa 1
_ Eﬂx—nx-(cnsx:l_“ —pli=x 3

HenpepbiBHocTh pynknuun. Kiaccupukanus Touek paspbiBa
Oyukmus Y = f (X) Ha3bIBACTCS HENpepbl6HO 8 Mouke X = a, eclii OECKOHEUHO MaJIoMy
MPUPAIICHUIO ApTYMEHTA B 3TOM TOUYKE COOTBETCTBYET OECKOHEUHO MaJloe MpupaiieHue QyHKIuy,
To ecTh lim Ay =0.
Ax—0

OyHKIMA Y = f (X) Ha3bIBACTCSI HENpepuléHOU 6 moyke X =a, €CIu CYIIEeCTBYET
KOHEUHBII Ipejiesl PyHKIUU B 3TOHW TOYKE, KOTOPBIN PaBeH 3HaUCHHIO (DYHKIIMU B TOUKE X =4,
To ects lim f(x)= f(a).

X—a

[Tpumepom HenpepbIBHON (DYHKIMH MOXKET CIYXKUTh J100as 3jaeMeHTapHas (yHKIMS,
KOTOpasl HEMPEpPbIBHA B KaX/10i TOUKE CBOEH 00JIACTH OIPEACICHHUS.

Touka X =a Ha3plBaeTcs moukou paspviéa Gyakuun Yy = f (X), ecau 3Ta (GYHKIUH
OIIpelieJICHa B HEKOTOPOH OKPECTHOCTH TOUKU X = @, HO B CAMOM TOYKE X = @ HE YAOBJIECTBOPSACT
YCIIOBHIO HCIPEPEIBHOCTH.

Touxu pa3pbiBa GyHKIMM AensTcs ABa Tuna. K mouxkam paspwviea | pooa oTHOCATCS Takue
TOYKH, B KOTOPBIX CYMICCTBYIOT KOHCYHBIC OJHOCTOPOHHME IIPEIACTIEL. Xﬁrglo f (X) (J1eBBIii peaen)

u lim f (X) (mpassiit npenen). K moukam paspwisa |l pooa oTHOCSTCS T€ TOUKHU, B KOTOPBIX XOTS
x—a+0

OBl OIMH U3 OJJHOCTOPOHHHUX TIPEJIENIOB HE CYIIECTBYET MM OECKOHEUEH.
3ameTuM, YTO TOYKM paspbiBa | poma moapasfensioTcs B CBOIO OYepeIb Ha MOUKU
yempanumozo paspuiéa (Koraa Iim0 f(X)= Iim0 f(X);t f(a)) U HA MOYKU CKAYKa (QPYHKIHH
X—>a— X—>a+
(korma Iim0 f(x)= Iim0 f(x)); B moceTHEM CTydae pasHOCTH f(a + 0)— f(a —O) Ha3bIBACTCS
X—a—! X—>a+

ckaukoM (yukiwn f (X) B TOYKE X =a.

IIpumepsl
. 4 . 1
3amanue 17. Bprunciaure 0 HOCTOPOHHHE TIpeielibl: 1) IITO(—Z)s; 2) Ilrp0 :
X—> 2+ X — X—1t i
1+2%1
Pemenne: 1) IIycts X< 2. Torma npu X = 2—0 dyukius X —2, a, ciaeaoBaressHo,
1

3
u (X—Z) €CTb OTpulaTeNlbHass OECKOHEYHO Manas, nod3toMy ¢yHkuusa 4-——— -

(x—2)°

oTpHIaTebHas 6eCKOHEUHO Oobiuas, To ecth M ——— = —
x—2-0 (X _ 2)

Ilpu X —>2+0 o¢yakuus X—2, a, claeqOBaTeNbHO, H (X—Z)3 - TOJIOKHUTETbHASL

OeckoHeuHO 6onbmas GpyHKus, To ecth M ——— =+,
X—2+0 (X _ 2)
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2) Iycts X <1. Torma mpu X —1—-0 umeem: X—1 - orpunarenbHas OECKOHEYHO Masiast
1

1 = . 1
dynxuus; cnenoarensno, —— —> —o0 u 2t —0. Orcroma lim ————=1.
X—-1 x—1-0 =
14+2%2
Ecmm X>1, to npu X —>1+0 nmomyunm: X—1 - momokurenbHas GECKOHEYHO Majas
1 — 1
byHKuusA; cleaoBarelibHo, —— —> 40 U 2*! — 400, TOrma — 0. Hwmeewm,
1+2%1
. 1
lim ———=0.
x—1+0 =
1+2x2
1 1 .
3amnanue 18. [lanbl ¢pynkumum: 1) y = X+ 3 ; 2) y=——-. Haiitn TOuKH pa3pbiBa
X + :
142

HCCIICOO0BATh UX XapPaKTEp.

1
Pemenue: 1) ®yukus y = 3 OMpeJIe/iCHa TIPH BCEX 3HAYCHUSAX X, Kpome X = —3
X+

. Tak xak 3Ta QyHKIMS SBISETCS JIEMEHTAPHON, TO OHA HENPEpPbIBHA B KaXJ0H TOUKE CBOEU
06J1aCTH OTIPE/IEITEHHsT, COCTOAIEH M3 ABYX MPOMEKYTKOB (— 0, —3) 1 (=3, + ).
CiietoBaTeIbHO, €IUHCTBEHHOM TOYKOW paspbiBa SBISCTCS Touka X =-—3 ((DyHKIms
OIIpeIeNIEHa B OKPECTHOCTHU 3TOM TOUKH, B CAMOM 7K€ TOUKE HAPYLIAETCs YCIOBHE HEITPEPBIBHOCTU
— (ynkuus B Heil He ompezeneHa). /i ucciaenoBaHus XapakTepa paspblBa HaileMm JIeBbI U
IpaBblii Tpeenbl 3TOM (QYHKIMH OpPH CTPEMJICHHH apryMeHTa K TOYKE pas3pbiBa X =—3:

. 1
im —— =+,
x>-3+0 X + 3 x>-3-0 X + 3

1 y
CrienoBarenbho, npu X =—3 (yHKIusS Y = nMeeT OECKOHEUYHBIN pas3pbiB; X = —3
X+

ecTb Touka |l pona.
2) Paccyxnas aHaJIOTUYHO, MTOJYYHM, YTO TOUKOW pa3pbliBa 3a/laHHON (DYHKIIMHU SBISETCS

. . . 1
X =0. Haiinem omHOCTOpOHHHE Tperensl 3Toi (yHKImMH B Touke X=0: I|m0—1:0,
X—>+

14 2%

lim =1.

x—>—0

1
1+2*
Takum 06pa3om, JIeBBIi U TPaBbIil Tpeesbl ucciaeayemon pyHkuuu npu X =0 KOHEUHBI,
HO HE paBHBI MeKTy co60ii. [Toatomy X =0 Touka | pona, mpuyem Touka ckayka (HyHKITHH.

3aganusa

1. Beruucnute npenensl GyHKIHiA

2_
1) lim X —2X*6. 2) |im(i— 12 j; 3) lim —>— -
x>3 3X° —9x x>\ X+2 X +8 24X +1
4 Hy2
) tim (x—x® — 4} 5) lim X —2X°+3. 6) lim 2X*3.
X—>00 X—>o0 3x° =5 x>0 By 41
Ax* —Tx-2 2-/x

x>25x2 11X +2

8) lim

=33 [ox+1

9) Iim(1+£j :
X—>00 3X
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2 . X
10) lim X7 2X=15. 11) lim 12) |im(1—43] :
X

x—3 X2 -9 ’ z—0 / +7 —A4- Z X—>00
—x2+2 . . 2\"
13) Im ——— 14) lim(WWx® +x —x; 15) im{1-—| ;
X—>00 X —X+1 X—>00 X—>00 X

16) Iim(1+ §j .
X—>0 X

2. Beruncnute npenensl pyHKIHA 110 BApHaHTaM

e X, =1 X, =2

MNe a b C d e
i x? +7x+10 i 3x% —4x+1 x? —64 lim 94X x+4)"
X —x=6 ' |t x2ibx-2 Ixii_3 | ©osin3 lim| ~—
1 X=X X°—X—6 x>0 X° +5x—2 HB X+1-3 SIn oX x>0\ X +5
roe X, =-1,
Xg =—2
jim X F10x 25 | 2 x—4 | L A9 |y SINSX | (4x45)”
2 | =% x243x=10 ' | = 3x®+5x+8 | x>2 5x+10 =0 XCOSBX | X' 2x_3
rae X, =3, X, =-5
i 32 —TX+2 i —x?—2x+4 . x2-9 lim sin 7x C(7x=3)*
im PO — im 2 _ lim x>0 109 lim
3 | x% 2X°=5x+2 o X+ X-=5 x=3 \/3X — X gIx x>l TX — 2
rae X, =-1 X, =3
o | i 2CEBX8 |2 o xad | L 34183 | i 12C0SX | (k1)
x>x —15—4x+3x? " | x>= x? +2x—3 >3 x2—9 | 0 X XI—IIL 8x—3
rae X, =1 X, =3
. 2x%4+x-1 = 2XP44X+T7 | . 1-X? lim OXCOS2X | oy _4\*
lim ————, lim —————— | lim M ein3x | lim
5 | x%5x*+4x-1 xoe 5x2—3x+1 | x»11—4/x SiN3X | 5wl 2x—1
rae X, =3, X, =-1
lim 4%% +7x+3 lim 5x? +2x—4 im V2x+1-3 im X2 i ox+1\
6 | % 2x7+x-1" x>0 3% —X+8 x>4  x2 16 01— C0s8X | x| 9y 2
rae X, =1 X, =-1
2 _ X2+ x— 2_ . sin 9x 3x
i lim X°—2x+1 lim )Z +Xx-3 lim X" —4 Ix"l} y lim 4x—2
x>x 2X% — X — 1 x> 5X +4x -1 x>-2J1-4x -3 tg4x x—ol 4X+1
rae X, =3, X, =1
lim 2x%—9x+9 im X* +6x-3 lim VAX+1-3 | iy XCOS5X i 5x+2 )"
8 | % X?—5X+6 x>0 2% —5x+1 x>2  4—x? x>0 sin 8x o Bx_1
rae X, =—2, X, =3
i 2x? —5x-3 i —x2+x+8 i x? —25 lim 97 _ (2x=3Y)"
im =5 ———, im-————— m——— | M 10 lim
9 | x% x>—4x+3 x>» 6X° — X +16 x5 \/2x—1-3 sin 1UX x>\ 2X + 6
rae X, =-1 X, =3
x> —3x+2 i 3x* +2x-5 . Ax+2-3 lim tg3x _(6x=3)"
| ﬁ, |mf lim———— x-0 sin 8 lim
10 | x>% 14 —x—3X xon 8X°—X+4 x->7  X—7 Sin oX x—o| BX —4
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3. BpramcnuTh mpenensl, MOJCTAaBUB BMECTO OYKB 3aJaHHbIC B TaONHIC 3HAYCHHS
apamMeTpoB
1. 5 lim ax® —bx? +cx—100
. 3 2 .
legwa(x —(a+b+c)x” +(ab+ ac + bc)x — abc). >0 ox® +ax? — bx + 10
o ax®+bx? +cex+1 ax’-bx-c
3. lim 5 4. lim —_——
x>o gx® +hX +C x>o  CX” +D
2
. X" +(a—-b)x—ab -
5. lim = (a-b) 6. lim
b x2 — (b + )X + be x>/ COS ax
. 1 . Sincx
7. lim — 8. lim
x-7¢ | sin bx | x>0 CX
. bx . Sin ax
9. lim —— 10. lim
x=0 SN X x—0 X
. tgax . Sin ax
11, lim 9 12. lim
x=>0 X x->0 CX
. « . C . 1,
13. lim(14” - sin ) 14. lim(1+-)
X—>00 14X X—>00 X

15. lim (L+ )2

X—0 X

1
16. Iirr2)(1+c-x)X

17. lim (- -2)>

X—0 bX

18. lim(x-In(1+ 1))
X—0 X

19. MccnenoBath GyHKIHIO Y =ax> —bx —¢

Ha HEIPEPBIBHOCTD B TOUYKE X, = a

20.HaiiTn BepTUKAIbHBIE aCHMIITOTHI (DYHKITHH
ax

x> —(b+c)x+bc

y:

21.HaliTh ropu30HTaNbHYIO0 aCUMITOTY

22. HaiiTi HaKJIOHHYIO aCHMITTOTY

byuxuun _ax® +bx?
__ &-b T x?—cx
ax’ —bx+c¢
3Ha‘leHI/I$[ HapaMeTPOB
. | MapaMeTpbl | . | NapaMeTphbl | . | NAPAMETPBI | . | MAPaMeTPbI . | MapaMeTphbI
Ne abhc Ne abc Ne abc Ne abc Ne a b c
11-174-7137-91319-6425-3610
15 12 10
2|-1115|2 |8 | -4 (12| 8 (14| -7 |9 |14 |20|10| -6 |5|26| 3 |-6]11
3 2 - 13195 -1 9(15| 8 |-8|15 (21| -1 | 5 |6 |27|-4| 7|12
14 11
4 | -2 (144 |10| 5121|1016 -8 |8 | 1 |22| 1 |-5|71|28| 4 |-7]13
5 3 - | 5]11| 6 - 11117 9 |-7| 2 |23| -2 | 4 |8|29| 5|9 |14
13 10
6 |-3/13|6|12| -6 |10(12(18| -9 | 7| 3 |24| 2 | -49]30| 5 |-9]15
4. BeIuuCIuTh OTHOCTOPOHHUE TIPEICIIbI:
. X+2 . 3-X .
1 lim ——; 2) lim ——; 3) lim tg2x;
) x—1+0 ¥ —1 ) X—5+0 (X _ 5)2 ) x—>%t0 g
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4) lim ctg— 5) X"ITO(BX+5); 6) | m 192=%)

X—37+0 x»Z 0 2—X
5. lns naHHbBIX (pyHKuHﬁ HaWTH TOYKH Pa3pblBa U UCCIEAOBATh UX XapaKTep:
1 1 2
1) y=—-— 2) Y=—3; 3) y=- ;
) y=5- VY= ) Y=
1 3 sin x
)Y 4x —x* -3 )y 2% —1 )Y X
6. MccienoBath Ha HEPEPBIBHOCTh (DYHKLIMU:
1) y =-5x; 2) v =2t%; 3) y=x*+2;:
4) s=t>—t; 5) y=x%; 6) y=-x°-1;
7) y=2x°; 8) y=x*-5 Brouke X=1.

Bomnpocel 11 CaMOKOHTPOJIsAA
Jaiite onpenenenue npeaena GyHKIUU B TOUKE.
Yto Takoe HEONPeACIEHHOCTh?
Kakwue crocoOsl packpbITUSI HEOIIPEIETICHHOCTEH Bl 3HAaeTe?
CdopmynupyiiTe OCHOBHBIE TEOPEMBI BBIYHCICHUS MTPEIEIIOB.
3anuimute GopMysibl, COOTBETCTBYIOIIKE IEPBOMY U BTOPOMY 3aMEUaTEIbHBIM MPE/IesIaM.
Jaiite onpeneneHe HENPePbIBHON (GYHKIINH.
Uto Ha3bIBaeTCS TOYKOM pa3pbiBa?
Ha kakue nBa Tumna nensitcs Touku paspeiBa? [laiite onpeneneHue.
Kakwue npenensl Ha3pIBalOTCA OHOCTOPOHHUMU?
10 Kaxkas Touka Ha3pIBaeTCA TOYKON yCTPAHUMOT'O pa3pbiBa’?
11. Kakast TouKka Ha3bIBaeTCs TOUKOW ckauka? UTo Ha3bIBAETCS CKAaYKOM?

CoNoOA~WNE

IIpakTnueckas padora Nel8
«BbIyuc/IeHre POU3BOIHBIX C HCMOJIb30BAaHNEM MPABHJI
au¢ppepeHUIPOBAHUD)

Heab: ¢opMupoBaHHWE HABBIKOB BBIYMCICHUS MPOM3BOJAHBIX (DYHKIMH 1O MpaBUiamM
TudepeHIpoBaHus.

Teoperuyeckue cBeACHUA
IpousBoauoii pyuxiuu f(X) B Touke x = xo Ha3bIBACTCS MPE/ICIT OTHOMICHUS TIPUPAIICHUS
(GYHKIIUU B 3TOW TOYKE K MPUPAIICHUIO apTyMEHTa, €CJIH OH CYIIECTBYET.
iy LA — f(x)
f (X) Ax—>0 Ax
IIpou3BoaHbIE OCHOBHBIX 3JIEMEHTAPHBIX (PYHKIIH

HC" =0; 9) (sin x)’ =cosx
2)(x™)’ = mx™L; 10) (cosx) = —sin x
[ 1 ] B
9 () = 1) (igv) =——
o (3] --% 12) (cige) =——
X X SIn™ X
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!

6) (ax) =a'lna

M) =
! 1

8) (log, x) ~na

13) (arcsin x)' =

I-x
14) (arccosx), __
1-x°
15) (arctgx), _ 5
1+ x
16) (arcctgx)’ B 5
I+ x

OcHoBHbIE TpaBuJia Ju(pepeHuINPOBAHUS
O603naunm f(X) = u, g(x) = v — pynkuum, nuddepeHurpyeMsie B TOUKE X.

1) () =0; 2) (x) =1

4) (cu)l =c-u'.

6) (sj =—V£2-v’; (v=0)

IIpousBoaHas C10KHOM PYHKIHMHU

3) (Utv) =u'+v';

!

5) (Ej _uvew L)

\" Vv

7) (u-v) =uv+uv'.

Teopema. [Tycmo y = f(X); U = g(X), npuuem obracme 3nauenuil pynxyuu U 6xooum 6

obnacms onpedenenust hynxyuu f.
Tocoa yv'=f"(u)-u'

Ecmu y = f(u), u=g(x), 1.e. y= f(p(X))- cnoxnas pyukuus, To y, = f'(u)-u’.

Ha ocHoBanuu ompeneneHus: IPOU3BOAHON U NpaBWI AUPPEPSHIUPOBAHUS COCTABIICHA

TabJIMIa TPOU3BOIHBIX CIOKHBIX (YHKITHIA.

1 (u"’), =q-u""-u (@eR),
2 (a“)' =a"-Ina-u’,

!

3(e“) =e"-u’,

!

4 (log,u) = u’,

u-lna

5 (Inu) ENTS

!

6 (sinu) =

o £

osu-u’,

!

7 (cosu) =—-sinu-u’,

i l ,
6 (tgu) "oty

!

9 (ctgu) =- T

10 (arcsinu) =

11 (arccosu) =—

12 (arctgu) = -u',

13 (arcctgu) = -

IIpumepsl

3aganue 1. Haiitu npousBoaHyto GyHKIUU:

yo L, 1 1 ;
3x  6x° 24X
Pemenune:

1 1

=X P4ZxP-Zx 2,
6 2

1+ u?
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1 1 1 ' 1 _4 3
y' =] X JREIC T IV I o +£(x‘6) TV 3+1(—6)x‘7—1[—ljx 2 =
6 2 6 2 3 6 2 2

3 1 1 1
Rxt X 4x®
OtBer: y' =— 1 % !

3ananue 2. Haiitu npoussoanyro Gpynkmuu y = (x3 — 3x2 + 1)3,
Pemienue:
HUcnomnszyem popmynay (u(x)™) = n x u(x)"* x (u(x))
y =33 —3x% +1)? x (x® —3x% +1) =3(x> —3x% +1)? x (3x% — 6x)
3ananue 3. Haittu npousBoanyo GpyHkmuu y = cos(4 — 2x).
Pemenue:
Ucnomnszyem popmyiy (cos(u(x))) = —sin(u(x)) x (u(x))
y = —sin(4 — 2x) X (4 — 2x) = —sin(4 — 2x) X (0 — 2) = 2sin(4 — 2x)

¥ |[ xj = Zoosw
3anganmue 4. Haiiti npon3Boanyo GyHKINH .
Pemenue:
(ax) =a"lna
[TockonbKy , TO TIO TIPaBHJIY IPOU3BOTHOM CI0KHOW (YHKIIHH TOIydaeM

’

¥ (x)= (3“’”) =3 (cos x)f = —sin x 3N

3apanue 5. Haittu npousBoauyo GyHKmuu y = V2 — 3x2,
Pemenue:
: 1
Hcnone3yem popmymy (,/u(x)) = X (u(x))y
—6x  —3x
2V2—3x% V2—-3x?
=4 [xj =tg-/1-x

x (2 —3x%) = X (0—6x) =

1 1
y = —— e —
2V2 — 3x? 2V2 —3x2
3ananme 6. Haiiti npousBoanyto QyHKINM
Pemenne:
31ech Mbl UMEEM JIeN0 ¢ KoMIo3uluen tpex QyHkuuil. IlponsBoaHas TaHreHca paBHa

’

(tlgx) =

Cos X

’

Tornma
“ 1 1 1 *
: = ta~f1- = A= = . 1= =
g[xj (g x) cost Afl - x ( x) cosz—\n’l—x 2\f1—x ( x)

1 (-1 1

n::osg\-'rl—x EJl—x EJl—xcosgxﬁ.—x'
3aganusn
1. lonb3yace ¢opmynamu u mnpaBwiamMu IuddepeHIpoBaHus, HaAWAWTE MPOU3BOJHbBIE

byHKUIMA:

1) a) 5x* —35%x® + x +6;6) [§+x2j\/§;3) 1+X2.
X 4—x

2

2) a) §—X3+\/;+3;6) (X2—3X—2 X;B)i:: X3.
X —X
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2

3) a) 0,7x° —§x3 +0,75x2 +%;6) (x+2)sinx; B)

X+3
4) a) 2x%° +0,05x* —%X+0,3;6) (4—X2)COSX;B) 2sln x3.
3_
5) a)£X4—1X +1X X+5;6) X2-5X;B)X 3X.
43 2 1-2x

2

6) a) 2* +Igx—3:0) (2—&)-tgx; B) Zf

7) a) X——Q/_+T 6) x-lgx;»)

8) a) —%x3+4x2 ~7x+18:6) VX -Inx; ) .
X

2. BerauciauTe npou3BOIHBIC CIOKHBIX ()YHKITHI:

1) a) f(x)=V1+x*; 6) f(x)=5%; B) f(x)=sin3x; 1) f(x)= Inx__, 1)

f(x)=2tg®4x

2) a) f(x)= 2X1_1)2; 6) f(x)=e>*; B) f(x)=cos5x;

3x+4)-log: (x+1+x?); m) f(x)=4ctg®2x.
(3x+4)-logs [ +1+x° ): ) 1(x)=4etg

e

n f(x)
3) a) f(x)=(3-x)"; 6) f(x)=2log, 2x; B) f(x)=3tg(2x—%j; r)

f(x):(x2+4)~ X f(x)=2sind 4x.
)=8/x+Vx; 6) f(x)=1g(3x); ) f(x):3003%; ) f(x)=x. 23
m) f(x)=logs(2x+1).
5) a) f(x)=(3-2x°f; 6) £(x)=03% %2, B) f(x)=cos(x? +4x+12);
r) f(x):(3x+5x2+x3)-4xz; n) f(x)=3sin’5x.

4) a) f(x

6) a) f(x)=(X215) . 6) f(x)=e™; B) f(x)=tgx’; 1) f(x):sii)éx;
m f(x)=(In(2x +1))°

7) @) f(x)=x2-e¥*¥; 6) f(x)=tg?2x; ) f(x)=sinG-x); ) f(x)=2%*;
m f(x)= 3x3+x7)

Sin5x

8) a) f(x)=v2x—1; 6) f(x)=e X ; B) F(x)=tgVx; 1) f(x)=

Bomnpocel 11 caMOKOHTPOJIsA
1. Jlaiite onmpeneneHue MPOU3BOAHON (PYHKITHH.



s wnN

[lepeuncnure mpaBuia HaX0XIEHUS TPOU3BOIHON (YHKIUH.

Kakwue ¢pynkuun HaspiBatorcs auddepeHunpyemMpimu?
Kaxkas pyHKkius Ha3pIBaeTCs CIOKHOMU?
Kak HaiiTu npon3BOIHYIO CIOXKHOM QyHKINHI?
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IIpakTnyeckas padora Nel9
«IIpousBoaHbIe BbICHINX NOPAAKOB. O0ObIKHOBEeHHBIE U] PepeHInaIbHBIC
YPABHEHH»

Heab: popmupoBaHre HABBIKOB BBIUMCICHHS MPOU3BOAHBIX U AU(PPEPEHIINANOB BBICIINX
MOPSIAKOB

TeoperuvyecKkue cBeJAeHUA
Ilpouzeoonas emopoco nopsoxa (BTOpas NPOU3BOJHAsA) OT (PyHKIUU Y = f(X) €CTh
’
TPOM3BOIHAS OT ee TepBoil mponsoaHoit: y" = (f'(x)) .

Ilpoussoonas mpemvezo nopsioxa (TpeThsl MPOU3BOJHAS) OT QYHKIHH Y = f(X) eCTh

!
TPOM3BOIHAS OT ee BTopoii mpoussoanoit: y" = (f"(x)) .

Ilpouszeéoonass N — 20 nopsaoka (N — s mpousBomHast) OT (YHKIUH Y = f(X) €CTh

npoussoxHast ot ee (N — 1) — oii npoussoanoii: y" = (f Wl)(x)), :

Hughpepenyuan emopozo nopsoka (Bropont aupdepenrman) Gpyakuun Yy = f (X) €CTh
nubdepeniman ot ee nepsoro quddepenuuana: d’y =d (dy).

Hugppepenyuan mpemvezo nopsoka (tperunii muddepennuan) Gpyukmun Y = f (X) €CTh
nubdepeniman ot ee Broporo auddepenmuana: d’y =d (d 2 y).

Hugpgpepenyuan N — 20 nopsoka (N — vt quddepenrman) Gpyrxmun Yy = f (X) ecThb
mudepennman ot ee (N — 1) — ozo nuddepenunmana: d"y =d (d ”_ly).

IIpumepsl
3aganme 1: Haiitu y', y", y"”, ...,ecim Yy = X° +2x* —=3x> —x* —0,5x+ 7 .
Pemenne: Y’ =5x" +8x® -9x? —2x-0,5,

y" =20x> + 24x* —18x -2,
y"” =60x> +48x 18,
y" =120x+48, y¥ =120, yV' =y" =...=0.
3apanue 2: Haiitn nuddepennunansl nepBoro, BTOPOro M TPETHErO MOPSAKOB (YHKIHN
y =(2x-3)’.
Pemenne:  dy=3-(2x—3)*-2dx=6-(2x—3)*dx,
d?y =12-(2x-3)-2dx* = 24 (2x - 3)dx?,
d®y =24.2dx® = 48dx°.

3ananus
1. HaiiTi nmpou3BoaHBIE BTOPOTO MOPSIIKA!
1) y =3x* —5x% + 2x? - x; 2) y=(2x+5);
1 22
3)y—x—_1, 4))'——:5,
5) y =cos’ X 6) y=e";
7) y=5"; 8) y = xsin 2x;

9) y=e*cosx.

2. Jlana ¢yHkims f(X) =sin 3x . Haiitu f ”(— %) , f "(O), f "(%) )
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3. Haiitu mpou3BoHBIC TPETHETO MOPSIAKA:

X .
1) y=m,

y=(2x+3)’-v2x+3.

4. Haittu nuddepenimasl HepBOro ¥ BTOPOro MOPSAKOB GyHKIUM V = e,
5. Haiitn nuddepennnansl mepBoro, BTOPOro M TPETHEr0 MOPSAKOB (D YHKITHIMA:

1) y =2x> +5x°; 2) y=e";
3) y=x-(Inx-1).
6. ITokasats, uto GpyHkuus Yy = 4e > —5e* ynosierBopsieT ypaBHenuto y"” —3y' +2y =0.

1
2) y==In?x: 3
)Y 5 )

Bonpocsl 111 CAMOKOHTPOJIS
Uto Ha3pIBaeTCS MPOU3BOJAHONU BTOPOTO MOpsaAKa?
Yro HazpIBaeTCs MPOU3BOJHOM N — 20 mopsaKa?
Uro HaspiBaercs auddepernnanom GyHKIuu?
Yro HazpIBaeTcs AupdepeHnaioM BToporo nopsaxa?
Uro HaspiBaercs auddepennnanom N — 2o nopsaka? 1o xakoii hopmyse OH BEIUUCIACTCS?

ok wpnpE

IIpakTnyeckast padora Ne20
«IuddepeHuuajbHbie YpABHEHUS NIEPBOI0 MOPAAKA»

Heas: popMupoBanue HABBIKOB pemieHus 1uhHepeHInaIbHBIX YPaBHEHHA MIEPBOTO MOPSIKA C
pa3eAIOIMMUC [EPEMEHHBIMM; OJHOPOJHBIX JAU((EepeHIHaNbHBIX YpaBHEHUNH I€pBOrO
Hopsi/IKa U JIMHEHHBIX AuddepeHnnanbHbIX YpaBHEHUH IEPBOTO MOPSIIKA

TeopeTuyeckue cBeIeHUA
HHughgepenyuanvuviv ypasHenuem Ha3bIBAETCS YpaBHEHHE, CBA3BIBAIOIIEE MEXKITY COOO0M
HE3aBHCHMYIO IEPEMEHHYIO X, ICKOMYIO (DYHKIUIO Y U €€ MPOU3BOJHBIE WM AU(PepeHIInabl.

CumBonnuecku auddepeHnnanbHoe ypaBHEHUE 3alIUCHIBACTCS TaK:

F(x,y,y)=0, F(x,y,y")=0, F(x, v, V', y”,...,y(”)):o.

HuddepennmaibHoe ypaBHEHHUE HA3BIBACTCS 0ObIKHOBEHHLIM, €CIU WCKOMasi (YHKIIHS
3aBHCUT OT OJHOTO HE3aBUCUMOI'O TIEPEMEHHOTO.

Topsokom nuddepeHITnanbHOT0 YpaBHEHUS HA3bIBAETCS MOPSIOK CTAPIIEH MPOU3BOTHOM
(umu muddepennmana), BXOAIIIEH B JaHHOE ypaBHEHHE.

Pewenuem (vmu unmeepanom) nuddepeHnaIbLHOTO YpaBHEHHsI HA3bIBAETCS TaKas
GbyHKIMS, KOTOpas oOpaliaer 3TO ypaBHEHUE B TOXKIECTBO.

Oowum pewenuem (W odbwum unmezparom) aUGGEPEHIINATEHOTO YpPaBHEHUS
HA3bIBAETCSI TaKO€ pEIIeHHe, B KOTOPO€ BXOJMT CTOJIBKO HE3aBUCHMBIX IPOU3BOIBHBIX
MIOCTOSTHHBIX, KAKOB TOPSIOK ypaBHeHH. Tak, oOmee pemenne nudhepeHInaIbHOr0 ypaBHEHUS
NEPBOTO MOPSIKA COAEPIKUT OAHY IPOU3BOJIBHYIO IOCTOSHHYIO.

Yacmuoim  pewenuem audQepeHINaTbHOTO ypaBHEHHs HA3bIBAC€TCS  peEIICHUE,
MOJTyYeHHOE M3 OOINEro Mpu pa3iNyYHbIX YUCIOBBIX 3HAYEHHUSX MPOU3BOJIBHBIX MOCTOSHHBIX.
3HaYeHUs MPOM3BOJIGHBIX MOCTOSHHBIX HAXOJATCS MPHU OMPEICICHHBIX HAYaIbHBIX 3HAYCHUSIX
aprymeHnTa u QyHKIUH.

Hugpgepenyuanvnvim ypasnenuem nepeoco nopsoxka Ha3bIBaeTCsl YpaBHEHHUE, B KOTOPOE
BXOJISAT MPOU3BOAHBIE (M AuddepeHIuanbl) He BhIIle TIePBOTro MOPsIKa.

Hugpgepenyuanvnvim  ypagnenuem ¢ pazoersiiowumMucs nepemMeHHbIMY Ha3bIBACTCS
ypaBHEHUE BUA
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Y £(x)-ly).

dx

JUyist pelenys 3TOro ypaBHEH s HYKHO CHavajla pasieluTh IIEPEMEHHBIE:
g (x)dx
o(y)

a 3aTEM IIPOUHTEIPHUPOBATH 00e yactu IMOJIY4YCHHOI'O paBCHCTBA:

jﬂzjf(x)dx.

o(y)
VYpaBHeHue BUAA % + f(X)y + (p(X) =0, rme f (X) u go(x) - (pyHKIMHM OT X, Ha3BIBACTCA

JIUHELHbIM Ouphepenyuanvnvim ypasHenuem nepeo2o nopsoka. B yactnocru f (X) u (p(X) MOTYT
OBITh TOCTOSTHHBIMU BEJTMYUHAMMU.

DTO ypaBHEHHE NPUBOAUTCS K YPaBHEHHIO C DPAa3JICISIFOIIUMUCS TEPEMEHHBIMH C
MTOMOIIHIO TIOJICTAHOBKU Y =UZ, T1e U U Z - HOBBIC (DYHKITUH OT X .

ITpumepnl
Bamanme 1:  Haiimure obimee pemenne ypaBHeHUs X - (1+ y? )dx = ydy .
Pemenne:  Pasjenue mepemeHHble, uMeeM XdX = 1yiy2 Uurerpupyem obe uacTu
+y
TIOJYYEHHOTO yPABHECHUS:
2
dex:j ydyz; X—:lln(1+y2)+£InC.
1+y 2 2 2

Tak kak IIPpOU3BOJIbHAA ITIOCTOAHHAA C moxer IIPUHUMATDb JIFOOBIE YHCIOBEIE 3Ha4YCHU, TO

. . 1
Ui ynoOcTBa JanbHEHmux npeoOpasoBanuii BMecto C MBI Hamucaiu EInC. [ToTenuupys

TocyieIHee PaBeHCTBO, MoTydnM X~ = In [C -(1+ y? )]
DT0 U ecTh 00IIIee pelIeHUe TaHHOTO YPAaBHEHHUS.
3ananue 2: Haiitu yactHOe penieHue ypaBHeHus S -tgtdt +ds = 0, ynosneTBopsitoiiee

V4
HAYaJIbHBIM yCIIoBHsM S =4 mpu t = 3

Pemienne:  PasjgenuB mnepemennsle, umeem tgtdt+ % =0. Tlpouwnrerpupyem o06e
YaCTH NOJTYUYCHHOT'O YPAaBHCHHA:
.[tgtdt+j%:lnc; —Incost +Ins=1InC,
W
Ins=InC +Incost, s=Ccost.

910 o61uee pCeHICHUC NJAaHHOI'O YpPaBHCHUS. I[J'ISI HaXO0XICHUA 3HAYCHUA HpOHSBOJ’IBHOﬁ

o T
nocrosauoii C noaACTaBUM 3HA4YCHUA tzg n sS=4 s BBIPAXKCHUC [IJI O6H_ICFO peLICHUA:

4=CCOS[%),I/IHI/I 4=%,0Tl<y21a C=8.

CrnenoBaTenbHO, HICKOMOE YaCTHOE pELICHUE, YIOBIETBOPSIONIEE YKA3aHHBIM HaYaIbHbIM
YCJIIOBUSAM, UMEET BUI S = 8cost .

2y

3ananue 3: HaiiguTe oOmee pemeHne ypaBHEHUS 3—y — —1 = (X + 1)3.
X X+
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Pemienne:  Oto nmHeliHoe ypaBHeHue: 31ech  f (X) =——" (p(x) = —(X +1)3 :

[Tonoxum Y = Uz u npoaudQepeHIupyeM 3TO PaBEHCTBO 10 X :
dy dz _du
—==u z

dx dx dz
HOI[CTaBI/IB TeHepL BBIpa)KeHI/ISI JJIA y H d_y B JAHHOC ypaBHeHI/Ie, HOﬂquM
X

dz du 2uz (x+1)3,

_+ =
dx dz x+1

NI
dz du 2u
U—+2| ———— [=(x+1)’. (*)
dx dz x+1
Taxk xak OZIHY U3 BCIIOMOI'aTCJIbHBIX (by'HKI_[I/Iﬁ U niIu Z MOXKHO BBI6paTB IMPOU3BOJILHO, TO
. du 2u
B KaueCTBE U BO3bMEM OJHO M3 YAaCTHBIX pCHICHUN YPABHCHUA — — —1 =0. Pa3I[eJ'II/IB B OTOM
X +
du 2u du dx
YpaBHEHHH T[IEPEMEHHBIC W NpOUHTErpupys, wnmeeM ———— =0, —=2|—;
dx x+1 u X+1
Inu=2 In(x +1), u=(x +1)2 (mpou3BoNbHYIO MOCTOSIHHYI0 C IpUHHMaeM paBHOM

HYJII0, TAK KaK HaXOJIUM OJTHO U3 YaCTHBIX PEIICHUN).
[loncraBuM Tenephb BbIpakeHUE Ui U B ypaBHEHHE (*); TOTJa IOJIyYUM YpaBHEHHE

(x+1)° -%:(X+1)3,HHH %:X—i-l.

2
(x+1) ic

Orcrona HaxoauMm jdz = j(x +1)dx; z =

BHags U U 2 , TCHCPhb IMOJTYyIUM O6H.[ee pPCHICHUC JAHHOTO YPAaBHCHUA:
2 "
y=uz=(x+1)° -[@+C} :@+C (x+1)°.
3aganusn

1. Haiiaute ob1iee penieHne ypaBHEHUI:

dy 3dx
1) x2dx =3y2dy; 2) Jxdy=.ydx; 3) ===/
) ) Vxdy =y Ny
4) (1+y)dx = (x—1)dy ; 5) xydx = (1+ X )dy ;
6) y’dx+(x—2)dy =0; 7) x2dy —(2xy +3y)dx = 0;

8) (x2 - yxz)dy+(y2 + xyz)dx =0.
2. HaiinuTe dYacTHBIE pelIeHUs YpaBHEHWH, YIOBJIECTBOPSIONINE YKa3aHHBIM HadalbHBIM
YCJIOBUSAM:
1) ydy = xdx; y=4 npu X =-2;
2) xdy =ydx; y=6 mpu X=2;
3) dS=(3'[2 —2t)dt; S=4 npu t=2;

4)d—Z:d—)2(; y=2 npu X=0;
Xy

5 d—yzi;y:4npn X=-2;
x-1 y-2
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6) (1+y)dx=(1-x)dy; y=3 mpu x=-2;
7) @+ x)ydx+(1—y)xdy =0; y =1 mpu x=1.

3. Haiigure obuiue pemeHns ypaBHCHHUS:

1)ﬂ—2y—3=0; 2)ﬂ:y+1;
dx dx
3) xd—y—x2+2y:0; 4)d—y+xy=x;
dx dx
dy 2y 2 dy -
5 ————=(x+1)"; 6) — — yctgx =sin X.
) dx x+1 ( ) ) dx yeo

3agaHus 1019 NPOBEePOYHON padoThI

1. Haiigute pemieHue ypaBHEHHUs C pazaeistomumucs nepemeHHbeiMu Y' =Y (y)X(X),

YAOBIETBOPSIOIIEE HAYaTbHOMY YCIOBHIO Y(X,) =Y, .

Bapuanr 1

1. 4xydx — (x* +2)dy = 0; npu x=1 u y=4
2. y*dx—e*dy = 0; npux=0u y=I
3. I-y)dx+ @+ x)dy =0; npuy(l)=3
4. ysin xdx + cosxdy = 0; npu X :% y = %
Bapmuant 2
1. dy o =0; npux=0uy=4
x-1 y-2
2. ﬂ—Zy—3:O; y(3)=0
dx
3. Jxdy - \/de =0; npu y=0u x=0
4.y =(2y+1)ctgx; npu y = (E) _1
4" 2
Bapmuant 3
1. i—g—%:o; npu x=0 uy=2

2. I+y)dx—(1-x)dy =0; »(-2)=3
3. ytgxdx+dy =0; npuy=4u X = (%)

4.x2y'x =y; npu y(4) =1

2. Pemmre nuddepeHuunanbHble ypaBHeHUs 2-To MOpsika. B ypaBHeHuUsX, Tae 3aJaHbl

Ha4YaJIbHBIC YCIIOBUA, Haﬁ}IHTe YaCTHOC PCUICHUC YPaBHCHHA.

Bapmuanr 1

d?s

1. F=18t+2,ecnn s(0)=4, s'(0)=5
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2.y"—4y'+5y =0
3. y"-10y’'+25y =0, ecin y(0) =2, y'(0)=38

2
a2 9V oW 5 g

Cdx?dx
Bapuanr 2
d’y
1. o =x*,ectm y(0)=0, y'(0)=12
d 2

y  dy v
™ +&—20y:0,ecnn y(0)=g, y'(0)=0

3. y"+6y'+9y=0
4. y"+2y'+10y =0

Bapuanr 3
d?y
1. ™ =12x, ecimu  y(0)=2, y'(0)=20
X
d®y  dy
2. ——-6y=0
2 dx

3. y/!+12y'+36y=0
4. y" -6y +13y =0, ecnn y(0)=1, y'(0)=5

Bomnpocel 11 cCaMOKOHTPOJIsSA
Jaiite onpenenenve AuddepeHnnaibHOro ypaBHEHUS.
Uro Takoe nopsi oK ypaBHEHUS?
Hazosure Buabl npocteimmx auddepeHnnanbHbIX ypaBHEHHH.
Uro Ha3bIBaeTcs penieHneM AU pepeHnnaibHoro ypaBHeHus?
Kakoe pemenue qudQepeHnnanbHoro ypaBHeHUs Ha3bIBaeTcs 00muM?
Kaxkoe pemenune auddepeHnnanbHOro ypaBHEHUST Ha3bIBAETCS YaCTHBIM?
Kakue nuddepennnanbhbie ypaBHEHNs Ha3bIBAIOTCS YPABHEHUSMH IIEPBOT0 MOPsiIKa?
Kakune nuddepeHnmranpiple ypaBHEHUS HA3bIBAIOTCS YPaBHEHUSIMU C pa3JIeNsIFOIIMMUCS
NepeMEHHbIMU?
9. JaiiTe onpenenenne oqHOPOAHOTO JIY ¢ TOCTOSHHBIMU KO3 (DUITUESHTAMH.
10. Yem otnuyaercs obiee pernenue 1Y oT yacTHOTO.

NN E

IpakTnueckas padora Ne2l
«PenreHue 3a1a4 Ha BbIYUCJIEHHE MIEPBOOOPA3HON M HEONPEAeJIEHHOTO
HHTerpajia»

Heab: hopMHUpOBaHHE HABBIKOB HAX0XKJICHUS MEPBOOOPA3HBIX U HEONPEICICHHBIX UHTETPAJIOB
(GyHKLIHU.

TeopeTuvyeckue cBeJIeHUA
CoBOKyITHOCTb Bcex IepBooOpasHbIX F(x)+C ¢ynkuuu f(X) HasbiBaeTcs neonpedenenmvim
unmezpanom ot Gpynkum f(X) 1 0003HaYaETCS CHMBOJIOM I f (x)dx, T.e. j f (x)dx=F(x)+C -

B stom paBenctBe f(X) HazbiBaeTCs noowvinmezpanvroil gynryueit, a f(X)dx —noovinmezpanonvim
BLIPAINCEHUEM.
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[IpounTEeTpUpOBaTh (GYHKIIHIO f(X) - 3HAQUUT HAWUTHU €€ HEONPENEJICHHBIM WHTErpa.

HCHOCPGI[CTBeHHOG HHTCIPUPOBAHUC OCHOBAHO HA MPSAMOM HCIIOJb30BaAHNU OCHOBHBIX CBOICTB
HEOMMPECACIICHHOI'O HHTETpajla U Ta6J'II/II_IBI HpOCTGfIH.IPIX HHTCTPAJIOB.
CaoiicTBa HEONIPEACJICHHBIX HHTEIrpajioB

1. (JAf(x)dx)': F(x);
Z-If’(x)dx:f(x)+C;
3. [k f(dx=k [ f (x)ax;

Tabdauua npocTedIMX HHTETPAJIOB

4. j[f(x)ig(x)]dx:jf(x)dxijg(x)dx;

5. ff(ax+b)dx:§F(ax+b)+C-

1. IOdu=Cv

6. Icosudu =sinu+C

azl,

ua+1
2. Iuadu =
a+

7 jtgudu =—In|cosu|+C >

2a. Idu=u+Ca 8. Ictgudu:ln|sinu|+C,
1
26. J.d—g=——+C’ 9. _dl; =—ctgu+C>
sin“u
2B. J-d_uzz C 10. du — =t Cc
Ju Yo costu 947

3. jd—uzln C 11. I —arcsmu+C'
o =Injul+ A
4. faudu: a’ 12. % ~ LaegUico
Ina u‘+a a a

4a. edu—eC. 13 f_du_ _ Lpi=al.c.
u‘—-a a |u+a

5. J'sinudu=—cosu+C, 14_[ Inu+ u?+a’|+C-
Ju? +a?

Metoa HenocpeACTBEHHOI0 HHTETPUPOBAHUS
HenocpencrBenHoe MHTErpUpOBaHHE OCHOBAHO HAa INPSMOM HCIIOJIB30BAaHUM TaOIHIBI

HHTErpajioB. Bo3MOKHEI ClIydau:

1) JaHHBIN HHTCIrpaJl HAXOAUTCA HECITOCPECACTBCHHO MO COOTBETCTBYIOLICMY Ta6J'II/I‘-IHOMy

WHTETpaIy;

2) naHHBIA MHTErpaj IocJ€ NPUMEHEHUs CBOMCTB 3 M 4 NPUBOAMUTCA K OJHOMY HIIH

HECKOJIBKUM TaOJINYHEIM HUHTETpajiaM;
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3) maHHBIA WHTErpaj MOCTE SJEMEHTAapHBIX TOXKISCTBEHHBIX MMPeoOpa3OBaHUM HaJ
HOJBIHTETpaIbHON (PYHKITMEH (110 WiIeHHOE JIeIeHue, IPUBEACHNE K BUY CTENICHHON (DyHKIHMH,
MCIIOJIb30BaHUE U3BECTHBIX TOXKJIECTB) M MPUMEHEHUS CBOMCTB 3 U 4 MPUBOJUTCS K OJTHOMY UJIU
HECKOJIBKUM Ta6JII/I‘-IHBIM HUHTCTpalaM.

IMpumepsbl

3anganmue 1. Haiitu j[2x3 _i+%e"jdx.
X

Pernenmne:
[locnenoBarenbHO NPUMEHUM K JaHHOMY HHTErpaly cBoiictBa 3 u 4, a 3areMm
BOCITOJIB3yeMCSl TaOJIMIIeH OCHOBHBIX HHTETPAJIOB:

I(2x3 —%-ﬁ-%exjdx=J.2X3dX—.[4—$X+J.%eXdX =

3+1
=ZJ.X?’dx—4J'%+1J'exdx=2-X——4In|x|+1eX +C=
X 3 3+1 3

X4

4
:2.__4|n|x|+1ex+c =X——4In|x|+1eX +C.
4 3 2 3

3ananne 2. Haiitu | (%7 +\6f_3A}dX_
X

Pemienne:

J'[i/?Jr%—dex =J'x§dx+6j.x;dx—j3xdx =
X

E+l —l+1 s 1
3 2 X 3 2 X
:;( +6- Xl —3—+C:%+6-XT——+C:
—+1 -—+1 In3 - = I3
3 2 3 2

330 i - S re = 2wl +12vx -2 C.
5 In3 5 In3

HNuTerpupoBanue MeTo10M NMOJICTAHOBKHU

BreraurcnuTh 3a1aHHBIA HHTETPA HEMOCPEICTBEHHBIM HHTETPUPOBAHUEM YIAETCS JAJICKO
HE BCerJa, a MHOT/Ia 3TO CBSA3aHO ¢ OONMBIIMMHU TPYAHOCTAMU. OTHUM U3 Hanbonee 3P PeKTUBHBIX
MIPUEMOB SBJISICTCSI METO]T TIOJICTAHOBKH MJIM 3aMEHBI IEPEeMEHHON WHTerpupoBanus. CyIIHOCTb
ATOr0 METOJa 3aKI0YaeTcsl B TOM, YTO MyTeM BBEACHUS HOBOW MEPEMEHHON WHTETPUPOBAHUS
yJIaeTCsl CBECTH 3aJIaHHBIA HHTETPal K HOBOMY HHTETPaTy, KOTOPBIA CPAaBHUTEIIBHO JIETKO OepeTcst
HEMOCPEACTBEHHO.

B ocHoBe MHTETpUpPOBAHUS MemoOOM NOOCMAaHO8KU (WA 3aMeHbl NepeMeHHOU) JIEKHUT
CBOICTBO MHBApPUAHTHOCTH (POPMYIT HHTETPHUPOBAHUS, KOTOPOE 3aKIFOYAETCS B CIICTYIOIIEM: €CITU

I f(x)dx = F(x)+C, 1o J f(u)du = F(u)+C, rme u(x) - mpomsBomsHas muddepeHmmpyemas
GyHKIMS OT X.

3amMmeHa HCpCMGHHOfI B HCONPCACICHHOM HMHTCIPAJIC MPOU3ZBOAUTCA C IMOMOIIBIO
MMOACTAHOBOK CJICAYIOIHX JIBYX THUIIOB!:

1) x= (o(t) - rae t - HOBas mepeMeHHas, a (o(t) - HempepbIBHO auddepeHupyemast
¢ynkuus. B atom ciydae ¢popmyna 3aMeHbl IEpEMEHHOM TakoBa:
[ £(x)dx = [ (ot (t)dt (1)
OYHKIHUIO go(t) CTaparoTcs BBIOMpaTh TaKUM 00pa3oM, YTOOBI paBasi yacTb (hOPMYJIbl
(1) mpuoOpena 6oee ynoOHBIN A1 UHTETPUPOBAHUS BUJ;
2) t= W(x), rae t - HoBas mepeMeHHas. B aTom ciydae hopmyina 3aMeHbI IEPEMEHHOU
uMeeT BUJ
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J (Ol (x = ] ()t 2

IIpumepsl
3ananme 3. Haiitu I(Bx —5)7dx .
Pemenue:
t=3x-5; 3x=t+5
t 5 d 1
3x-5)dx=|[x=—-+= =[t"==2t"dt=
'[(X)XX3+3, 133.[
dx=(£+§}dt=ldt
I 3 3
1 t8 1 1
. 4+C=—t"+C=—(3x-5)+C
3 8 24 4
3ananne 4. Haiitu [ sin(2 — 8x)dx
Pemenue:
[2—8x= ,—8x =t—2 ]
| t—2_ 1 2 | 1
]sin(2—8x)dx=| x -8 __§t 8 |=Jsintx<——)dt
ld —( 1t+2)’— L ’
*=\"8" "8/ T 8
= 1j'tdt—1 t—1 2-8x)+C
=-3 sin —8cos —8cos x
o dx
3ananue 5. Haiitu [ Wi
Pemenue:
4+3x=t 3x=t—4 1
] dx _x=%=§_§=%t_§ _J§dt_1f dt—lﬁ
2V4 + 3x 1 4 1 2t 3J) 2yt 3
1dX—(§t—§>—§dt
=§\/4+3x+(3

MeTton HHTEIrPUPOBAHMSA MO YaCTHAM
HHmezpupoeaHueM no yacmsm Ha3bIBACTCA HAXO0XKICHUEC UHTCTpaJIa IO (I)OpMYJ'IC

Iudv =uv-— Ivdu : 3)

rae U u V - HempepslBHO auddepenuupyemsie pyHkuun ot X. C momomrsio ¢opmyssl (3)
OTHICKaHHE WHTETpaja judv CBOJIUTCSI K HAXOXKICHHIO IPYTOr0 HHTETpaja j vdu, ee mpuMeHeHNE

11eJ1ecO000pa3Ho B TE€X ClIydyasiX, KOr/a MOCiIeIHUN UHTErpaj Ju00 Mpolle UCXOAHOTO0, TU00 eMy
noa00eH.

[Ipu sTom B kauecTBe U Oepercs QyHKIUSA, KoTopas mpu auddepeHIupoBaHUN
yrpomiaercs, a B kauectBe JV - Ta 4acTh MOJBIHTErPATBHOTO BHIPAKEHHUs, HHTETPAJ OT KOTOPOM
U3BECTEH WM MOXKET OBITh HalJIeH.

Tak, mpu HaXOXXJICHUN MHTETPAIOB BHIA

[P(x)e™dx, [P(x)sinaxdx, [P(x)cosaxdx
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3a U cieayeT MPHHATH MHOTOYIECH P(X), a 3a dV - cooTBeTCTBEHHO BhIpaxkeHus e>dx,
sin axdx, cosaxdx ; mpu OTHICKAHUU WHTETPAJIOB BHJIA

_[P(x)ln xdXx, I P(x)arcsin axdx, j P(x)arccosaxdx
3a U IPUHUMAIOTCS COOTBETCTBEHHO (DYHKITUU Inx, arcsinx, arccosx, a 3a dv - BBIpaKE€HHUE
P(x)dx.
IMpumepsbl

3amanue 6. BeruncianTs HeOnpeaeleHHbIN HHTErPall, HCIIOIb3Yysl METO HHTEMPUPOBAHUS
1O 9acCTsAM: I(5+ 4X) cos8x dx,

Pemenue:
[Ipu BBIYKMCIIEHUU TIEPBOTO MHTETpalia BOCIOJB3yeMcs (HOPMYIOH WHTETPUPOBAHUS TIO
4acTsIM:
u=>5+4x du = 4dx

5+4x)cos8x dx =
J.( ) dv =cos8xdx Vv =3sin8x

=%(5+4x)sin8x—gjsin8xdx =

c0s8x LC.

:%(5+4x)sin8x+

3aganue /. BoruncauTh HeonpeaeneHHbI UHTErpajl, UCIONb3ysl METO UHTETPUPOBAHUS
110 9acCTsAM: Iln(3X+ 2) dx-

Pemenue:
[Tpu BbIUKCICHUH BTOPOTO UHTErpaia TakkKe BOCHOIb3yeMcs (POpMyYIoi HHTETPUPOBAHUS
1o yactsaM. B pe3ynbprare nmoayuum
3dx

= 2 =—
U=In(x+2) du 3x+2 =x|n(3x+2)—j 3 d
3X+2

Jln(3x+2) dx =
dv =dx V=X

=xIn(3x+2)—J‘(1—L]dx:xIn(3x+2)—x+gIn(3x+2)+C.
3x+2 3

3aganusa

Breraucnuts HUHTETpaJibl, UCIIOJIB3YA YKA3aHHBIC MCTO/IbI

No Henocpeocmeennoe Memoo Memoo
sapuanma unmezpuposanue noocmanoeKu UHIEPUPOSATUZ 1O
uacmsm
J'(2—3e“‘+x)dx .[ \/52:%2 fxlnxdx
1 I(st —cosx—1)dx [ cos3x dx [ (x+12)e dx
j (7x° —sin x+3) dx .f (2-3x) dx jarcsin X dx
j(? o jdx Isin(3—2x)dx Ixsinxdx
1 3
2 j(x 5 j [ (2-7x)" dx [arctgx dx
1
I[3 o j [ cos(4x—1)dx [3x-In x dx
. I(sz e de ~[(6x—1)10 dx ngcosx dx
[ (2cos x5 +3)dx [ x+4dx jgxex dx
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I(Sex—x3—4)dx I sin 7x dx I3xsin 5x dx

J.(5X4 —+4) dx J' Vi+e*-e*dx J%xsin 5x dx
(1+3:{/7+2f)dx [ ~3—2x dx [ (x=1)In x dx

X — 2x+\/7)dx [ sin(1-3x) dx [ (x+3)e*" dx

«/;+2\/7+1)d I\/ﬁ .[xsin2xdx

5-3x

Jivx
(

5 I(X —+COSdeX I o len 4x dx
E

2sin x +—1] dx J.cos(l— 3x) jx cos 3x dx

Bomnpocel 1151 CAMOKOHTPOJISE
Uto Ha3pIBaeTCs IEPBOOOPA3HON?
[lepeuucnure cBoicTBa MepBOOOPA3HON (HYHKIUH.
[aiite onpeneneHre HEONPEAECIICHHOTO UHTErpaa.
Kakwue cBoiicTBa HeolpeIeJICHHOT'O HHTEerpalia Bbl 3HaeTe?
[lepeunciure 0OCHOBHBIE (HOPMYJIIBI MHTETPUPOBAHHSL.
Kakue MeTonbl HHTErpUpOBaHUS BBl 3HaETE?
B uem 3akirouaeTcst METO/1 HENOCPEACTBEHHOI'O HHTETPUPOBAHUS?
B 4ewm 3akirogaercs MeTol MHTETPUPOBAHUS TOJCTAHOBKON?
B uem 3akirouaercs MeTO[ HHTETPUPOBAHUS IO YaCTAM?

CoNoR~wWNE

IpakTnueckasi padora Ne22
«Pemenue 3aa1a4 Ha BIYHUCJICHUE ONPeAeJIEHHOr0 uHTerpaJa. [ipumenenue
dopmyJnl JleiiOHUIA 17151 BBIYNCIEHUSA ONIPeAeJIéHHBIX HHTETPAJIOB)

Heab: hbopMupoBaHNe HABBIKOB BEIYHUCIICHHS OMPEIEIIEHHOTO HHTErpaia mpyu MOMOIIH (HOPMYIIbI
Herotona — JletiOuuma
Teoperuyeckue cBeACHUA
OyHKIWA, f(X) HHTETPUPYEMas Ha IIPOMEXYTKE [a; b], €CIIi TpHU JHOOBIX Pa30MEHUAX

a=X, <X <..<X, =b npomexyrka [a; b], TaKuX, 4To AX = max AX, — 0 mpu mpou3BOIBLHOM

n
BBIOOpE TOUEK &, (rme X, ; <&, <X, ), cymMma z f(£,)-AX, mpu N —> o0 cTpeMuTCA K Mpesery
k=1

S.
n
IMpenen S = AIimOZ: f(§k )-AX HA3BIBAIOT OnpedeneHnbiM unmezpaiom oT GyHkuun f (X)

b b
Ha mpoMexyTke |a; b i 0Gosnauator I f(x)dx, To ecs S = AIim Z f(& ) Ax= I (x)dx.
a a
Uncno a HasbIBACTCA HUJICHUM npedenom mHTerpana, b - eepxuun. Ipomexytok [a; b]
Ha3BIBACTCS NPOMEIICYMKOM UHMESPUPOBAHUA, X - NEPEMEHHOT UHMeSPUPOBAHUAL.
JUTst BHIYHCICHHS ONPEIEEHHOro uHTerpana o ¢pyukumun f(X) B ToM cayuae, xoraa

MOYKHO HaliTH COOTBETCTBYIOIINI HEONpeIeIeHHbII nHTerpan F (X), CIY’)KUT ghopmyna Heromona
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b
b
— Jletibnuya: I f(x)dx = F(x) = F(b)-F(a). To ects onpedenennviii unmezpan pasen pasnocmu
a a
3HaAueHUti nep8ooOPA3HOU NPU 8EPXHEM U HUNCHEM Npedesax UHMeSPUpOSaHusl.
CBoiicTBa onpee/IeHHOr0 HHTerpaJa
1. OnpeneneHHbI UHTErpai aareOpandecKoil cyMMbl (DYHKIIMI paBeH alreOpandecKon

CyMM€ ONpeeNICHHBIX HHTETPATIOB ATUX (PYHKITHIA
b b b
J[F00+900kx = | f0dx+ [g(x)

2. IlocTOsTHHBII MHOKUTEND IMOABIHTETPAJIbHOI'O BBIPAXKCHUA MOXKHO BBIHOCHUTH 3a 3HAK
OIMpCACIICHHOI'O MHTCTpajia

icf (x)dx = cj- f (x)dx

3. Ilpm mepecraHoBKe TMpeneioB MHTErpajia 3HAK HWHTErpajla MeEHSeTCs Ha
MIPOTUBOIIOJIOKHBIMH,

j. f(x)dx = —jl- f (x)dx

a
ITpumepnl
3aganue. BoruncnuTh criefyrolue onpeieaeHHble HHTErpaibl:

l 3 f  xdx
1) [xd;  2) [x¥dx;  3) [(x*+2x+1)ix; 4)|
0 2 4

" 5+2x°
Pemenue:
1 21
X 1 1
1) |xdx="—| ==-{1°-0%)==;
)£ 2 |o 2( ) 2
3 3
x> 1 19
2) | XPdx="—| ==-(3°-2°)==—";
)I 3|2 3( ) 3

3)J'x +2x+1)dx—{33 + X%+ X

3
2 :(2—+22 +2J—
] 3
—(1-(—1)3 +(-12) +(—1)):(§+4+2j—(—1+1—1): _8 6+t 141-246-346-0.
3 3 3 3 3 3

4) BBemeM HOBYIO MIEPEMEHHYIO U C/I€JaeM IOJCTAHOBKY

542x3=t

d(5+2x%)=dt

6x? dx=dt oTkyma dx= d_t2
6X

HOCJ‘IC IIOACTAaHOBKH HOJ'Iy‘{I/IM:

X k2 1idt 1
j5+2de_j jt =gl =

BepHeMmcs k cTapoli IepeMEHHOM:

:%In(5+2x3) |12:%(In(5+2-23)—In(5+2-13)):%(InZl In7)_lln271=%I n3

3aganuda
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Breranciaurts OIMPECACIICHHBIC MHTCIPAJIbI:

3 " ¢ dx
1) jx3dx; 2) J.\/;dx; 3) IX—Z
2 1 1
E x 3
L =
4) Id?x 5) ism 2xsin 7xdx  6) J. 6x* — 2x—5)dx
1
e 2

2\/;+5 X

7) dx; 8) |sin 3xdx;

Ot [N

9)

5
et ]2 ) [
3 25— x° X2 +1 2x+10

xdx

12) _[ 13) Ictg 2xdx ; 14) Jg.xe”dx;
V4 1

2 3
Bonpocsl 11st CAMOKOHTPOJIA:
UTto Ha3bIBaCTCSI HHTETPATHLHOW CyMMOH JIJisi )YHKITUU HA OTpe3Ke?
[aiiTe onpeneneHue onpeaeseHHOro MHTerpania.

CdopmynupyiiTe OCHOBHBIE CBOWMCTBA OMPECIICHHOTO HHTErpaJa.
B gewm 3akmtouaercs cytb Gpopmynsl Hetorona — JleiiOnumna?

RN

IIpakTnyeckas padora Ne23
«Pemenne 3a1a4 Ha npuMeHeHne PopMyJ1 KOMOMHATOPUKI»

Hean: hopMupoBaHNe HABBIKOB pellieHNss KOMOMHATOPHBIX 3a/1a4.

Teoperuyeckue cBeIeHUA

IlepectaHOBKH — 3TO KOMOWHAIIMU, COCTaBIEHHBIE M3 BCEX # DIEMEHTOB JaHHOTO
MHOECTBA M OTJIUYAIOIIUECS TOJBKO MOPSIAKOM HMX pacmoiokeHus. Yuciao Bcex BO3MOMXKHBIX
MEePECTaHOBOK

P,=n!

Pa3memenusi — KoMOMHAIIUY U3 m DJIEMEHTOB MHOKECTBA, COAEPIKAIIETO 71 PA3TUYHBIX
AJIEMEHTOB, OTJIMYAIOIIMECS JUOO0 COCTaBOM 3JEMEHTOB, JHO0 MX mHopsakoM. Yuciao Bcex
BO3MOYKHBIX pa3MEIIEeHHUM

ko ]

Pazmernienus 6e3 MoBTOpeHUi: ':” £l
CoueraHusi — HEYNOPSAI0UEHHbIE HAOOPHI U3 M AIIEMEHTOB MHOKECTBA, COAEPIKALLETO 1
Pa3IMYHBIX 3JIEMEHTOB (TO €CTh HAOOPbI, OTIMYAIOIINECS TOJBKO COCTAaBOM 3JIEMEHTOB). Uncio
COUYETaHUU
B al

P —
Coueranus 6e3 MOBTOPEHUI: (2 — &)kl

IIpumepsl
3aganue 1. B smuke 300 geraneii. U3BectHO, uto 150 3 Hux — 1-ro copra, 120 — 2-to, a
octanbHble — 3-T0 copTa. CKOJBKO CYIIECTBYET CIIOCOOOB U3BICUECHUS U3 SAIUKA, OHOUN JeTanu
1-ro umu 2-ro copta?
Pemenue:
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Herans 1-ro copra Moxer ObITh m3Biedena N, =150 cnocobamu, 2-ro copra — N, =120
criocobamu. [lo mpasmiy cymmsl cymectByer N, + N, =150+120 =270 cnoco6oB u3BIeYeHUS
oAHOI AeTanu 1-ro wim 2-ro copra.

3aganue 2. Pacnicanue 0JHOTO JHS COCTOUT U3 5 YpOKOB. OMpeneuTh YUCIO BAPHAHTOB
pacnucanus pu BeiOopke u3 11 gucuurnius.
Pemenue:
Kax b1t BapuaHT pacnucaHus MpeacTaBiseT Habop S5 auciuiuind u3 11, oTugarommiics
OT JIPYTUX BAPUAHTOB, KAK COCTABOM JUCLMIUIMH, TaK U TOPSJIKOM UX CJIEIOBaHUS (WU U TEM, U
JIPYTUM), T.€. SIBIIICTCS pa3MenieHrueM 0e3 moBTopenuit u3 11 anemenToB no 5. Uncao BapuaHTOB
pacnmcaHuid, T.e. YHUCIO pasmemeHud w3 11 mo 5, Haxomgmm 1o  dopmyle
A =i=g =7-8-9-10-11=55440
(11-5)
3aganmne 3. B maxMaTHOM TypHHMKE y4acTBYIOT 16 uesnoBek. CKOJIBKO HMapTHHl JOJIKHO
OBITH CHITPAHO B TYPHHPE, €CIIM MEXKIY JIOOBIMH JIByMsl YYaCTHUKAMH JIOJDKHA OBITH ChITpaHa
oJHa napTus?
Pemrenue:
Kaxxnas maptus urpaercs AByMs YYacTHUKaMH M3 16 M OTIMYaeTcs OT APYTUX TOJBKO
COCTaBOM I1ap YYAaCTHUKOB, T.€. MPEACTABIAET cO00i coueTanue u3 16 snemenToB mno 2. VX yucnio
n! ) 16! 16! 15-16
——,T.e. Cjg = = = =120.
mi(n—m) 2(16-2) 214 1.2
3ananue 4. [lopsok BBICTYIUIEHHS] 7 YYaCTHHUKOB KOHKYpCa ONpPENETSETCs >KpeOuem.
CKOIBKO pa3InYHBIX BAPUAHTOB KEPEOBEBKH MPU 3TOM BO3MOKHO?
Pemenue:
Kaxxnprit BapuaHT KepeObeBKU OTIIMYAETCS TOJIBKO MOPSIKOM YYaCTHUKOB KOHKYpCa, T.€.

SIBJISIETCSI IEPECTaHOBKOM U3 7 aneMeHToB. VX uncio paBuo P, =7!=1-2-3-4-5-6-7 =5040.

HaxoauM 1o popmyie C, =

3aganme 5. B xoHkypce mo 5 HomuHauumsM ydacTByoT 10 kuHOQMIBEMOB. CKOJIBKO
CYILIECTBYET BapUaHTOB PACHpPEEIICHUs IPU30B, €CIIU M0 KaKJ10 HOMHHALIUK YCTAHOBJICHBIL: a)
pas3uYHbIe MPHU3bL; 6) OTMHAKOBBIE TPU3HI?

Pemenue:

a) Kaxnplil 13 BapMaHTOB pacnpenieneHnss Npru3oB 1.c. kKoMOuHauuio 5 guiabmoB u3 10,
OTJIMYAIOIIYIOCS OT JAPYIMX KOMOMHAIMi Kak cocTaBoM (MIbMOB, TaK U UX TMOPSAKOM IO
HOMUHAIMAM (MM U T€M, U JAPYI'MM), IPUYEM OJHU M Te ke (PUIBMBI MOTYT HOBTOPSATHCS
HECKOJIBKO pa3 (JIFoO0W (GMiIbM MOKET MOJIYYUTh MPHU3bI KaK MO OJHOW, TaK W MO HECKOJIbKUM
HOMUHAIMSAM), T.€. IPEJCTaBIseT cOOON pa3MelleHne ¢ MOBTOpeHusAMHU U3 10 3emMeHToB 1o 5.

A =10° =100000

06) Ecnmu mo kaxaod HOMUHAIMU YCTaHOBIEHBI OJIMHAKOBBIE MPHU3bI, TO TMOPSAIOK
CJICAOBaHUS (1)I/IJ'II)MOB B KOM6I/IHaI_[I/II/I 5 HpI/IBCPOB 3HA4YCHUsI HE HMMECT, U YUCIIO BapI/IaHTOB
pacmpefieieHuss TPU30B I1.C. YUCJIO COYETaHW ¢ ToBTOpeHHsMH u3 10 sJemMeHTOB 1o 5:
Co=co = 21413121110 55,

1.2-3-4.5

3aganue 6. CKOIBKO CYIIECTBYET CEMU3HAYHBIX YHCEI, COCTOSAMX U3 1udp 4, S u 6, B
KOTOPBIX udpa 4 moBTOpsieTcs 3 pasza, a mudpsl S u 6 o 2 pasa.

Pemenue:

Kaxxnoe cemMu3HAYHOE YHCIIO OTIIMYACTCS OT JPYroro TOPSAKOM CleIOBaHUS MH(p

(mpuuem Kk, =3, Kk,=2, k;=2,a ux cymma k=7), Te. sBusercs mepecTaHOBKOW C

MMOBTOPCHUAMMU.
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3apanus
1. B smuke u3 18 s6mok HaxomsTcst 4 KpacHOTO 1BeTa, ocTanbHbe 3enéHoro. Hayrag Oepyr 5
10710K. CKOJIBKO CYIIECTBYET CIIOCOOOB UX B3ATUS TaK, YTOOBI CPe/Id HUX 0Ka3aJI0Ch JIBa KPACHOTO
1Bera?
1 1
2. Yopocruts: (141!
111 1 n+l-1_
nl Dl onl a3 T 3l
3. CKOIBKHMH CITOCO0aMH MOXKHO Pa3MECTHTh 3 WLTFOCTpaluu Ha 10 crpanumax?

4. CKOJIBKHMH CTIOCOOaMHU MOKHO U3 OpHUTajibl 25 YeoBeK BHIOpaTh 4 4eoBeKa AJis1 padoThHI Ha
OTIpE/IeTICHHOM y4YacTKe

IIpakTuyeckas padora Ne24
«Curyvaiinbie coObITHSI. MeTOAbl BLIYUCICHHUS BEPOSITHOCTE)

Heab: hopMupoBaH¥Ee HABBIKOB PEIICHIS BEPOSTHOCTHBIX 33]1a4.

Teoperuvyeckue cBeJIeHUA

[lycTh HEKOTOPBINA AKCIEPUMEHT, WM, COIJIACHO TEPMHUHOJIOTMH, UCIOJIb3YEMON B TEOpUU
BEPOSITHOCTEH, UCnbimanue, MOKET OBbITh, TT0 KpaliHEH Mepe TEOPETUUECKH, TIPOBECHO B OHUX U TEX
K€ YCJIOBHSIX HEOITPaHUUEHHOE KOJIMUYECTBO pa3. Pe3ynbTaToM KaXKa0ro UCIbITaHUS SIBIISAETCS TOT WU
WHOM €ro MCXOJ, Ha3bIBaeMbIl coObimuem. II0CKOIIbKY B TEOPHH BEPOSITHOCTEH pevb HIIET O TAKHX
UCTIBITAaHUSIX, MCXOJ KOTOPBIX HE MOXKET ObITh OJJHO3HAYHO MPEIOIpEIENieH, TO COOTBETCTBYIOIINE
COOBITUSI HA3BIBAIOT CAyYauHbIMU cobbimusmy. Hanpumep, CiaydaiilHBIM COOBITHEM  SIBIISIETCS
BbINaieHUe 1U(pPBI 2 ipu OpOCaHUU UTPATBHOTO KyOHKa, Ha TPaHsAX KOTOPOTro U300paXKeHbI U PhI
1, 2, 3, 4, 5 u 6, Haymume (Kak, BIPOYEM, U OTCYTCTBHE) HEKOTOPOTO TIperapara B KOHKPETHOM,
HayraJ] BELIOpaHHOM anTeKe B JaHHBI MOMEHT BpeMeH!. IHbIMU clToBamMH, CITydaifHOE COOBITHE — 3TO
Takoe COOBITHE, KOTOPOE B PE3YJIbTATE HCIIBITAHUS MOXKET MPOU30UTH, & MOXKET M HE MPOU30UTH.
CryyaiiHble cOOBITHS IPUHATO 0003HAYATh OONBIIMMU OYKBaMH JaTHUHCKOro andasuta: A, B, C,
Durt.n.

HexoTopsbie BHABI CIy4aiiHBIX COOBITHIT

CoOpITHE Ha3bIBACTCSA 0OCHOBEPHBIM 8 OAHHOM UCNBIMAHUY, €CIIA B PE3YJIbTaTe UCTIBITAHUS
OHO 00513aTeNbHO MPOUCXOIHT.

Hanpumep, 10cTOBEpHBIM SIBJISETCSI COOBITHE, COCTOSIIIIEE B U3BJICYCHUHN HAYTaJ YITAKOBKHU
acllMpUHa U3 SIIMKA, B KOTOPOM HaXOJATCS TOJBKO YIAKOBKH aCIIMpPHUHA.

CoObITHE HA3BIBACTCS HEBO3ZMONCHBIM 8 OAHHOM UCHbIMAHUY, €CITA OHO HE MOXKET IPOU30MTH
B pE€3yJIbTaTe UCIIBITAHUSI.

Hanpumep, HEBO3MOKHBIM SIBIISIETCS] COOBITHE, COCTOSIIEE B M3BJICUCHUU HAYTa] YIIAaKOBKU
acnypuHa U3 flMKa, B KOTOPOM HaXOJATCA TOIbKO YIIAKOBKM aHaJbIUHA.

Ctporo roBopsi, Kak HEBO3MOKHOE, TaK M JJOCTOBEPHOE COOBITUS HE SBJISIFOTCS CITyYaiHBIMHU,
MOCKOJIbKY WX COOTBETCTBEHHO HEHACTYIUIEHHME W HACTYIUICHHE MpPEIONpeNeNieHbl YCIOBUIMU
WCITBITAaHUSI.

JIroboe ke W3 NEUCTBUTENHHO CIy4alHBIX COOBITHUH, T.e. COOBITHUH, MPOUCXOAAIINX B
pe3yibTaTe UCMBITAHUSI HE HABEPHSKA, IO MEPE BO3MOXKHOCTHA CBOETO OCYIIECTBICHHUS HAXOIUTCS
MEX/Ty COOBITUSIMUA HEBO3MOXKHBIMH U JIOCTOBEPHBIMHU.

Crnyyvaiineie coObitust A4,, A2, ..., An Ha3BIBAIOTCS HECOBMECMHbIMU, €CIIA OCYIIECTBIICHHE
TF000T0 W3 HUX B pE3y/bTaTe UCHBITAaHUA WCKIIOYAeT OCYIIECTBICHHE TPU 3TOM JPYIHX
MIEPEYHCIICHHBIX COOBITHIA.

Hanpumep, ecnu coObiTue A, COCTOUT B BBIMAJCHUM LUQPPHI / TPU OTHOKPATHOM
OpocaHuy HTPaTbHOTO KyOHKa, COOBITHE A2 — B BBINTAJICHUM IUMPHI 2, U T.1I., TO COOBITHS A,, A2, ..., As
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SBJISIOTCS. HECOBMECTHBIMH, TIOCKOJIBKY OCYILECTBIEHHE JTI000r0 M3 HUX MCKIIOYAET HACTYIJICHHE
OCTAJIbHBIX COOBITHI B ’TOM UCIIBITAHUH.

Crnyyvaiinbie COOBITHS A,, A2, ..., An HA3BIBAIOTCS COBMECHBIMU, €CIT OCYIIIECTBIICHHE JTFOO0TO
U3 HUX B Pe3YJIbTATEe UCIIBITAHHS HE UCKITIOYACT OCYIIECTBICHUS TIPU 3TOM JIPYTHX U3 IEPEUHCIICHHBIX
COOBITHIA.

Hampumep, eciu coObiTue A, COCTOUT B BbINAJeHUH HUGPH / TPU OJHOKPATHOM
OpocaHuM UTpaIbHOro KyOuka, a coObITHE A2 — B BBINAJICHUN HEYETHOTO YUCIIa OUYKOB, TO 3TH JIBA
COOBITHSI — COBMECTHBIE, TOCKOJIbKY UG Pa / ABIAETCS HEUCTHBIM YHCIOM.

CnyuaitHoe coObiTue B Ha3bIBaeTcsi Onaconpusmcmseyrowum JUid coObITUSL A, €clu IMpu
HACTYIUIEHUU cOOBITHSI B 00513aTeNbHO HACTYMAET COOBITHE A.

B kauecTBe npumepa paccCMOTPUM KOP3UHY, B KOTOpOoil HaxosTes 10 onuHakoBbIX 10 hopme
mapoB (7 — Georo 1BeTa, 3 — KpacHOro) ¢ yKa3aHHBIMHU Ha HUX HOMepamu oT 1 1o 10, mpuuem
BCE LIaphl C YETHBIMU HOMepaMu — Oelible. V3 Kop3uHbI Hayra u3BjieKaroT oauH map. [Ipu sTom
coObITHE B, cocTosIIee B U3BJICUCHUH IIapa ¢ YETHHIM HOMEPOM, SIBIISICTCS OJIaronpHsATCTBYIOIINM
JUIsl COOBITUSL A, COCTOSIIIIETO B M3BJICUCHUN OEJIOT0 MIapa, MOCKOJIBKY €CITU B Pe3YJIbTaTe HUCIIBITAHUS
U3BJICYEH IIap C YSTHBIM HOMEPOM, TO OH 00s3aTETIHbHO OCIIBIi.

OnemenmapHvimu codbimusimu (1eMeHMAPHLIMU UCXOO0AMY) UCTIBITAHUST HA3bIBAIOTCS BCE
BO3MOJKHBIE PE3YJIbTATHI HCIIBITAHUS, B3AUMHO UCKIIIOYAIOIINE IPYT JpyTa.

Hanpumep, HecoBMecTHBIE COOBITUS 4,, A2, ..., As, COCTOSIINE B BHINIAACHUNA COOTBETCTBEHHO
midp 1, 2, 3 u T. 1. Ipu OPOCAHUM MTPATBHOTO KYOWKa, MPEICTABISIOT COOOH AIIeMEHTapHBIC
COOBITHSA AJI JAHHOTO UCTIBITAHUSI.

COBOKYIHOCTB CITyYalHBIX COOBITHH A, A2, ..., An HA3BIBACTCS NOIHOU SPYNNOU COObIMULL 015
O0aHHO20 UCNBIMAHUSA, €CIIU B PE3ybTaTe HCIBITAaHUS 00S3aTENBbHO MPOUCXOAUT TOJIBKO OIHO U3
COOBITUI 3TOW COBOKYITHOCTH.

Hanpumep, ciyyaiinbie COOBITHS, COCTOSIIHE COOTBETCTBEHHO B W3BJICUCHUHU YIIAKOBKH
aHaybriHa (coObiTHE A,), acnupuHa (coObiTHE A2) W amuaonupuHa (CoObITHE A3), COCTABIISIOT
MOJIHYIO TPYIIY CIyYaiHBIX COOBITHI ISl HCIIBITAHUSL, B KOTOPOM M3 KOPOOKH, COAEpIKaIei TOIbKO
TaKHe YIaKOBKH, U3BJICKAIOT HAYTA/I OJIHY.

Coaydaiinble coObITUS A,, A2, .... An HA3BIBAIOTCS PABHOBO3IMONCHBIMU OJ151 OAHHO20 UCHBIMAHUS,
€CIIM HE CYIIECTBYET HHKAaKMX OOBEKTHBHBIX NPHUYWH, BCIEACTBHE KOTOPHIX KaKUe-TMOO M3 3THX
COOBITHI UMeNH OOJIbIINE BO3MOXXHOCTH JJISI OCYIIECTBIICHUS, YEM JIpyTHE.

Hanpumep, anemenTtaphblie coObITus 4,, A2, ..., As, COCTOSIINE B BBINAACHUN COOTBETCTBEHHO
mdp 1, 2, 3 u T. 1. npu OpocaHNU UIPaJIbHOTO KyOHKa, SIBISIFOTCSI PABHOBO3MOXKHBIMH JJIs JAHHOTO
UCITBITAHUSI, TIOCKOJIBKY HET HUKAaKHUX OCHOBAHWI ¢ OOJbIIeH YBEPEHHOCTHIO OKUIATh BBHITAICHHS
KaKoi-1100 0JJTHOM rpaHu UIPAILHOTO KyOHKa, 4eM J1r000i 1pyroi.

Kaaccnueckoe onpenesieHne BepOATHOCTH CJIYYailHOTO COObITHS

ITon BEpOATHOCTBIO CITy4alHOTO COOBITHS B MaTeMaTHKE IMOHUMAIOT Mepy BO3MOXKHOCTH
OCYIIIECTBJICHUSI JAHHOTO COOBITHSI B KOHKPETHBIX YCIOBUSX 3KCIIEPUMEHTA (MCTIBITAHNUSA).

PaccMOTpUM HEKOTOPYIO KOHEUHYIO TIOJHYIO TpYIIY PAaBHOBO3MOXKHBIX 3JI€MEHTapHBIX
coObITH# (MCX00B) B,, B, ..., By, T. €. COBOKYITHOCTb BCEX €IMHCTBEHHO BO3MOXKHBIX, HECOBMECTHBIX
U BMECT€ C TEM pPAaBHOBO3MOXKHBIX PE3YJIbTaTOB HEKOTOPOTO HWCHBITAHUS, NPHYEM ITyCTh
MHTEpecylolllee Hac ciydailHoe coOblTHe A OCYIIECTBISeTCS TOrja M TOJNBKO TOrAa, Koraa
HACTYNal0T HEKOTOpble M3 3JIEMEHTapHbIX COOBITMI yKa3zaHHOM MoJHOW rpynmbl. [lycTh Takux
COOBITHH, ONaroNmpUsTCTBYIOIIMX JUIsi COOBITUSI A, HacuuThiBaeTcs m (ecTecTBeHHO, m<n). Torna
BEPOSTHOCTH COOBITUSL A ONPEAEISAIOT CIETYIOIIIM 00pa3oM:

Bepossmuocmvio P(A) ciy4daifHOro cOOBITHSI A Ha3bIBACTCS OTHOIIIEHHE KOJUYECTBA M
AIIEMEHTAPHBIX COOBITHH, OJIArONPUATCTBYIOIIMX COOBITHIO A, K 00IIEMY KOJIMUYECTBY 3JIEMEHTAPHBIX
COObITUH N

P*(A)=m/n

[Tockonmbky B obmem ciydyae 0 < m < n, TO U3 3TOrO ONpEAENIEHHs, Ha3bIBAEMOTO
KIACCUYECKUM ONnpeoeneHuem BepossmHOCIU CIYYAUHO020 COObimuUs, CIEAyeT, YTO BEpOSTHOCTbH
MIPOU3BOJILHOTO CITYYaifHOTO COOBITHS IPUHAMIEKUT oTpe3Ky [0,1], T.€.
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0<P(A)<I

3apanme 1. Haiitu BeposSTHOCTH TOro, YTO MpPU M3BJICUEHHM HAyrajJ OJHOIO IIapa U3
KOP3UHBI, B KOTOPOH HaxomsTcs 2 OemnbixX, 3 3€JeHBIX U 5 KPaCHBIX IIApOB, M3BJICUCHHBIN IIap
OKa)KETCsI 3€TIEHBIM.

Pemenue: [Tockombky obliiee KOJMYECTBO 3IEMEHTAPHBIX COOBITHI (MCXOA0B) AJIs TaHHOTO
UCTIBITAaHUSA 00pa3zyeT MonHyl Tpynmy U3 N=10 paBHOBO3MOXKHBIX COOBITHI (IO oOOIIEMY
KOJIMYECTBY IIAPOB B KOP3UHE), U3 KOTOPBIX TOJIBKO 7 = 3 3JIeMEHTapHBIX COOBITHS (II0 KOJIUYECTBY
3€JICHBIX IIApPOB) SIBIISIOTCS OJIArONpPUSATCTBYIOIIUMH JJIsi HHTEPECYIOIIETO HAC COOBITHS (0003HAYNM
9TO COOBITHE Yepe3 A), MOTYIHM:

P(A)=3/10

3ananue 2. B ypue naxomurcsa 40 mapos: 10 yepubix u 30 Oenbix. HaliTu BeposITHOCTh
TOTO, YTO BBIHYTBIN HAayraj OJuH Iap OyAeT YepHBIM.

Pemenue: Yucno 61aronpusTCTBYIOUINX CIy4aeB PaBHO YHCIY YEPHBIX LIAPOB B YPHE: M
= 10. OOrmiee 9rcio0 PaBHOBO3MOXKHBIX COOBITHH (BBIHIMAHHUE OJIHOTO IIapa) PaBHO MOITHOMY
yucny mapoB B ypHe: 7 = 40. DT cOOBITHS HECOBMECTHBI, TaK KaK BRIHUMAETCS OJMH U TOJIBKO
oaud map. [lo popmyne (2.3) umeem:

P(4) = 10/40 = 1/4.

3ananue 3. HaiiTu BepOSATHOCTH BbINAJ@HUS YETHOTO YMCIA MPU OPOCAHUU UIPATIBLHOU
KOCTH.

Pemtenue: [Ipu Gpocanuu KOCTH peayin3yrOTCs LIECTh PAaBHOBO3MOYKHBIX HECOBMECTHBIX
coObITHii: mosBIeHUe onHOM udpsel 1, 2, 3, 4, 5 unu 6, T. €. n = 6. bAArONPUATCTBYIOIINMU
CIIy4asiMH SIBIISIIOTCS BBINIaaHus oHOM u3 mudp 2, 4 unm 6: m = 3. Mickomast BEpOSITHOCTb:

P(4) = m/n—-3/6 = 1/2.

Coovimus, Komopsle npu OAHHBLIX UCHBIMAHUAX HE MOZYH RPOU3OUIMU, HA3bIEAIOMCA
HEBO3MONCHBIMU: UX 8EPOANHOCHIL DAGHA HYITIO.

Tax, Hampumep, HEBO3MOXKHO W3 YPHBI C O€IBIMH M YEPHBIMH IIAapaMH BBITALIUTH
KpacCHBIN IIap, HEBO3MOYKHO Ha UTPAIIbHON KOCTH MOIYYUTH Uy 7.

Coovimue, kKomopoe npu OAHHOM UCRLIMAHUU 00A3aMeENbLHO RNPOU3OIOem,
Ha3vleaemcsa 00CMo8ePHLIM, €20 8epOAmMHOCmb paghna 1.

[IpumepoM 10CTOBEPHOTO COOBITHS SIBISIETCS M3BJIEUYEHHE OENOro Iiapa U3 YpHBI, B
KOTOPOM HaxoJATCs TOJIBKO Oelble IIaphl.

B psge cinydaeB BBIUMCIUTH BEPOSITHOCTh COOBITHUSI OKAa3bIBA€TCAd MpPOILE, €CIH
NpPEeJCTaBUTh €ro B BUJIE KOMOMHALIMU O0Jiee MPOCTHIX COOBITUI. DTOM LIEIH ClTy’KaT HEKOTOphIE
TEOPEMBI TEOPUU BEPOSTHOCTEH.

Teopema cJ10KeHHsI BEPOSATHOCTEH: 6epOAMHOCb NOAGIEHUA 00H020 (0e3Pa3IuuHO
KaKozo) cobvimusa U3  HECKOAbKUX  HECOBMECHMHBIX COObIMUIl PAGHA CyMMe UX
eéepoamnocmeii. J1Jis 1ByX HECOBMECTHBIX COOBITUI

P(A v B) = P(A) + P(B).

Cnoorcenue gepoamuocmeti CnpagedIuso He moavko 0as 08yX, HO U 0J1A 1106020 yucia
Heco8MeCmHbLX COObIMULL.

3ananue 4. Haiitu BepossTHOCTD BhInaanus | wium 6 npu 6pocaHuy UTPAIbHOM KOCTH.

Pemienne: CoObitust A (Bbimananue 1) u B (Bblnaganue 6) SBISIOTCS PaBHOBO3MOXKHBIMU
P(4) = P(B) = 1/6, noatomy u3 (2.4) naxoaum P(A wnu B) =1/6 + 1/6 = 1/3.

3ananue 5. B ypre naxoautcs 50 mapos: 10 6enpix, 20 4epHBIX, S KpacHBIX U 15 cHHUX.
HaiiT BeposiTHOCTB NOSIBICHUS O€JI0Tr0, NN YEPHOTO, MM KPAaCHOTO LIapa MpU OJHOKPATHOM
OTepaluy U3BATHUS IIapa U3 YPHBI.

Pemenne: BeposTHOCTh BRIHMMaHUs Oenoro mapa (coositue 4) pasHa P(4) = 10/50
= 1/5, wepnoro mapa (coositue B) — P(B) = 20/50 = 2/5 u xpacnoro (coositue C) — P(C) =
5/50 = 1/10. Otcrona o gopmyre crnoxxeHus: BepostHocTel nonyduM P(A nmu B unu C) = P(A)
+ P(B) + P(C) =1/5+ 2/5+ + 1/10= 7/10.

Ecnu 06a codvimun eOuHCmEEHHO 603MOMNCHBL U HECOEMECHIHbL, MO UX HA3bIEAIOM
HPOMUBONOTIONHCHBIMU.
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Takue coObITHS TPUHATO 0003HAYATh, HapuMep, A u A .
Cymma eepoamunocmeit 08yX RPOMUBONOIONHCHBIX COObIMUIL, KAK cledyem us3
meopemul C/10MHCEHUs 6ePOAMHOCMEll, PAGHA eOUHUYe:

P(A)+P(4) =1
IIpumepsbI

[Tycts 3aganum 5 BeIHMMaHKE 0€J10T0, UM YePHOTO, HJIM KPACHOTO I1apa OyaeT COOBITH -
em A1, P(A1) = 7/10. IIpOoTHBONIONOKHBIM COOBITHEM A, SIBISETCS IOCTABaHUE CUHETO mapa. Tak
KaK CHHUX mapoB 15, a obmiee konmuecTBo 1mapoB 50, To momydaem P( Zl) = 15/50=3/10 n
P(41) + P(A4,) =710 +3/10 == 1.

3ananue 6. B ypHe HaxomsTcs Oenble, YepHble M KpacHble MIapsl. BeposTHOCTH
JIOCTaBaHUs YEPHOTO WM KpacHoro miapa paBHa 0,4. HailTu BepoSITHOCTh JOCTaBaHUs U3 YPHBI

Oeoro mapa.

Pemenne: O603HauuM 4 COOBITHE BEIHUMAHUS YEPHOTO MJIM KpacHOro mapa, P(4) =
0,4; TPOTHUBOIONOKHBIM cOOBITHEM A OyAeT M3bATHE OeNoro mapa, TorjJa Ha OCHOBAHHH
(2.5) BeposITHOCTB 3TOTO COOBITHA P(A)=1-P(4) ==1-0,4=0,6.

Cucmemy coovimuii (A1, A2, ... Ax) Hazvlealom noaHoll, eciu NPU UCHBIMAHUAX
Hacmynum 00HO u MOAbKO 00HO u3 mux codovimuii. Cymma eepoammnocmeil codvimuii,
00paszylouux noanylo cucmemy, pagHa eOuHuye.

B ypue nmeercs 40 mapos: 20 6enbix, 15 yepHbIX U 5 KpacHbIX. BeposTHOCTb NOSIBIEHUS
6enoro mapa (coobitue A) papHa P(4) = 20/40 = 1/2, nyst uepHoro mapa (coositne B) — P(B) =
15/40 = 3/8 u mys kpacHoro mapa (cooeitne C) — P(C) = 5/40 = 1/8. B aTom cinydae cucrema
cobObItuii A1, Az, A3 ABJISIETCS MOJIHO#; MOKHO yoeauThes, uto P(4) + P(B) + P(C) = 1/2 + 3/8
++1/8 =1.

Teopema yMHO:KeHUSI BEpPOSITHOCTEH: 6EPOAMHOCHIL CO6MECMHO20 NOABNEHUSA
He3a8UCUMBIX COOBIMUIL PABHA NPOU3EEOEHUIO UX 6epoamHocmell. [{1s AByX coObITUI

P(AwuB) =P(A) » P(B).

3ananme /. B ogHoll ypHe HaxoauTes 5 uepHbIX U 10 OenbIxX mapos, B Apyroil 3 4epHbIX U
17 6enbix. HaliTi BEpOsITHOCTH TOT0, YTO MIPU NEPBOM BBIHUMAHHUH IIAPOB U3 KaXKIOH ypHBI 002
nrapa okaxyrcs: 1) yepHbiMH; 2) GenbiMu; 3) B nepBoi ypHEe OyAeT BBIHYT YEpHBIN IIap, a BO
BTOPOIl — Oeublii; 4) B epBoil ypHe OyeT BBIHYT Oelblii m1ap, a BO BTOPON — YEPHBIH.

Pemienne: BeposTHOCTh BBITACKMBAHHS YEPHOTO Iapa W3 MEpPBOH ypHBI (COOBITHE A)
paBHa P(4) = 5/15 = 1/3, yepHoro mapa u3 BTopoil ypHsI (cobsiTue B) — P(B) = 3/20, 6enoro
rapa u3 nepBoit ypHsl (coobitre A') — P(A') = 10/15 = 2/3 u Genoro 1rapa U3 NepBOil ypHBI
(cobritie B') — P(B') = 17/20. Haxomum BepOSITHOCTH COBMECTHOT'O TMOSIBICHHS [BYX
HE3aBHCHUMBIX COOBITHI 110 GopmyIe:

1) P(Awu B) = P(A) *« P(B) = (1/3) (3/20) = 3/60 — o6a miapa 4epHsbIc;

2) P(A'u B") = P(A') » P(B') = (2/3) (17/20) = 17/30 — o0a mapa 6embie;

3) P(A' u B") = P(A) « P(B') = (1/3) (17/20)= 17/60 — B mepBoii ypHe OyAET BBIHYT
YEepHBIH 1ap, a BO BTOPOH — OeTIbIi;

4) P(A'u B) = P(A') « P(B) = (2/3) (3/20) = 1/10 — B nepBoii ypHe OyaeT BBIHYT OCIbIii
niap, a BO BTOpOM — YEpPHBIN.

Bce uetsipe Bo3MoxkHbIX cnydast A u B, A'u B', A u B', A'n B 00pa3yioT MOIHYIO CUCTEMY
COOBITHH, TOATOMY

P(AwB)+PA'uB)+PAuB')+PA'nuB) =3/60+17/30 + 17/60 + 1/10 = 1.

3ananue 8. HaliTn BEepOsITHOCTH TOTO, YTO B CEMBE C TPEMS JETHbMH BCE TPOE CHIHOBBSI.
Cunrarp, YTO BEPOSTHOCTh POXKAEHUS Majdbunka paBHa 0,515 m mo kaxaoro mocienyroIero
peOeHKa He 3aBUCHT OT MOJIa MPEABAYIINX TETEH.

Pemenue: [To Teopeme ymHOXeHus Bepositnoctet, P(A u Bu C) = 0,515 « 0,515 + 0,515
~ 0,14.
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Teopema yMHOXEHUSI BEPOSITHOCTEH YCIOXKHSETCSA, €CIU OINPENENSIeTCS BEPOSITHOCTh
COOBITHS, COCTOSIIIETO U3 COBMECTHOTO TMOSBICHHUS JBYX 3aBUCHUMBIX MEXIy c000i COOBITHI.
B Tom ciyuae, korga coosiTue B BbINONIHSIETCS NPU YCIOBUH, YTO COOBITHE A MMEIO MECTO,
BEPOSATHOCTh COBMECTHOTO IMOSIBJICHHS JIBYX 3TUX COOBITHI paBHA

P(Awu B) =P(A) » P(B/A),

rae P(B/A) — ycnosunas éeposmuocmy, T. €. BEPOSITHOCTh COOBITUSI B TIpU YCIOBHH, YTO
coObITHE A COCTOSIIOCH.

3ananue 9. B ypHe 5 mapos: 3 Genbix u 2 yepHbIX. HaifTu BEpOSITHOCTH TOTO, YTO IO-
CJIeIOBATENIbHO OJIMH 3a IPYTUM OYyAYyT BBIHYTHI UEpPHBIN U OEIblil maphl.

Pemenne: BeposiTHOCTB TOTO, YTO MEPBBIM OYIIET U3BAT YEPHBIN map (coObITHE A), paBHA
P(4) = m/n=2/5. Ilocne ynaneHust 4epHOTO 11apa B ypHe octaeTcs 4 mapa: 3 6enbix u | YepHbIN.
B sTOM ciy4yae BeposSTHOCTh BEIHUMaHUS 0esnoro mapa (codbiTre B 1mociie BBITOTHEHHUS COOBITHS
A) paBHa P(B/A) = 3/4. Ucnionb3ys (2.8), momydaeM

P(Awu B) =(2/5) « (3/4) = 3/10.

3amanusa

1. B ypue H 6uneros. U3 Hux M Beiurpsisbix. KakoBa BEpoOSATHOCTb TOTO, YTO MEPBBIH
BBITSIHYTBIM OUJIET OKAXKETCS BHIUTPBIIIHBIM?

AJITOPUTM peleHH:

[Tyctb A — coObITHE, O3HAYAIOIIEE, YTO MEPBHI BRITIHYTHIA OUIIET BRIUTPHIIIHBIH.

H — o61miee Komm4ecTBO BCEX BO3MOMKHBIX HCXO/IOB.

M — KOJIM4YeCTBO UCXOJI0B, OJIaroNpUATCTBYIOIINX HACTYIUICHUIO COOBITHS A.

P(A) — BepositHOCTB HacTyruieHus: coobiTust A. Torna P(A)=M/H.

2. buaTioHUCT cTpenseT MO MUIIeHH. MuiieHb — Kpyr paauyca R cm. buarmonwmcr
[onajaeT B MHILIEHb C BeposTHOcThio 1. Ilomaganue B 100YI0 TOYKY pPaBHOBEPOSITHO.
HeoOxoaumo nonacts B KpyT paauyca I cM.

AJITOPUTM peleHH:

A - monaganue B Kpyr paguyca I cm. S;=nr?. Sg=nR2. P(A)=S//Sr

3. HNmeercs cobpanme counmHenuit w3 H TomoB Hekoero astopa. Bce H TomoB
paccTaBiIAIOTCA HAa KHIKHOM MOJKe ciydaiiHeIM oOpa3oM. KakoBa BepOsSITHOCTb, YTO TOMa
pacmosoKaTcs B MOPSAKE BO3pAaCTaHUS WK yObIBaHUS?

AJITOPUTM pelIeHHA:

A — BEpOSITHOCTh TOTO, UTO TOMA PACIOJIOKATCS B OPSAIKE BO3pacTaHUs WM yObIBAaHUS.

Bce Toma MokHO paccTaBuTh Ha nojike M=H! cnocobamu. Tonbko B IByX cilydasx Toma
pacroyioxarcsi 1100 B MOPSIKE BO3pacTaHus, MO0 B Mopsiake yobiBaHus. 3HauuT, N=2. Torga
P(A)=n/H!.

4. Nmeertcst cobpanne counHeHuil u3 H TomoB Hekoero aBTopa. Ha monke ymemraercs
tonbko M TomoB (M wmenwiie H). Otu toma Oepyr u3 H cmyuaiineim cmocobom. Kakosa
BEPOATHOCTb, YTO BbIOpaHHbIEe M TOMOB pacrnosiokaTcsi B HOPsAKE BO3pACTaHUs WM YObIBaHUS?

AJITOPUTM pelIeHHA:

A — BEpOSITHOCTh TOT'O, UTO BBIOPAHHBIE TOMA PACIIOJIOKATCS B IOPSAKE BO3pacTaHUs WIH
yOBIBaHUS.

M tomoB u3 H TomMoB MoxkHO BeOpath CY cnoco6amu. Tombko B ABYX Cilydasx ToMa
pacmoyioxkaTcst OO B MOPSAKE BO3pacTaHusl, MO0 B mopsake yObiBaHus. 3HauuT, N=2. Torma
P(A)=2/CH.

5. Tpu crpenka crpensitoT nmo MuuieHd. Ilpeamonaraercst ,uTo coOBITHS MONMAJaHUS B
MHUIIEHb JJI CTPEIKOB HE3aBUCHUMbI U BEPOSTHOCTH IOMAJaHUS CTPEJIKOB B MUILEHb paBHBHI pl,
p2, p3. KakoBa BeposTHOCTB TOTO, YTO:

1) Bce Tpu BbICTpETIa OKAXYTCsl YCIICITHBIMH;

2) X0Ts OBl OJIHU BBICTPEI OKAXKETCS YCIEIIHBIM;

3) TOYHO OJAMH BBICTPEJ OKAXKETCS YCHEIIHbIM, JIBa BBICTPEIa OKAXKYTCS YCIICITHBIMH?

AJITOPUTM peLIeHUs

1) A — Bce Tpu BICTpETIa OKXKYTCS YCTICIIHBIMU
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P(A)=p1*p2*p3

2) H - X015 ObI 0JHH BBICTPEI OKAXKETCSI YCHEIIHBIM 1 -pj — BEpPOATHOCTH ITPOMaxa KaskKI0ro

CTpenKa
P(H) =1-(1-p1)(1-p2)(1-p3)

3) B — ToJ1bKO O/AMH BBICTpEN OKaXETCs YCIEIIHBIM
P(B)=p1*(1-p2)*(1-p3)+(1-p1)*p2*(1-p3)+(1-p1)*(1-p2)*p3

C - J1Ba BBICTpeJ'Ia OKa}K}ITC}I YCHGHIHBIMI/I
P(c)=p1*p2*(1-p3)+(1-pl)*p2*p3+pl*(1-p2)*p3

6. dyrbonuct Ober H pa3 nenanbtu. BeposaTHOCTh 3a0UTH IpU OJHOM yJape paBHa p.

KakoBa BepoaTHOCTB, UTO OyAeT 3a0UTO 3 meHanbTu?
AJITOPUTM peleHus

ITyctb A — coObITHE, O3HaYaromiee, 4To OyaeT 3a06uto 3 meHanbTH. Tak BEpOSTHOCTH
3a0UTh IPU OJTHOM TICHAJIBTH TIOCTOSIHHA, TO BOCIIONIBb3yeMcst (hopMmyitoii bepHyIim.

Torma P(A)ZC% xp®x (1—p)H3

7. CniyyaiiHas BeninunHa X 3a/1aHa psJIOM pacipeiesIeHUs:

Xi -3 0

1

4

Pi P1 P2

P3

P4

Haiitu maremarnueckoe oxumanue MX, mucnepcuro DX u cpemaHexBaapaTHYeCKOE

OTKJIOHEHHE 0.
AJITOPUTM peleHust:
MX=x1pl+x2p2+x3p3+x4p4
DX=x1%p1 + x2%p2 + x3°p3 + x4*p4 — (MX)?
o = VDX,

3HayeHusn MmapaMeTpoB 110 BapuaHTaM

Howmep 3agaun

1 2 3 4 5 6

H/ M| R|r | H  H M |PlL | P2[P3 H|p |P1|P2 | P3 P4
1 /1015|135 ]3]01]02/]03|]5|01]01]0,2]03]04
2 |11, 2|6 | 2|4|6]|]4,04/]05/01| 4 1]02]01/02]02]0,5
3 (123, 7r,3|5| 7503|0204 7 03/02]04[0,1]0,3
4 113, 4,8 4,6 8|6 /09/08[07] 6 04/03/03[0,2]0,2
5 |4, 5(9,5| 7]19]7]05/06/03|]5]05]06]01]02]0,1
6 (15| 6 |10 6 | 8|10 8 |02]|]03|04| 8 |06|/04]04[01]01
7 /1%6, 7 /11,7911, 9 062]03|05|5]07]02]02|03]0,3
8 (17| 8 |12, 8 |10 12|10 |0,7|08|06| 6 [08]01]0,2]03]04
9 /18,9 (183,93 |183]3 01]05|0,7| 8 |09]05/03|01]0,1
1019|1014 10| 4 /14| 4 |02]03|/04] 7 ]01/01]0,2]0,2]05
111201 /5|3 |5|8)|6|06/07]08]9(02]02|02/04]0,2
121222 |6 | 4,69 7]03/04/05/5]03/05/03]0,1]0,1
13|12 ,3|7|5|7]10,7]03/05/07| 6 |04]06|01/01]0,2
141231 4 |1 8| 6 8119 |]05/01(02] 7 |05/02]01]05]0,2
1524|5979 ]12,10/03/04/09|] 4 |06]05|01/02]0,2
16 | 25| 6 10| 8 |10 13| 3 |02 |04|08] 6 |07]01/02]03[04
7126 |7 |11,9 3|14 4 09]08|07] 7 |08]03|02]01]04
18|27 8 |12|10| 4 | 8 | 4 |04/07]|06|] 8 |09/01/02][03[04
91289 |13]3|5/,]9)]6]02|]06(07]5]01]/06]01]0,1]0,2
201291014 4 | 6 |10, 7 01|06 |04 6 |02]05/03|01]0,1
22/30| 1|53 7|11,8|04/02/06] 7 /03(03]01]02]|04
22 131,26 | 4,812,901 /03/06| 8 04[|01]02|03)|04
23133 |7|]5]9|13,]10]04|06/06| 5 |05]05]02/01]0,2
24 |33 4|1 8|6 10|14 3 ]03/06/01] 4 06|02]02]0,1]05
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2513|519 7]5]9,4|06/01/01]6 |07]01]02/02]0,5
26 | 35| 6 |10 | 3 6 110, 6 /03/07]09] 7 |08]06]02]01]|01
27 |36 | 7 |11 | 4 7 11| 7 [104/04]01 4 109/04/01/03]0,2
28 | 37| 8 |12 | 5 8 112, 8 /04/09|08| 8 |01]01]02]02]|05
291389 (13,6 ]9|13,9 03/07/09]6]02|01]03|02|04
3039|1014 7 |]10]14]2120/09]07(0,7] 7 03]01]02|03]04
3aoanusn ona npoeepounoil padomot
| EEpHIHT
|. BeposTECCTH IPOMENS IPE BHCTPETE 0 MHEINSEH DEEHD z) 024 60,76
T e o n a
0.24. K2roE2 ESPOATEOCTE DT 2THHA | £)0.86 0 ni4
2. BrmmcETe ij . BCTTH HEBSCTHR, OT0 (7 =L 2) 4 0) 12 5) 10
" (n—p)lmd
3. KaroBz BEpOSTECCTD, TI0 ESEISOEHERDE 3 VPHEI [P o 13
OVIST OIECUESTERDM, 20TH B Heff 4 KpacHRX, J 98pemm, 6 B 2 13 6) 27 B) 7
DOIOCKY B | B KIETKY II2P0E T
4 B aotepes 200 SmwieToE. Bemrprnmemx SwteTor 30. a7 o) 017 E) 0,833
FzroE2 BEpORTEOCTE TOTC, TT0 SHIST HE BB PRIITHELE ]
5. K ) i ) N oo 3}‘.{: e . E'} 4= = nt
5. Esan o3 AzEmER GopayI — GopayiIs pasMeTern T =) * (m—n
fd md
4= = WL
R e e B
5. Copamms apots ). @O O @NEI:
(r—G)! 1
¥ -9
7. BeramcmTs P*: : ) 30 &3 5)0.2
3. KsroBa BepOSTHOCTE TOTO, 9T0 OpH modfpacreamms | 2) 05 a)0.3 B} 02
HIPAThHOH KOCTH BRITIATET TETHOS THOTO OUKOE ]
0. B Eapmx mpemeTsy IEETIONSHO SHIUSHES BeposTHOCTH |2} O=P{A) <=l o 0=PlAy=l
THS0r cof n ) b=PA)=1 rd=Pay=1
445! R . 31
10, BHMHCTHTE: & a) 31 &) 3; E} ;—1}
11. Hality EEepOATHOCTE TOTO, WID HAVTAD EHIOpAHHOE a) 17 &) 1
muzae o 1 ge 60 xpatee 30. 3;} " 60
E) o g 11]
12. CromeED pasINUHETY [OSpSCT2HCECK MOMHO COCTAEWIR | 2) 70 gl E) 12
3 OVEE C7I0E2 «ERISOpED: T
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1. BeposTEOCTh DONRTZNEA OpH BECTpeTs oo MmmsEm | 2) 058 @)y 0,42
paega (1,38, KaroEa BeposTHOC b Iponiaxa’ .
e} .32 I —
o 0,58
3 Y] 2 )
2. BermcHTe A7 , SCTHESEECTHO, WTO  gmo T 2) 4 oy 12 £} 10
(n—mi)!
3. KzroE2 EepoXTHOCTE, WID MSEJISUEHHEH HS VPHED IIZp ) 15 &) g ) 15
GyIeT e EpacERDS, eCTH E Eell 4 kpacEm, O wipERX, | © 13 ] Blam
§ B moT0CEY B T B EISTEY M3pOE T
4. B aotepes 400 Smietos. Brorpemmmms  Smaeter 100 a). 023 e, 73 By 0.3
HanoE2 BepORTHOCTE TOTO, IT0 GETST HE BEETPRIIHEL
. ..
Gl =————; @ ¢~ "
= {n—m)imd + (m—riiH
3. Fakas 13 2aeHEX QopMya — DopMyviI cousTaNEE] B) O™ = i r) ot =_M
«  (m—m)lnd " im-ny
6. BrrEcTHTE ,ﬂ,g- P., a 120 8720 B) 24
- n—ap a)} (n-HKn-3); 6} {(n-3Kn-4) ;
T Corpanms pots =2 Y @BHE: 0@
\H_EI}- } 1
E -_—
{(r—6).-(n—3)
8. CEOMBED pasiHUERX DESMSINEEHE EI JEVE S0SMEHTOE | 2) TpH 6} mecTs
MOFHC COCTAEHTE K3 3aMaEECore MEeEecTea {1,2.3 17 E) HE OJEOTO.
0 BemmcmmTe CF a) §; o) 1, ) 0.
. BeporTHOCTE KakoTe coOHTER pREHES eIHEHIE | 2) EEROIMOEHCTD JRCTOESPHODD
10. Beps & paE 7 1] ep
E) cIyEziEOTO
11. KanoE2 ESpORTHOCTD, UI0 HSEISUEHHBN HS YPERI IIap a) g ) 13
OvasT He KpacERlM, 2CTH E Bel 4 packmm, 5 ofpmem, § B * 13 5
DOJOCEY ¥ | B EISTEY M2P0ET g 18
RS 7%
12. KaroBa BEpORTECCTE TOTO, 9T0 EEVTAT E3ETEE KapTOTE: a) 1 & ] 5) 10 1 10
) — = 3 ey
pespesEoE a30VER SYIeT ¢ raacEcE SVEROHT a3 3 13 23

Bomnpocel i1 camonpoBepKH
JlaiiTe KJIacCU4ECKOe ONPECIIEHUE BEPOSATHOCTH.
Yro Takoe cirydaitHoe coObITHE?
Kaxue coObITHSI HAa3bIBAIOT 10CTOBEPHBIMU?
Kakwue coObITHS Ha3bIBAlOT HEBO3MOKHBIMU?
Kakue coObITHSI Ha3bIBaIOT MPOTUBOIIOJIOKHBIMU?
YeMy paBHA BEPOSTHOCTH IOJIHOW TPYIIIBI COOBITHI?

SOOI WN -

IpakTnueckas padora Ne25
«Bbi0opka u eé npeacraBiaenne. CTaTuCTHYECKOE OLIEHUBAHUE»

Hean: dopMupoBaHre yMEHHsI BBINOIHSTH MEPBUUYHYI0 00paObOTKY BBIOOPKH, NMPEACTABIAThH €€
rpadu4ecKky, BBIYUCIATH YHCIOBBIE XapaKTEPUCTUKU, HCHOJIb30BaTh METOJ HAWMEHBIINX
KBaJIpaToOB Ul IOCTPOCHUS YPaBHEHHUSI TUHEHHON perpeccuu.
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Bun OopaszoBatenbnbiii | Tpynoemkocts, | PopmMa KOHTPOJIA OTtueTHbIi
padoThI pe3yJbTart q. MaTepuai
Pewenue 34, 32, V5, OK3, 2 [TpoBepka 3amanus Pabouas

3a0ay OK4, 0K 5 OTBeTHI HA TeTpaab
KOHTPOJIbHbBIE
BOIIPOCHI ITPOBEPKA
oT4eTa

O0ecneyeHne BbINOJIHEHUS Pa0OThI:

Yueonoe ooopyoosanue:

1. MGTOI[I/IIIGCKI/IC YKa3aHUA 110 BBIIIOJHCHUIO IMTPAKTHYCCKUX pa60T 10 JUCLHUITIIIMHE

«Marematukay.

Hugopmayuonnvie ucmounuxu:

2. TI'puropses B.I1., lyounckuii FO.A. DneMeHTHI BBICIIEH MaTEMATUKH: YU€OHUK IS CTY/.
yupexJeHuil cpea.npod. obpazoBanus. — 6-e. usm., crep. — M.: U3narenbckuii 1ieHTp
«Axagemus», 2011. — 320 c.

3. I'puropreB  B.II., Cabypoa T.H. COopHuk 3amauy 1o BbICHICH MaTeMaTHKE:
yuae0.mmocobue [is cTya. yupexzaeHui cpen. npod. O6pazoanus. — M.: U3narenbckuit eHTp
«Axangemus», 2013. — 160 c.

Kpurepum ouenku:

Ouenka Kpurepun oueHkn

OTIUYHO paboTa BBIMOIHEHA TOJTHOCTHIO, B PEIIEHUH HET MATEMaTHYECKHUX OIIMOOK
(BO3MOXHA OJHA HETOYHOCTh, OINHUCKA, HE SBISIOMIASACS CIIEIICTBHEM
HE3HAHWA WM HEMOHMMaHUs y4yeOHOro Marepuana), TOJIyYeHbI
IMPaBHUJILHBIC OTBETHI HA KOHTPOJBHBIC BOIIPOCHI

XOpOIIO paboTa BBIMIOJIHEHA TOTHOCTHIO, OMYIIEHA O/THA OIIMOKA WU ABa-TPU
HEA0YCTAa B BBIKJIAAKaX, MMOJYUCHBI IPABUJIBHBIC OTBETHI HA KOHTPOJIbHBIC
BOIIPOCHI

YAOBJIETBOPUTEIBLHO | pEIlIEHA MPABUIILHO 1-5 3a/1a4a, MOIy4YeHbl PABUIIbHBIE OTBETHI HA
KOHTPOJIbHBIE BOITPOCHI
HEY/IOBJIETBOPUTENIHHO | HE pellieHa MPaBUIbHO 1-51 3a/1a4a, HE MOTyYeHbI TPABMIIHHBIE OTBETHI HA

KOHTPOJIbHBIE BOITPOCHI

TeopeTudyeckue cBeieHUs

OcHOBHBIE 321241 MATEeMAaTHYECKOI CTATHCTUKH

I'enepanbHasi 1 BEIOOPOYHASI COBOKYITHOCTH

MHOXecTBO BCeX 3HaYCHHUH HEKOTOPOM M3ydaeMOW BEIMYMHBI WIH, JPYTUMH CIOBAMH,
COBOKYITHOCTb BCE€X OOBEKTOB, KOTOpasl TMOJJICKHUT H3YYCHHUIO, HOCUT HA3BaHUE 2eHEPAIbHOLL
COBOKYNHOCMU, a CIeNUaTbHbIM 00pa3oM oToOpaHHas Tpylna OOBEKTOB — 6b100POUHOU
COBOKYNHOCMUY WM BBIOOpKW. Hampumep, mapThsi BCeX AJIEKTPHUECKUX JIAMITOUEK, KOTOpas
HOJUIEKHUT U3YUYEHUIO, SIBIISIETCS TeHEPaIbHONH COBOKYITHOCTBIO, @ MHOYKECTBO JIAMIIOUYEK, B3ATHIX
JU1s1 00CTIEIOBAHMS, COCTABIISIET BHIOOPOYHYIO COBOKYITHOCTb.

Yucno 00beKTOB COBOKYITHOCTH (IF€HEPaJIbHOM MM BHIOOPOUYHOI) HAa3BIBAETCS 00beMOM
JaHHOW coBOKymHocTH (BbIOOpKM). Hampumep, ecnm nex Boimyctun 2000 neranedt, a ans
oOcnegoBanus otrobpano 150 geraneit, To 00beM reHepanbHoil coBokynHocTd paBeH 2000 (N =
2000), a 06wem BoIOOpKH — 150 (N = 150).
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PaznuuaroT BRIOOpKHM C Bo3BpalmieHreM u 0e3 Bo3BpalieHus. Eciu mocne hukcupoBaHus
3HAUEHUS MapamMeTpa 0ObEKT BO3BPAIIAETCS B TeHEPATbHYIO COBOKYITHOCTD U, TAKUM 00pa3oM, OH
MO>KET MHOTOKPATHO MOBTOPATHCS B BHIOOPKE, TO TOBOPST O 8b100pKe C 8038paujenuem Wid ¢
nosmopenuem. Eciu xe pa3 oToOpaHHBIH OOBEKT O0OpaTHO HE BO3BPALIAECTCS U OH HE MOXKET
0oJbIlIe, YeM OJUH pa3, MOBTOPATHCA B BBIOOPKE, TO Takasi BHIOOPKA HA3bIBACTCS 8blOOPKOLU Oe3
6036paujeHuss WA 6e3 noemopeHus. 3aMeTUM, 4TO Korja o0beM BBIOOPKHM HAMHOTO MEHBIIE
o0bemMa reHepaJbHOM COBOKYITHOCTH, TO pa3jMyuue MEXIy BBIOOPKOI ¢ BO3BpalleHHEM U 0e3
BO3BpAIlICHUS [IPAKTUYECKHU HCUE3aeT.

I'oBopsit, uTo BBHIOOpPKA perpe3eHTaTHBHA (MpPEACTaBUTENIbHA), €CIM OHa JOCTAaTOYHO
«XOpOILIO» IIPEICTABIAET U3ydaeMble IPU3HAKU T'€HEPAIbHON COBOKYITHOCTH.

BaxxupiM ycnoBuem obecrieueHus: penpe3eHTaTUBHOCTH BHIOOPKU SIBIISIETCS COOIIO/ICHUE
cilydaifHOCTH 0TOOpa, T. €. Bce OOBEKTHl TeHepAIbHOW COBOKYIMHOCTH JOJDKHBI MMETh paBHBIE
BEPOSATHOCTH I1ONACTh B BEIOOPKY.

I'pynnupoBka  cratucTMyeckux  AaHHbIX. OnpeneleHne  CTaTHCTHYECKHX
(BBIOOPOYHBIX) pacnpeaeieHui

JInst yCTaHOBJIEHMS 3aKOHOMEPHOCTEM MACCOBBIX CIIyYaWHBIX SIBICHUM M3y4arOTCs
CTaTHUCTUYECKUE JaHHbBIE, T. €. CBEICHHUS, MTOJIyYCHHbIE ITyTeM HAOIOIEHUN UITH IKCIIEPUMEHTOB
0 3HAYCHUSAX MHTEPECYIOLIEro HAac TMpu3HaKa. Beime yxe ObUTM NpPUBEACHBI MPUMEPHI
CTaTHCTUYECKUX JIaHHBIX. PaccMOTpuM 371€ch elie OuH npuMep. DKOHOMUCT, UHTEPECYIOLTHIICS
Tapu(HBIM pa3psaaoM pabouyux HEKOTOPOro MOJpa3JeNieHHs 3aBoja, BHIOpan mokyMmeHTH 100
pabouynx W BBIMKHCAT M3 HHUX IOCIEAOBATEIILHOCTh pa3psiiaoB S5, 1, 4, 5, 4, 3, 6 u T. 0. Orta
[IOCJIEI0BATENbHOCTh MPEACTAaBIAET CO00M CTaTUCTUYECKHE [aHHbIE, KOTOpbIE IIOJJIEKAT
obOpaboTke.

N3ydyeHne cTaTUCTHYECKHUX JAHHBIX OOBIYHO HAYMHACTCS C WX TPYIIIHUPOBKHU B TOPSIKE
BO3pacTaHus 3HAa4YeHHWs Mpu3Haka. [lycTe B Hamem mnpumepe Mocie YHOPSAJOYEHUs IO
BO3PACTaHUIO CTATUCTHYECKHUX JIAHHBIX MbI TOJTyqruin psig u3 100 uucen

1,1,1,1,2,2,2,2,2,2,3,3,3,3,3,3,3,3,3,3,3,3,4,4,4, ..,
rae 1 nmosropsercs 4 pasa, 2 — 6 pas, 3 — 12 pa3, 4 — 16 pa3 (1st 5KOHOMUU MECTa MbI HE BBITUCAIIN
3TOT s NOJHOCTBIO), 5 — 44 paza u 6 — 18 pas.

Habntoiaemble 3HaueHusi paccMaTpUBaEMOro IpU3HAKa HAa3bIBAIOTCS BapUaHTaMH, a
MOCJIEIOBATEIbHOCTh ~ BApPUAHT, 3allMCAHHBIX B  BO3PACTAIONIEM TMOPSAKE, Ha3bIBAETCS
BBIOOPOYHBIM WJIH BaPUAITMOHHBIM PSIIOM.

YcnoBuMmes 0003HaYaTh Yepes X1, X2, ..., Xk 3HAUCHUS BapHaHT B JaHHOU BbiOOpke. Ecnu
X1, X2, ..., Xk — BAPHALIMOHHBIA psf, T. €. X1 < X2 < ... < Xk, TO X1 — 3TO HAaUMEHBIIIEEC 3HAYCHUE
npu3HaKa, Xk — HauOoIblllee 3HAUCHHWE MPHU3HAKAa B JAaHHON BBIOOpKE, a pPa3HOCTh Xk — X1
Ha3bIBACTCS pa3MaxoM BEIOOpKHU. B Hamrem mpumepe x1 =1, x2 =2, x3 =3, X4 =4, X5 =5, x6 = 6.

[IycTh M3 reHepanbHOW COBOKYMHOCTH OTOOpaHa BBIOOpKA, B KOTOPOW 3HAYEHUE X1
npu3Haka X HaOm01amock N1 pa3, 3HaUeHUe x2 — N2 pas, ..., 3HaUeHue Xk — Nk pas. Eciau o0bem
BBIOOPKU paBeH N, TO

k
n=>n
i=1

Uwucma Ny, Ny, ..., Nk HA3BIBAIOTCS YacTOTaMH, a MX OTHOIIEHUS K 00heMy BBIOODKH, T, €.
n;

WI — — — OTHOCHUTCJIBbHBIMHU 9aCTOTaAaMH COOTBCTCTByIOH_[I/IX BapI/IaHT.
n

CraTHCTHYECKMM pachpefiefiecHMeM BBIOOPKM Ha3bIBaeTCsl IEpPeYeHb BapHAHT U
COOTBETCTBYIOIIMX UM YaCTOT WJIM OTHOCUTENIbHBIX YacTOT.

CraTtuctuueckoe pacrpe/esieHue BHIOOPKH MOXHO 3amKcaTh B BUJE TAaOJIHIIbI, B TIEPBOM
CTpPOKE KOTOPOW YKa3bIBAIOTCSl 3HAUEHUS BapuUaHT BBIOOPKH, BO BTOPOM CTpPOKE — 3HAUEHUS
4acToT:

[ xi | X1 | X2 | ... | Xk |
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[n

N1

N2

Nk

WM 3HAaYEHUS] OTHOCUTEIBHBIX YacTOT (KOTOPHIE JIETKO BEIYUCIISIOTCS 10 M3BECTHBIM YaCTOTaM H
00BbeMy BBIOOPKH):

Xi

X1

X2

Xk

Wi

W1

W2

Wk

3aIIMIICTCA B BUAC

Xi 1 2 3 4 5 6
Ni 4 6 12 16 44 18
nJIn
Xi 1 2 3 4 5 6
Wi 0,04 0,06 0,12 0,16 0,44 0,18
MoxHO cBecTH 00€ 3TH XapaKTePUCTUKHU BBIOOPKH B 01HY Tadauny 1:
Xi 1 2 3 4 5 6
N 4 6 12 16 44 18
Wi 0,04 0,06 0,12 0,16 0,44 0,18
IIpumep
3aganue 1. J[aHO cTaTUCTHUYECKOE pacpeeIeHUE BbIOOPKU
Xi 2 6 12
N 3 10 7

TaK, CTaTUCTUYCCKOC pacCrpecaciCHuc BBI60pKI/I pPacCMOTPEHHOI'O

BBIILIE TIpUMEpa,

HaiiTi OTHOCHTEIIbHBIEC YaCTOTHI.

Pemenue: Boruncium 06bem Beioopkn N=3+10+ 7 =20. Torna
M3 015w, =210 g5 Mo o35,

n 20 n 20 n 20

3ananme 2. HaiiTu BapualiMOHHBIH psiJl, 4aCTOTHI, OTHOCHTENIBHBIE YACTOTHI I BHIOOPKH,
TOJY4EHHON NP M3MEPEHUH DIIEKTPHYECKOW €MKOCTH JBaJLUATH IMIACTUH MbE303JIEMEHTOB B
nuKo(apagax 1o CIeayIHM PE3YIbTaTaM:
99, 11,0, 9,2, 12,0, 8,0, 8,7, 7,0, 11,8, 11,7, 10,3, 11,2, 8,1, 9,5, 11,5, 11,6, 9,7, 10,2, 11,4, 8,6,
10,0.

Wy

Pemenne: BapuanuoHHslil paa s JaHHON BBIOOPKU OyIeT:
X1=7,0,%x=8,0,x3=8,1,%x4=8,6,X=8,7,%=9,2,%x7=9,5, X6 =9,7, X0 = 9,9, X10 = 10,0, X11 =
10,2, x12 = 10,3, x13= 11,0, Xx14= 11,2, X315 = 11,4, x16= 11,5, x17 = 11,6, x18= 11,7, X19= 11,8, X20 =
12,0.

31ech Kax/1as BapuaHTa BCTPEUaeTCs 10 OJHOMY pa3sy, ClAeI0oBaTeabHO, Ni = 1 Ist BCex |

=1,2,...,20. PaBHbIMHU OyyT TaKK€ U OTHOCUTEIIbHBIC YACTOTHI, IPUUEM W, = 20
Ternepp MBI MOXEM CIEAYIOIIUM O0pa3oM YTOYHHUTH IOHSATHE PENpPEe3eHTaTUBHOCTH
BBIOOPKHU: BBIOOpKa SIBISIETCS PENpPE3CHTATUBHOM, €CIM OTHOCHUTEIbHBIE YacTOThl BBIOOPKHU
OJU3KM K COOTBETCTBYIOIIUM OTHOCHUTEIBHBIM YacTOTaM I'€HEpaJbHON COBOKYMHOCTH (IO BCEM
BapHaHTaM I'eHepaJbHON COBOKYITHOCTH).
3ananme 3. MccnenoBate penpe3eHTaTUBHOCTh BEIOOPKU

Xi

1

2

3

4

5

6

Nj

1

1

3

4

11

5

JUIsl TEHEpaIbHOM COBOKYIHOCTH, 33JJaHHOM Tadauuei 1.

gepes Wi'):

!

1 o1

=0,04~0,06=w,, Wézz%

Pemenne: BpruuciuM OTHOCHUTEIBHBIE YAaCTOTHI JUIsl Halled BHIOOPKH (00O3HAYUM HX

= 0,12: W3,
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Wy =2i5=O,16=W4, Wg :;—;:0,44:%, W :%:0,2z0,18zw6.

W3 »TuX moAcyeTOB JAenaeM  BBIBOJA, YTO JIaHHYIO BBIOOPKY MOKHO CYHMTATh
penpe3eHTaTUBHOM.

[Ipu OGonbmioM wucie HaOMIOACHUM W OOJBIIOM YHUCIE BapUaHT, YAOOHO BapUaHTHI
IpYIIUPOBATh IO OTAEIbHBIM MHTEPBAJIaM UX 3HaueHUH. /{151 3TOro 1mkana HHTEPECyOIEero Hac
IpuU3HaKa pas3feiisieTcss Ha HEKOTOpOEe YWCIO HMHTEPBAJIOB, W BMECTO OTICJIbHBIX BapUaHT
paccMaTpUBAIOTCS TPYIIIbI 3HAUEHUI BaApUAHT, MONABIIMX B I10CJIEI0BATENBHO PACIIONIOKEHHbBIE
WHTEpBajbl. UMCIO M TaKUX UHTEPBAJIOB, KaK MpaBuiio, 6epercs B mpenenax ot 10 qo 20. [lupuna
UHTEPBAIOB Ax ompeaensiercs IyTeM JAEJCHHS pa3Mmaxa BbIOOPKH Xk — X1 Ha KOJUYECTBO
X — Xy

m

B Takux ciydasx cocTaBisieTCsl CTATUCTUYECKOE paclpesielieHue BHIOOPKH 10 4acTOTaM
MHTEPBAJIOB (MHTEPBAJIbHOE CTATUCTHYECKOE pacrpezesieHue BbIOOpku). Ilpu sTom wacrora
WHTEpBaJia paBHa CyMM€ YaCTOT BapHUaHT, MONABIIUX B JAHHBIA HHTEPBAJ.

3aganue 4. s BBIOOpKM npumepa 2 COCTaBUTh TaONMIy CTATUCTHYECKOTO
pacnpezeneHus o HHTepBaiam, Oeps unciao uaTepsagos m = 10.

Pemienue: BrruncnseM MUpUHY HHTEPBAIIOB:

Ax=20-10 g
10
CrnepnoBarenbHO, UMEEM UHTEPBAJIHI (TOUHEE, - mpoMexyTku): [7,0; 7,51, (7,5; 8,01, (8,0; 8,5], (8,5;
9,01, (9,0;9,5], (9,5; 10,01, (10,0; 10,5], (10,5; 11,0], (11,0; 11,57, (11,5; 12,0]. Ucions3yst naHHBIE
npuMepa 2, mojlydaeM CIEAYIOIIY0 TaOJUIly CTaTHCTUYECKOTO PaCIpe/IeiCHUs BBIOOPKH IO
WHTEpPBAJIaM:

uHTEepBaNIOB: AX =

[7,0; 7,5] 1 (9,5; 10,0] 3
(7,5: 8,0] 1 (10,0,105] |2
(8,0: 8,5] 1 (105, 11,0] |1
(8,5; 9,0] 2 (11,0:11,5] |3
(9,0; 9,5] 2 (115, 12,0] |4

I'eomeTpuueckasi HHTepIpeTaNMs CTATUCTHYECKUX pacnipeae/ieHNil BbIOOPKH

Ecnu Ha ocu aberuce npsMOYrojibHOW CUCTEMbI KOOPIUHAT PacloIOKUTh BApUAHTHI Xi a
Ha OCH OPJIMHAT — COOTBETCTBYIOIIME UM YACTOThI, TO B IUIOCKOCTH TOJYYHM TOYKH (Xi; Ni).
CoenuHuM TOYKHM (Xi; Nj) oTpe3kamMu mpsMbIX. [lomydeHHas joMaHas JHMHUS Ha3bIBaeTCs
NOJUOHOM YACMON.

3ananue 5. ITocTpouTh TOJIUTOH YACTOT & A
Ul CTATHCTHYECKOro pacipeneseHus Boioopkn, 44[*
3agagHou Tadaunei 1.

Pemenne 3a1aH0 PUCYHKOM:

Ilonueconom OMmMHOCUmMeNIbHblX yacmom 78

Ha3BIBAIOT JIOMaHYo, OTpPE3KHU KOTOpPOi1 7 F
COEMUHAIOT Toukd (x1; W1), (x2; W2), ..., (x; W)  72[
MMOCTPOEHHBIE B CUCTEME KOOPIAWHAT TaK, YTO HA g a
ocH a0CITMCC PacONIOKEHbI BAPUAHTHI Xi, & HA OCH 4 i T E— 1 L D —
OpMHAT — OTHOCUTEIbHBIE YACTOTHI Wi. Tak Kak g 7 2 J 4 & & a;

N
W, = FI , TO OPJIMHATHI TOYEK (Xi; Wi) IOJIy4aroTCsI

N3 OpAUHAT TOYCK ()Ci; ni) YMCHBIICHHUEM HX B N pas. CJ'ICI[OBS.TCJ'IBHO, IOJIUMTOH 49aCTOT 6y,Z[GT
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IPEJCTaBIATh MOJUTOH OTHOCUTENBHBIX YAaCTOT B CUCTEME KOOPJIMHAT, Y KOTOPOH MacimTad Ha
OCH OpAMHAT yBEJIMYEH B N pas.

Baganme 6. Iloctpouts  momuronm  “jA
OTHOCHUTENIBHBIX HYacTOT JJIs CTaTUCTHYECKOTO il
pacmpezeneHus BEIOOPKH, 3a1aHHOM Tabauueii 1. %

Peurenue 3a1aHO pUCYHKOM:

Ecnm  cratuctuueckoe  pacmpenencHue
BBIOOPKH 3a/1aeTCs B BUJE IOCJIEAO0BATEIbHOCTU 0,78

MHTCPBAIOB 3HAYCHHII BAPUAHT M MX YaCTOT, TO 42 :0’7 G
reoMeTpuuecKoe M300pakeHHe ~aaeTcs mpH | 006
TIOMOIIIM THCTOTPaMMbl 4acToT (o4yeBuaHo, uto B J,04F" : : ; ; : e
ATOM CIy4ae Hellb3s MIOCTPOUTH MOJIMTOH YacToT). Vi 7 2 3 4 5§ 6

Tucmoepammoii  uacmom Ha3bIBAIOT
CTyNEeHYaTyl0 (UTYPYy, COCTOSIIYI0 W3 TPSIMOYTOJbHUKOB, TOCTPOSHHBIX HA YaCTHUYHBIX

P
o o o |
HHTCPBaJIaxX C NJJIMHOU du BbBICOTOM, PaBHOU OTHOHMICHHUIO —— (HJ'IOTHOCTL 4aCTOTHI Ha JaHHOM

UHTEpBAJIC).
. N;
ITnomazp i-ro 4aCTUYHOTO MPAMOYToJIbHHKA paBHa E = N; . CnenoBarenbHO, IJI0IIAb

THECTOTPAMMBI YaCTOT PaBHA CyMME BCEX YacTOT, T. €. 00beMy BBEIOOPKH.

Tucmoepammvl omuocumenvHblx 4acmom CTPOATCS AHAJIOTUYHBIM 00pa3oM, TOJIBKO B

Wi Ny

Ka4eCcTBE BBICOT MPSIMOYTOJHHUKOB O€percsi OTHOmIeHHE —— (IUIOTHOCTh OTHOCHUTEIBHOM
YacTOTHI HA JAHHOM MHTEpBAJe).

I'ncrorpaMma OTHOCHUTENBHBIX YacTOT MOXKET OBITh MOJIydy€Ha M3 TMCTOTPaMMBbl 4acTOT
CKaTHEM BJIOJIb OCHU OpJUHAT B N pa3, UM YBEIMUEHUEM MacluTaba Ha OCH OpJIUHAT B N pas.

Jlerko BUAETH, YTO IUIOLIA(b THCTOIPAMMBbI OTHOCUTENIBHBIX YaCTOT PABHA €AMHHUIIE.

3aganue 7. [lo naHHBIM H3y4eHUs BHIPAOOTKM Ha OJAHOTO paboOyero B OTYETHOM TOAY B
OpPOIEHTAaX [0 OTHOLIEHHWIO K MpeAblAylieMy ToAy OBUIO COCTaBJI€HO MHTEPBaJIbHOE
CTaTHUCTUYECKOE paclpesiesieHue B BUJIE TaOIMIIbI 1715 BBIOOpKH oObema N = 117, u3BieueHHo u3
BCEH COBOKYMHOCTH pabouux 3aBoja:

WutepBan 3HaueHuil BapuaHThl | YacToTa MHTEpBaja (KOJIMYECTBO
(BbIpa0OTKa B OTYETHOM TOJy B | pabo4MX C 1aHHOM BBIPAaOOTKOI)
% o OTHOILIEHHUIO K

MPEABIIYIIEMY TOY)

[80; 90] 8

(90; 100] 15

(100; 110] 46

(110; 120] 29

(120; 130] 13

(130; 140] 3

(140; 150] 3

[TocTpouTth rUCTOrpaMMy CTaTUCTHYECKOTO paclpeaeseHus TaHHOM BBIOOPKHU.
Pemenue 3a1aHO pUCYHKOM:
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46}

29}

15|

15f

is

43¢ —r
80 90 700 110 120 130 140 150 &;

Ymnc/i0BbIe XapaKTEPUCTUKHU BLIOOPKH
ITycTb nana ciydaiiHas BenuunHa X, MpUHUMAIOIIAsA 3HaYeHus Xi, 1 = 1, ..., K.

Buibopounvim cpeonum X, BIOOpKM 00beMa N CO CTATUCTHYECKUM PaCIIpe/ieIeHIeM

Xi X1 X2 Xk
Ni N1 N2 - Nk
HAa3bIBACTCA «CPEAHCC B3BCHICHHOCY 3HAYEHUU IMpU3HaKa BI)I60pKI/I, T. €.

K
o XqNp+ XoNy 4.+ X Ny —EZx-n-
- - I
Ni-1

6
n
Ecimu paccmMoTpeHHas BBIOOpKA SIBJII€TCSI T€HEPaIbHOM COBOKYNHOCTBIO 00beMa N co
CTaTUCTUUYECKUM paclpe/ie]IeHueM

Xi X1 X2 Xk
Ni N1 N2 Nk
TO MOJTy4aeM T€HEPAIBHOE CPETHEE:
XNy XN, + N 1K
Xe = = —in Ni .
N N iz

o Ni
BepOHTHOCTb Pi TOrO, 4TO CIy4arHas BEIUYHUHaA X OJIy4aeT 3Ha4YCHUE Xi, 6y,£[eT pi =

. Berauciium matematrueckoe oxxuaanue M(X) ciaydaitHoit Benudaunsr X:

M (X)=% Py + Xy Py + .o Xy Py :xl%+x2&+...+xk&

~ XN + XNy +..+ % Ny
- N

Taxum o6pazom,

M (X)=X

o

= )_(2

I'enepanbHoe cpenHee (a, ciaenoBaTENbHO, M MAaTeMAaTUYECKOE OXHAaHUE CIydalHON
BEJIMYMHBI) MOXKET OBITh OLEHEHO MPU MOMOIIM BEIOOPOYHOMN CpeHel TOH MM MHOIH BBIOOPKH.
TOYHOCTH TaKWX OIIEHOK 3aBUCHT OT CTETICHH PETPE3EHTATUBHOCTH TAHHON BHIOOPKH.

3aganue 8. BeruncnuTh reHepanbHOE CpeiHee I TeHePaTbHOW COBOKYITHOCTH, 3a/TaHHOM
TaOJINLIEN:

Xi 1 2 3 4 5 6
Ni 4 6 12 16 44 18
- 1-4+2-6+3-12+4-16+5-44+6-18
Pewenne: X, = 100 =444,
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3apanue 9. OIeHUTH TEHEPATLHOE CpeHEE TeHEPATbHONW COBOKYITHOCTH npumepa 1 npu
MIOMOIIIM BBIOOPOYHOTO CPETHETO BHIOOPKH

Xi 1 2 3 4 5 6
n; 1 1 3 4 11 5

1-1+2-1+3-3+4-4+5-11+6-5 113
1+1+3+4+11+5 25

Clie10BaTelbHO, MOXKHO IpuHATh X, = X, = 4,52, 4r0 GIM3K0 K HCTHHHOMY 3HAYCHUIO

=4,52.

Pemenne: X, =

X, .
3aganue 10. [To qaHHBIM TaOIHIBI OLIEHUTH CPEAHIOI0 BHIPAOOTKY HA OJHOTO paboyero
3aBOJla B OTYETHOM TOJy B MPOLEHTaX K MPEAbIAylieMy roay (B KauecTBe BapuaHT OepyTcs

CEpeIUHbl COOTBETCTBYIOIINX UHTEPBAJIOB):

WNHTtepBan 3HaueHUN BApUAHTHI Yacrora nHTepBana
(BBIpa0OTKA B OTYETHOM T'OAY B | (KOJIUYECTBO pabouyux ¢ JaHHOU
% 10 OTHOLLIEHUIO K BbIPaOOTKOMN)
peIbIIYIIEMY TOy)
[80; 90] 8
[90; 100] 15
[100; 110] 46
[110; 120] 29
[120; 130] 13
[130; 140] 3
[140; 150] 3

Pemenne: OLeHnM CpeHIO0 BEIPAOOTKY HPH MOMOIIH BEIOOPOYHOTO CpeaHero X, :

. _85:8+95.15+105-46+115-29+125-13+135-3+145-3 _
¢ 117 B

_12rss_ 108,8(%).

B npakTHuecKuX MPUIOKEHHUSIX HapsIy CO cpeHeapuhMETHUSCKIM HCITOB3YOTCS TAKKE
CIICTYFOIIHAE CPETHUE:

cpenHee reoMerpuyeckoe g = Q/ X1 Xy ooiin Xy s
h n
cpeanee rapMonuyeckoe N = :
P b 1 1 1
—+— 4.+ —
X1 X3 Xn

IIpu uccnenoBaHny CTPYKTYpbl COBOKYITHOCTH HCIOJIB3YIOTCSl TAK)KE TaKUE CPEHUE, KAK
MoJa (BapuaHTa, Hau0oJiee YacTO MOBTOPSIOMIASCS B HM3y4aeMOW COBOKYIHOCTH) M MeIUaHa
(BeMuMHA NMPU3HAKA, PUXOJAIIASACS Ha CEpeINHY BapHALIMOHHOTO Pa).

Bri6opounoii aucnepcueil D, BbIOOpKHM Ha3bIBaeTCsl CpelHee B3BEUICHHOE KBaJpaToB

OTKJIOHEHM}1 3HaUeHUH IpU3HaKa OT BEIOOPOUHOI cpenHed X, .

Ecnm BapuaHThI X1, X2, ..., Xk BRBIOOPKH 00b€Ma N UMEIOT YacTOTHI Ny, Ny, ..., Nk, TO
k
= \2
Z (XI - Xe) ni
D — i=1

6

n
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Ecnmu paccmarpuBaemasi BBIOOpKa SIBJISIETCSI T€HEPAIBHONM COBOKYIHOCTBIO, TO MOJy4aeM

reHepanbHyto gucnepcuto D.. Ilycte X — caywaiiHas BenM4yuHA, 3HAUEHUS KOTOPOM
IPEJOCTaBIIEHbI T€HEPATbHON COBOKYIHOCThIO 00beMa N cO CTaTUCTUYECKUM pacIipeleIeHueM
Xi X1 X2 Xk
Ni N1 N> Nk
Torna
k
s )2
Z(Xi - Xe) I\II
_i=1
D, = N

Brruucinum aucnepcuro cirydaitHoM BeTMUUHbI X:
2 o \2

D(X)=M (X -M (X))" =M (X -x,)".
MokHO 1OKa3artb, 4T0

D(X)=D..

I'enepanbHas nucrnepcHsi TreHepalbHOM COBOKYITHOCTH (@, Cle0BaTeNbHO, U JUCIEPCHS
CIIy4aifHOW BEJIMYUHBI) MOXET OBITh OIEHEHA MPH MOMOIIM BHIOOPOYHON JUCIIEPCUU TOW WU
UHON BBIOOPKHU. TOYHOCTH TakOW OLIEHKM 3aBUCHT OT CTEIEHH PENpe3eHTaTUBHOCTH JAHHOU
BBIOOPKH.

HanomuuMm, 4TO Agucniepcus sBISETCS XapaKTEPUCTUKON paccesiHUs 3HAYCHUM IpU3HaKa

BOKPYT CBOETO CPEIIHETO 3HAUCHHSI.
YacTo paccMaTpuBaeTcs €Ie BETMINHA

KOTOpas Ha3bIBAETCS CPEHUM KBaJPaTHYECKUM OTKIOHEHHEM BHIOOPKH.

3amanue 11. BbluMcIMTh TeHepalbHYIO IUCIIEPCHIO T'€HEPAIbHON COBOKYHNHOCTH M3
npumepa 1.

Pemenne: Nmeem X, =4,44 . Torna

D, = % [4(1 —4,44) +6(2—4,44)° +12(3—4,44) +
+16(4 - 4,44)° + 44(5 - 4,44)° +18(6 — 4,44)° ]: % ~1,686.

3aganue 12. OuieHUTH TeHEPATBHYIO AUCTIEPCUIO TeHEPATbHON COBOKYITHOCTH M3 TIpUMepa
1, mpu moMo1M BEIOOPOUHON AUCTIEPCUU BBIOOPKH U3 ITpUMepa 2.

Pewenne: 13 npumepa 2 umeem X, =4,52. Torna

D, = 10 [1(1— 452)" +1(2—4,52)° +3(3—-4,52) +

100
2] 40,24
e

+4(4-452) +11(5-4,52)" +5(6 — 4,52 =1,609.

Cuenosarensto, Mmoxso npussiars D, =D, =1609, uro Gmmsko k wncrunzOMY

3HaueHuto D, (cM. nmpumep 4).
3apanme 13. Ilo nmanHbIM TaOnMubl M3 TpuMepa 3 OLEHUTH JAUCHEPCUIO CpeaHen
BbIpa0OTKH Ha OJJHOrO pabovero 3aBojia M CpeHEe KBAIPATHIECKOE OTKIOHEHHUE.

Pemenne: Mmeem X, =108,8. Toraa

D.~D, = %[8(85—108,8)2 +15(95-108,8)" +46(105-108,8) +
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+29(115-1088) +13(125-1088)" + 3135-1088)° + 3(145-1088)° |=
1856948

117
Otkyna

o, =+D, ~12,6.

dopmyny A TUCIIEPCUH MOKHO TIPUBECTH K CIEAYIONEMY BUIY, Oojiee yI0OHOMY IS
BBEIYHCIICHUN:

=158,7.

3aganusa

1. B opranuzamuu pabortaet 16 coTpyaHukoB. Hke mpuBeneHbI JaHHBIE OMpPOCa ITHUX
COTPYIHUKOB O pa3Mepe JCHEKHBIX MpeMUil (ThIC. py0.), MOJYYCHHBIX UMU B TEYCHHE TOJa:
2,2,1,0,5,1,0,0,0, 2,0,0,2,0,0,1. CocTaBuUTh CTaTHCTHYECKOE pACIpEICICHUE BBIOOPKH, HAWTH
MOJy BapUaAIlMOHHOTO Psi/Ia U MOCTPOUTD MOJHUIOH YaCTOT CTATUCTUYECKOTO PacpeIeICHUsI.

2. [Tomyuena BbIOOpKA U3MEPEHUS Macchl Tela 25 cTyAeHToB-toHoIei: 52,3; 56,4; 51,8;
58,7; 55,4;59,3; 441, 61,2; 62,2;62,3; 64,1, 65,7; 69,2; 63,8; 67,2; 69,6; 67,8,66,1;65,6; 71,6; 73,2,
75,9; 78,1; 86,7; 81,8. CocTaBUTh MHTEPBAIBHOE CTATUCTHYECKOTO pacipeiesieHue BHIOOPKHU ¢
YHUCIIOM YaCTUYHBIX WHTEPBAJIOB, paBHBIM 5, BBIOpaB 40 B KauecTBE HMKHEH TPAHUIIBI KpalHETO
neBoro uHTepBasia 1 90 B KauecTBE BEpXHEH IPaHMIIBI KpAaitHETO MPAaBOro0 HHTEPBAIA, U TOCTPOUTH
TUCTOTPAMMY YaCTOT CTATUCTUYECKOTO PacpeieICHHUS.

3. B pesynbrate n3aMepeHuii HEKOTOPOl XUMUYECKOW BETUYMHBI OJHUM mpudopom (6e3
CHUCTEMaTUYECKUX OIIMOOK) TMOJy4YeHbl crheaywoomme pesynbrarel: 12,13,14,19,22. Haiitu
BBIOOPOYHYIO CPEJIHIO0 U BHIOOPOYHYIO JTUCTIEPCUIO U3MEPEHUI.

4. B yuebHoU rpynmne — 25 cTyaeHToB. Hibke mpuBeIeHb OLIEHKH, MTOTyYSHHbBIE YITHMHU
CTyIGHTaMM Ha »K3aMeHe no Maremaruke: 2,2,3,3,3,2,2.5,3,2,3,3,3,3,2,2,2.4,4,2,4,3,3,3,3.
CocTaBUTh CTATUCTUYECKOE pacmpeeleHue BBHIOOPKH, HAWTH MOJY BapUAllMOHHOTO psla U
MOCTPOUTH MOJIUTOH YaCTOT CTATUCTUYECKOTO PaCpeICICHUS.

Bonpocel 111 CaMOKOHTPOJIsA
B yem oTiMumne reHepanbHO COBOKYITHOCTH OT BBIOOPOYHO?
[TpuBenuTe MpUMepbl reHepabHOW COBOKYITHOCTH, BBIOOPKH U UCCIIEAYEMOIo MMPU3HAKa.
Kaxue tumsl BBIOOPOK CyIIECTBYIOT?
JU1s 4ero ucciaeayroTcs YUCIOBbIe XapaKTePUCTUKH BEIOOPOK?
Uro Ha3bIBaeTCsl BApUALMOHHBIM pAIOM?
Yro Takoe yacToTa BEIOOPOUYHBIX JAaHHBIX M KaK OHa ompeaensercs?
UYro npencrasisger coOO0i MOIUIOH YacTOT?
UYro nmpencTasiseT coboil rucTorpaMMa 4acToT?
Uro Ha3bIBaeTcs BHIOOPOYHBIM cpefHUM? ['eHepalibHbIM cpeiHUM?
0. Kaxoii cMbICII HUMEEeT MaTeMaTHUECKOe OKUAaHNE JIs1 BBIOOPOUYHOTO pacrpe/ieneHus?
1. Ilepeuncnute cpeanue, KOTOPbIE UCIOIB3YIOTCS B MaTEMaTUYECKOM CTaTUCTHUKE.
12. Yro xapakTepusyer aucnepcusi?
13. Kak paccuuThIBaeTCs TUCIEPCHsl U1 BEIOOPOYHOTO pacnpeeneHus ?
14. Yto Ha3bIBaeTCS CpPeIHMM KBaJpaTHYecKUM OTkiIoHeHueM? Ilo xakum ¢opmynam oHO
BBIYHCIISETCS?

RBOoo~NORwNE
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KPUTEPUU OLIEHKH PABOT

OueHKa «OTINYHO» BBICTABJISIETCS, €CIH

® [paKTUYecKas paboTa BBHINOJHEHA IOJHOCTHIO; B JIOTHUECKUX PACCYXKACHUSAX U
000CHOBaHUHU PEIICHUS HET MPOOEIIOB U OMIKOOK;

¢ B pCIICHUU HET MaTeMaTHYeCKUX OLIMOOK (AOMYyCTUMBI HEKOTOPbIE HETOYHOCTH,
OIMCKHU, KOTOpasi HE SIBJISETCS CICACTBUEM HE3HAHUS WM HETIOHUMAaHHS Yy4eOHOTO
Marepuana).

OTMeTKa «XOpOILI0» CTABUTCSH, €CIIN

e paboTa BBIOJHEHA MOJIHOCTHIO, HO 0OOCHOBAHUS IIATOB PELICHUS HEAOCTATOUHBI (€CIIN
yMeHHEe OOOCHOBBIBATH PACCYXKIEHUS HE SBISUIOCH CIEHUAIbHBIM OOBEKTOM
IIPOBEPKN);

e JIOmNyIIEHA OJHA OIIMOKAa WJIM €CTh JBa — TPU HENO0YETa B BBIKJIAJAKAX, PUCYHKaXx,
yepTexxax Wwin rpadukax (eciu 3TH BUIbI padOT HE SIBISUTUCH CIEIHATbHBIM 00bEKTOM
IIPOBEPKH).

OTMeTKa «y/10BJIETBOPUTEIBHO» CTABUTCS, CCIIU:

e JOMyIEHO He Oojee MBYX OMMOOK WK Oojee ABYX — TPEX HEIOYETOB B BBIKJIAJKAX,
yepTexkax Wiu rpadukax, Ho o0yyaroniuiicss obmamaer o0s3aTelbHBIMU YMEHUSMU 110
IIPOBEPSIEMON TEME.

OTMeTKa «HEYA0BJIETBOPUTEIHbHO)» CTABUTCSH, ECIIU:

e JIOMNYILEHBI CYIIECTBEHHbIE OMIMOKH, MMOKA3aBIlIKe, YTO 00ydaromuiica He 00IasaeT B
MOJTHON Mepe 00s3aTeIbHBIMI YMEHUSMHU 110 TAaHHOK TeMe.

[IpenogaBaTens MOET MOBBICUTH OTMETKY 32 OPUTMHANBHBI OTBET HAa BONPOC HIIU
OPUTHHAIBHOE pEIIeHHE 3aJaud, KOTOpble CBHICTEIBCTBYIOT O BBICOKOM  YpPOBHE
MaTeMaTUYECKOM MOJArOTOBKH 00YyYaroIIerocs; 3a penieHrue 6osee CI0KHOM 3a/1auu UM OTBET Ha
0oJiee CIIOXKHBIM BOIIPOC, MPEATIOKEHHbIE 00YJalOMEMyCsl JONOTHUTEIBHO TOCIE BBIIOTHEHUS
UM KaKHX-TH0O0 IPYTUX 3aaHHi.
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IHNEPEYEHb UTHO®OPMAIIMOHHBIX NCTOYHUKOB

OcCHOBHBIEC HCTOYHUKH

baepun U.M. Kypc Beiciieii maremaruku. /M.W. baBpun. — M.: Akanemus; Beicias mkona,
2014. - 616 c.

Boromonos H.B. Ilpaktuueckue 3aHATHS 1O MaTeMaTHKe: y4eOHOE MmocoOue Ajsl CpeTHHX
npod. yueb. 3aBenenuit/ H.B. boromomnor. — M.: IOpaiit, 2012. — 495 c.

Crupuna M.C. Teopusi BepoATHOCTEHl U MaTeMaTH4ecKash CTaTHCTUKA: YYEOHHMK JUIS CTYI.
yapexaeHuit cpea npod. oopazosanus / M.C. Cnupuna, [1.A. Cimpun. — 3 uzn., crep. — M.:
Axanemus, 2014, — 352 c.

[[umaués B.C. Breicmias maTemaTuka: MONHBIA Kypc: y4eOHMK myisi OakanaBpoB / B.C.
[[unaués; nox. Pen. A.H. Tuxonosa. — 4-e uza. u gon. — M.: FOpaiit, 2013. — 607 c.
[[umaués B.C. 3agaun mo BeIcIIei MaTeMaTuke: yued. mocooue s By3o0B. / B.C. [llunaués.
— M.: FOpaiit, 2013. — 304c.

JlonoTHUTeIbHbIe HCTOYHUKHU

I'mypman, B.E. Teopus BeposiTHOCTEH M MaTeMaTH4ecKasi CTaTHCTHKA: ydeO. mocodme Juist
By30B. / B.E. I'mypman. — 12-e u3n., crep. — M.: FOpaiir, 2014. — 479c.

Hanasa A.A. Marematuka / A.A. Jagasa. — 3-e uzn. — M.: ®opym; Uadpa-M, 2011. — 544
c.

Hanasa A.A. Matemaruka ais negarorundeckux yawmmiy /A.A. lagasa. — M.: @opywm;
HNudpa-M, 2011. -512 c.

KacpsiHoB B.W. PyKoBOJCTBO K pelICHHUIO 33/1a4 10 BBICIIEH MaTeMaThke: yueOHoe mocooue /
B.1. KacesinoB. — M.: FOpaiir, 2012. — 546 c.

Jlammuuk MLI1. Dnementsl ynciaeHHbX MeTooB /Jlamuuk M.IT. — M.: Akagemus, 2012.
[Mexnenkuii 1.J]. MaremaTuka: yueOHUK JUIsl CTYI. YUpexaeHuu cpen npod. oOpazoBaHus /
N.A. lexneukwuii. — 11-e uzn., nepepad. u gon. — M.: Axkanemus. 2014. — 320 c.

HNHuTepHeT-pecypcesl

http://www.ru.wikipedia.org CroGojHas yHUBepcaabHas SHIUKIONEIMS, HalWCaHHas Ha
PYCCKOM SI3BIKE.

http://www.Allmath.ru - 510 MaTemaTHueckuii mopTaj, Ha KOTOPOM BbI HaiijieTe JIF0OOI
Marepua 10 MaTeMaTHYECKUM JUCIMIUIAHAM.

http://www.math.ru/ Ha caiite BBl HaligéTe KHUTH, BHICO-JIEKIIMH, 3aHMMATEIbHBIC
MareMaTHYecKue (aKThl, pa3JInIHbIE 10 YPOBHIO U TEMATHKE 31441, OTIAEIbHBIE HCTOPHHU W3
KHM3HU YIEHBIX — BCE TO, YTO TIOMOXKET OKYHYTHCS B YIMBUTEIIbHBIN U YBICKATEIbHBIA MHP
MaTeMaTHKH.

http://www.bymath.net Dtot caiiT — cpenHsas MaTeMaTHYEeCKash HHTEPHET-IIIKOJIA, B KOTOPOM
BBl MOJKETE YUUTHCS, HE BBIXOJS M3 JIOMY. B OTJIHume OT APYrux CalTOB 37€Ch COIEPIKATCS
BCE HEOOXOMMbIC MaTepHaITbI 10 3JIEMEHTAPHOM MaTeMaTHKE B MTOJTHOM 00BEME.
http://free-math.ru/ Jlrobute wmarematnky! WHTepecyiiTech Marematukoi! VYBaxkaiite
matemMatuky! Ml cobupaem it Bac TONBKO camoe TOJIe3HOE€ M MHTEPECHOE. YUUTECh C
Hamu!

www. window. edu. ru ExnHoe OKHO J0CTyma K 00pa3oBaTeabHBIM pecypcam Poccuiickoit
denepanuu.

http://www.school.edu.ru/catalog.asp Karanor o6pa3zoBartesbHbIil pecypcoB Ha (eaepaibHOM
«Poccwmiickom 0011€00pa3oBaTeIbHOM ITOPTAIICY.
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